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Preliminary
Leta,, a, ..,a OC
LetUx)=(x-a)x-a,) - (x—0a,)

dU (x)

=Zn:|i|(x_aj)

i=1 =1
J#i

dU (x)
dx

x=a,

:('x_al)”'('x_ai—lxx_ai+l)”'('x_anxx:q.
=(0—ap - (@ -a, ) @-a,) - (@-0a)

= ﬁ (Gi _Gj)
j1
J#i

In particular, ifa, =1, 0,=2, .-, 0 =n;
n

L) _(em)o(ea fx—a)(r-a,)
dx o x=q;

=(-DGE-2)---300M¢-DIE2)T-- [ —n)
= (1) (i = DI - i)!
(=) ()
ooy

Similarly, ifa, =-1,0,=-2, ---,d =-n;

WO oo, No-a, ) e-a,)

=+ D +2) - (D)D) - 0)!
=D = D! (n—i)!
(=) (n-1):

n-1
Ci -1

c:\users\f|{# {#\dropbox\data\mathsdata\pure_maths\algebra\partial fraction\partial_fraction.docx

=(@x—-0) - (x-0)+x-0)x—-0y) - (x=0 )+ - +(x-0)x-0) ... (x-0a )

Page 1



Lecture Notes on Partial Fractions Created by Mr. Francis Hung

Aids to Advanced Level Pure Mathematics Part 2 p.50
Basic Skills

1. The rational function , where f(x) and g (x) are polynomials in x is called proper if the

g(x)

degree of f(x) is less than the degree of g(x); it is called irreducible if f(x) and g(x) have no

common factor.

X
2. Let ( ) be a rational function which is proper and irreducible. If g(x) can be factorized into

relatively prime factors pi(x), p2(x), -+, pA(x), then can be expressed uniquely in the

g(x)
form:

a(x) | @) q,(x) aly) . ab)
p(x)  palx) p.(x) plx) 7 p()
3.  Toresolve a rational function into partial fractions, the following rules are applied:

, Where

+ + ot

are proper and irreducible.

(a) If the degree of the numerator > the degree of the denominator, divide the numerator by
the denominator to obtain a proper rational function.

(b) Factorize the denominator completely, if possible. (Note: It can be shown that every
polynomial over real field can be factorized into the product of linear and quadratic
factors.)

(c) To afactor of the form (ax + b)", where n is a positive integer, there corresponds a group
of partial functions:

A + A . A,

. + RN L S—
ax+b (ax+b)’ (ax +b)"

(d) To a factor of the form (ax? + bx + ¢)", where n is a positive integer, there corresponds a

group of partial functions:

Ax+B, N A,x+B, - A x+B,

2 2 nC
ax” +bx+c (ax2 +bx+c) (ax2 +bx+c)
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Theorem 1 (Existence of Partial Fraction)
Suppose g,(x), ---, g,(x) are mutually relatively prime polynomials of degree di, -+, dx respectively

and F(x) is a polynomial of degree less than d| + --- + d_with g.c.d.(gi(x), F(x)) =1 (=1, ---,n).

Then there exist polynomials f,(x), ---, f (x) of degree less thand,, ---, d _respectively such that
F(x) Efl()c) +m+fn(x)

a(x)a(x) alx) el

Proof: Suffice to prove the case n =2 .

" g,(x), g,(x) are relatively prime polynomials.

[J There exist polynomials £,(x), i,(x) such that 1 = A,(x) g,(x) + h,(x) g,(x)

50 F(x) = F(x) hy(x) g,(x) + F(x) hy(x) g,(x)

By division algorithm, there exists a polynomial f,(x) of degree less than d, such that
F(x) hy(x) = g,(x) g(x) + £,(x)

Hence F(x) = [g,(x) q(x) +f,(x)]g,(x) + F(x) hy(x) g,(x)
F(x) =1,(x) g,(0) + £,(x) g,(x) -+ (*), where f,(x) = F(x) h,(x) + q(x) g,(x)

By formula (*), degree of L.H.S. < d, +d,

For R.H.S., degree of (f,(x) g,(x)) <d, +d,

[ degree of (f,(x) g,(x)) <d, +d,

But degree of g,(x) = d,

[ degree of f,(x) <d,

By (%), F = 1,09 8,0 + £, g, 0 — )2 filx) B ()

81 (x)gz (x) &1 (x) 82 (x)
f, (x) and f (X)
& (x ) 8> (x )
Theorem 2 (Existence of Partial Fraction)
Suppose g(x) = P(x)°, where P(x) is a polynomial of degree d (over R or C), and f(x) is a polynomial

Repeat this process on respectively if necessarily.

of degree less than de with g.c.d.(f(x), P(x)) = 1, then there exist polynomials

P _alx), o0, ()

s ,all of d less than d, such that = )
§,(x) s,(x), all of degree less than d, such tha c() - P P(x)z P

Proof: By division algorithm,

f(x) = P(x)*" s,(x) + r (), deg r,(x) < d(e - 1)

r (%) = P(x)°2 5,(x) + r,(x), deg r,(x) < d(e - 2)

r, ,(x)=Px)s, (x)+s,x),deg s (x) <d

From the above equations, deg s,(x) < d, deg s,(x) <d, ---, deg s,(x) <d
Substitute the (e — 1) equations back into the first equation, we have

f(x) = P(x)! 5,(x) + P(x)¢2 5,(X) + -+ P(x) s, (x) +5,(x)

c f(x) =sl(x)+ s, (x) . S, (x

s(x) Plx) P(x) Pa)
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Theorem 3 (Uniqueness of Partial Fraction)
Suppose P(x) and Q(x) has no common factor, and deg P(x) < deg Q(x).

. P(x) _& Pla,) - 1
If Q) = (x— ) - (x—0,) , &, # a, for i # j, then Q(x)=;Q'(ak)Dx—ak'

Proof: Induction on n. Whenn =2,

P(x) P(x)
= , where o, # O
o) (r-o)x-a,) b
S T , by Theorem 1

x—a, x-—a,
P(X)EAl(x_az)"'Az(x_al) (1)
Q(x) (x_al)(x_az) ......
O =(x—-a)(x—a,

Q) =(x-a)+(x-a,

Qo) = (a, - a,); 0'(a,) = (a, - a,)
Compare the numerator of (1): P(x) =EA,(x - a,) + A,(x - Q)
0'(a,)

P(a,
Qo

Pa)=A(a,-a)=A Q)= A=

~—

P(ay) =A,0,-a)=A,00,) = A, =

~—

P _Pla) 1, Pa)

Q(x) Q'(al) x=a, Q'(az) x=a,

5 1

Example 1 Express - and e

Solution Q(x) =Ex"+x-6; 0'(x) =2x + 1
5 5

x> +x-6 (x+3)(x—2)

5D1+5D1

as partial fractions.

,0,=-3,0a,=2

0'(-3) x+3 0(2) x-2
5 1 5 1
- E E
2(-3)+1 x+3+2(2)+1 x=2
5 1 1

- - +
x +x—-6 x+3 x-2

Ox)=x>+1; 0'(x) =2x

1 1 1 1
= = E
0'(-i) x+i+Q'(i) x—i
11 11 1 1 1
= O0—+—0
20 xti 20 x—i | (—2i)(x+i)+(2i)(x—i)
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Lecture Notes on Partial Fractions

Suppose it is true for n =k, i.e. Q(x) = (x — A )(x - a,) -~ (x — q,), deg P(x) < deg O(x)

Plx) _& pPla,) -1
= i) 3
o) % 0(a) oo,
Whenn=k+1,0x)=(x-0) - (x-0)(x—-0a,,,)

f, (x) + () . (2) by theorem 1,

where deg f (x) < deg Q,(x) and deg f,(x) <deg (x-0q,,,) and Q,(x) =(x-0q,) - (x—0A,)

_ _ . f(x) & fi(a) L1
By induction assumption — il g
y PR 0 () ZQ'(O(Z.) jry

i=1

Taking common denominator of (2) on the R.H.S.
P(x) _f (x)(x=ap)+£, (x) 0 (x)
0(x) Q(x)

wdeg fy(x) <deg(x—a,, ) U f,(x)=A,

O Px)=f,x)x-a,, )+A, 0
PO, ) =4, 0@, )=A4,,, 01,
_Pla.,)
Ak+l _Ql(uk+l)
P(a)=f(a)a,-a, forl<i<k
|:| fl[(ui)= P(ai)' =P(ui) fOI'lSlSk
Ql(ai) ((X[ _akﬂ)Ql(ai) Q'(ai)

p(x) _& pa,) - 1
In oth = :
n other words, Q(x) ;Q'(ai)[jx—ai

Example 2 Express (x " 1) (x " 12) - (x " n) as partial fraction.

Px)=1,0x)=(x+1D)x+2) - (x+n)

1) (1),

Q'(-i) =
Plx)_& 1 1 & ,.C 1
= 0—-= AL
0(x) ,Z::‘Q'(—i) x+i F(=1)(n-1) x+i
1 _ 1 n—lCO_n—ICI I A Ep—lcn—l
x+1)x+2)-\x+n B n—l![x+l x+2+ +( 1) x+n }
(et 1)(x+2)-(ctn) - (n-1)
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Example 3 (Techniques of Mathematical Analysis by C J Tranter Chapter 1 p.16 Example 13)

Let P(x) be a polynomial of degree n. Q(x) = (x — al)2 (x-a,) - (x—a),degreen+1,

Plx)

where a, a, -+, a are distinct real numbers. Express ( as partial fractions.
x)

- deg P(x) < deg Q(x)
U P(x)_ A, + A + 4 +ot Ay

Q(x)_x—a1 (x—a1)2 x—a, x—a,
0 PO = Ao —an) - (- an) + Ak —a) - (—an+ DA, (x=a, P[] (r=a;)
i Tar
P(a1) =Ai(a1 — a2) -+ (a1 — an)
P(a,):A,(a,—a1)2ﬁ(a,—aj) for2<r<n
s

' n n d n d n
”x):%ZH(x—aﬂ,-)+A1;[(x—az)---(x—anﬂ+§Ara{(’“‘”zD(x—af)}
P'(al)zAO(al—az)---(al—an)+A1%[(x—a2)~-~(x—an)] +0 .o (1)

Now log [(x —a,) - (x—a, )] =log(x —a,) + -+ +log(x—a,)

. . 1 d _ 1 1
Differentiate once, (x—az)---(x—an)%;[(x a,)-(x an)]—x_a2+ +x—an
Putx=a,: ! [—ld—[(x—a )---(x—a )] = ! +oet !

: (al_az)"'(al_an) dx ’ ! x=qg, 4 T a—a,

U %[(x—az)---(x—an):l

=(a1-a2)---(a1-a,,)( L 1n] ...... 2)

a, —a, a,—a

X=a

Sub. (2) into (1): P'(a,) :Ao(a1 —az)m(al —an)+Al (a1 —az)m(al —an)(

P'(a1)=(al_a2)"'(al_a")|:A0+Al( 1 L1 H

a, —a,

_ P'(al) _ 1 .. LN I
- AO_(al_az)"'(al_an) Al(al_az ' +al_anj ®
O A = P(Zr) for2<r<n, A =( }))(al() )
a,-a,)\a -a,
(ar_al)zn(ar_aj) :
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Example 4 (Techniques of Mathematical Analysis by C J Tranter Exercise 1C p.18 Q4)

1 - _1\
Prove that (a) n :l— no42 n(n 1) + ...+ﬂ,
x(x+1)--~(x+n) x x+1 x+2 x+n
(b) (Zn%! _ 1 n + %n(n - 1) R (—1)n

x(x+1)w(x+2n)_x(x+1)w(x+n)_(x+1)---(x+n+1) (x+2)w(x+n+2)
(@) LetOx)=x(x+1)--(x+n)
QW =Y [1(+1) = Q0 =R+ 1) - (D)D) -+ (~k +n)

k=0 j=0
%k

==k (n - v=(_1)kn!
DAk (n-k)! c

n! o~ n!C/ 1
- x(x+1)--(x+n) ZOQ( ) x+k ,Z;( ) n! x+k
Z( )G _1_»n Lanln=1) ()

o Xtk x x+l1 x+2 x+n
k

(b) LemmalfO<ksn, D C/ [C'=C,ifn+1<k<2n, ZC,;’ [ =c”

r=0 r=k-n

Proof: (1 +x)"(1 +x)" = (1 +x)*" = (ZC” ”j(ZC” Y}: > cxt

s=0 k=0

Compare coefficient of x*: 0 < k < n, Z c wr=c”

r=0

Compare coefficient of X: n+ 1 <k <2n, ) Cp €' =C."

r=k-n
(2n), o [ 2n
LH.S. = L 1 ﬂ by the result of (a)
x(x+l)---(x+2n) nltc x+k
. 1\
RHS. = )
(x4 g) (g +1) (x4 j+n)

3
=

+

& () e ) |

B =0 r=0 n!(x+ r+ J) (replace x by x +j by (a))
n_r+n (—1)k m[:l—r mj;l ) ' '

= (Letk=r+j,whenj=0,k=r;whenj=n,k=r+n)
=0 k=r n!(X+k)

()@, 1 e ()

n

5%

1 P b
n!= =0 (x+k) n! k—znﬂrkn (x'*'k)

r

=).\

n n+k nn+1 2n

; k
0) > 0 k 0
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(-1) e L () e

Cc'_ [C'+ a» C' [

”'ko x+k @ e an;rl(x"'k) r:kz—n e
(e, 1 ()
n‘kz(; (x+k) n'kzn:‘rl (x+k)
_ra()er
_n!k:0 (x+k)

by the lemma

=LHS

Example 5 (Techniques of Mathematical Analysis by C J Tranter Exercise 1C p.18 QS5)

_ _ _ _1\n1
Deduce from Example 4 (a) that 1+l+l+m+l=n_n(n 1)"'"(" 1)(n 2)_"""( 1) :
2 3 n 2(2)! 3(3) n
n 1 _n gne=1) o (H1)
x(x+1)--(x+n) x x+1 x+2 x+n
n_dnln-1) ()7 n!
x+1 x+2 x+n x x(x+1) (x+n)

Numerator of R.H.S. must be in the form x" +a,_ ¥ + - + a,x.

After cancelling the common factor x in R.H.S., numerator of RH.S. =x""'+4a _ xX"?+ - +a

Put x = 0 into both sides: n-—

%n(n—l)+§n(n—l)(n—2)_m+ (—1)”_1 _a
2 2 n n!
a, = coefficient of x in (x + 1) --- (x + n) — n!
=2X3X +oo X+ 1X3X coo X+ 1X2X4X «oo Xp 4+ 1X2X +- X(n — 1)
=n!(1+l+l+...+lj
2 3 n

0 1+l+l+_“+l:n_n(n—1)+n(n—l)(n—2)
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1
(1+ x)(1 +2x)(1 +3x)
1
(1+ x)(1 +2x)(1 +3x)
1

~6(er e+ 4+ 1)

1.  Resolve into partial fractions.

_1[ ! ; !
LGRS SEe e M e S e ¢
1

I{ 3 12 9 4 9

=— - + = —_ +
6lx+l x+1 x+1] 2(x+1) 2x+1 23x+1)
2. Techniques of Mathematical Analysis by C J Tranter Exercise 1C p.18 Q1(a)

Express in partial fractions: m.
X a 1 b 1
E E
(x—a)(x—b) a—b x—a+b—a x—b

2. Ifa#b,

x=C(x-a)+C,,putx=a=C,=a
Compare coefficient of x: C, =1

0 X _ 1 L@
(x—a)(x—b) x—a (x—a)2
3 2 _
3.  Express X7 tOx-14 as partial fractions.

(x+3)(4—x2)
X +T49x-14_ X +TXH9x-14 (L 4 +13x-2
(x+3)(4—x2) P43 —4x-12 X +3xr-4x-12

4x* +13x-2 4x* +13x -2
—_— 1+ =-—1-
x* +3x% —4x-12 (x+3)(x+2)(x—2)
_4(-3+13(-3)-2  4(-2)+13(-2)-2 _ 4(2)*+13(2)-2

(x+3)3+2)-3-2) (-2+3)x+2)2-2) (2+3)2+2)x-2)
e L3 2
x+3 x+2 x-2

4. Advanced Level Pure Mathematics S. L. Green p.330 Example 11
px2 tgx+r

(x-a)x-p)

Express the following irreducible fraction into partial fraction: where a # b.

2

px“+gx+r _ A B C

4. = + +
(x—a)(x—b)2 x—a x-b ()c—b)2

pxX+qx+r=Ax—-b)>+Bx—-a)x-b)+ Cx —a)

2 vga+
Putx=a:>A=pa—qa2r

(a-b)

2

b-a
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pa* +qa+r_pb2—qa—2abp—r

Compare coefficient of x> p=A+B=B=p—

(-5 (a-0)f
pxt+gx+r =pa2+qa+r 1 pb* —ga—2abp-r _ 1 pb* +qb+r 1
2~ 2 E + 2 E + 2
(oo~ @) xma (B} xb ba (x0)

5. Advanced Level Pure Mathematics S. L. Green p.335 Q14

Express m in partial fractions. Hence find the sum of » terms of the series
x{x
1 1 1
4 4
13 2[4 303
1 1 1

x(x+2) 2_x_2(x+2)

111 1 1) (1 1) (1 1
S SO PO S S [ ) Y (N S
13 2@ 303 2{( 3} (3 5) [5 7)

1 1
+ — +...
(Zn—l 2n+1} }

6.  Mastering A. L. Pure Mathematics Volume 1 p.177 Q15

(a) 1If a # b, prove that, in general S X

B

- +— , where A and B are trigonometric functions independent of x .
sm(x - a) sm(x —b)

sin” x
sin(x - a)sin(x —b)sin(x - c)
6. (2 sin x __ A . B
sin(x - a)sin(x - b) sin(x - a) sin(x - b)
sin x = A sin(x — b) + B sin(x — a)

(b) Extend the above result to

for distinct numbers a, b, ¢ .

sina sinb
Putx:a:A:m,putx:b:Bzm
sin x _ sina sinb
sin(x - a)sin(x —b) - sin(a —b)sin(x - a) sin(b - a)sin(x —b)
sin® x _ A B C
(b) + +

sin(x—a)sin(x—b)sin(x—c)=sin(x—a) sin(x—b) sin(x—c)
sin’x = A sin(x — b)sin(x — ¢) + B sin(x — a)sin(x — ¢) + C sin(x — a)sin(x — b)
sin®a sin® b sin® ¢

Putx=a=4= sin(a —b)sin(a —c) o sin(b —a)sin(b —c) €= sin(c —a)sin(c —b)
sin” x
sin(x—a)sin(x—b)sin(x—C)
- sin®a sin” b sin” ¢

B sin(a —b)sin(a - c)sin(x - a) * sin(b - a)sin(b - c)sin(x —b) * sin(c —a)sin(c —b)sin(x - c)
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f hd =S A forall value of n 2 3, find Ay,
A+ +20)-(1+nx) S 1+ke
x+1 1 x+1

(1+x)(1+2x)---(1+nx)_E[&x+l)(x+%)---(x+%)

n 2

; Q‘((_/%)y(lj,where Q(x):(x+1)(x+%)...(x+%)
k=1 3 '

1< 1+k2 a 1

1 & 1+k2

"= k(1 + k) Tl (k —rj

n n! 1.n-1
1 1+k° ik

n _l)n—kkn—Z . ! 1+k2

- n! k’ n- k D(1+kx

& ()R ch 1+42) Al 1) k2 i+ £2)
k=1 D(l +kx)’ n!

8. Aids to Advanced Level Pure Mathematics Part 2 p.67 Q1
Resolve into partial fractions:

@ X’ —x+l1 ®) 5x° +80x—77x+163

O —xt-x+1 (x2+2)(x+7)(2x—5)
© 4x° - 3x +8x—-2 ) 20x? +34x+8

(2 +1+1fax? -2 +3) (x+2)2(* +24% —2x-4)
© 1 ® .

(1-x)"(2-x) (x-1)2x-1)(x-2)"

9.  Aids to Advanced Level Pure Mathematics Part 2 p.68 Q2

X3

Express in partial fractions: ( )( b) ( ) . Hence prove that
x—a)x x—c

a’ b* c? d?
+ + + =

(a —b)(a —c)(a —d) (b —c)(b —d)(b —a) (c —d)(c —a)(c —b) (d —a)(d —b)(d —c)
X _ X —(x—a)(x—b)(x—c) t1= (a +b+c)x2 —(ab+bc+ca)x+abc

(x=a)x=b)x=c)  (x-a)lx-b)x-c) (x—a)x-b)x-c)

Let f(x) = (a + b + ¢)x* — (ab + bc + ca)x + abc; g(x) = (x — a)(x — b)(x — ¢)

g =(x-b)x-co)+(x-a)x—c)+ (x-a)x-D)

Case 1 If a, b and c are all distinct

f(a) (a+b+c)a2—(ab+bc+ca)a+abc_ a’

g'(a) (a=b)(a-c) (a=b)(a-c)

+1
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imilar (b) = A f(c) = :

T ) a0 (ea)e)

0 x _ a’ O 1 b’ E 1 ¢ B 1 +1
(x—a)(x—b)(x—c) (a—b (a—c) x—a (b—a)(b—c) x—b (c—a)(c—b) x—c

f

Case2Ifa=b=c,let (x = 4 + d, -+ 5
g(x) xX—a (x—a) (x—a)

f(x) =3ax* - 3a’x +a’ = d,(x - a)’ + d(x—a) +d,

d,=f(a) = 3¢ -3a* +a® =’

Differentiate w.r.t. x and put x = a: d> = 6a*> — 3a* = 3a*

Compare coefficient of x*: d, = 3a

3 2 3
0 x3E3a+3a2+aa+1
(x—a) X—a (x—a) (x—a)
Case 3 If two are equal, the third is different. WLOG assume a = b # ¢
f(x) _ ¢ 2 k
= + +

g(x) x—a (x—a)2 x-c

Compare the numerator: f(x) = (2a +c)x* — (a* +2ac)x + a’c = e (x—a)(x—c) + e,(x—¢) + k(x—a)*

Putx = ¢, 2a + ¢)c* — (a® + 2ac)c + a*c =k(c —a)* = k =

Put x = a, 2a + ¢)a®> — (a* + 2ac)a + a’c = e(a-c)=>e,=——

2a° —3a’c

(a=c)?

Differentiate and put x = a: 2(2a + ¢)a — (a* + 2ac) = e(a-c)+te,=e =

0 x° _ 2a° —=3a’*c + a’ + ¢’ +1
(x-a)(x-c) (a-c)(x-a) (a-c)x-af (a-c)(x-c)
To prove that @ + b’ + ¢ + d

(a—b)(a—c)(a—d) (b—c)(b—d)(b—a) (c—d)(c—a)(c—b) (d—a)(d—b)(d—c)

where a, b, ¢, d are distinct.

1

—din x’ - a 1 b 1 c? 1
Pt = din e e=bYor=c) @ba=d) x—a b-a)o-e) x=b " (e=allc=b) x—c
d’ . a 1, b’ 1 ¢’ L
(d—a)(d—b)(d—c) (a—b)(a—c) d—a (b—a)(b—c) d-b (c—a)(c—b) d-c
[ a + b’ + ¢’ + d’ =1

(a-bla=cfa=d) (p-c)p-d)b-a) (c=d)c-a)lc=b) (d-a)d-b)d~c)
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10. Techniques of Mathematical Analysis by C J Tranter Exercise 1C p.18 Q2

(x=a)(x=b)x—-c)x-d)
(x+a)x+b)a+c)x+d)

(a) whena, b, c, d are all unequal,

Express in partial fractions:

(b) when they are all equal.
10 (x—a)(x—b)(x—c)(x—d) - (x—a)(x—b)(x—c)(x—d)—(x+a)(x+b)(x+c)(x+d) +1
' (x+a)(x+b)(x+c)(x+d) (x+a)(x+b)(x+c)(x+d)
Letf(x)=(x—a)x-b)(x—-c)x—-d)—(x+a)(x+ b)x + c)x+d)
gx)=(x+a)x+b)(x+c)x+d)

(a) Whena, b, c, d are all unequal.
f(—a) =2a(a + b)(a + c)(a + d), g'(—a) = (b —a)(c —a)(d - a)
(x—a)(x—b)(x—c)(x—d) - 2a(a +b)(a +c)(a +d) N 2b(b+a)(b+c)(b+d)
(x + a)(x + b)(x + c)(x + d) (b - a)(c - a)(d - a)(x + a) (a - b)(c —b)(d —b)(x + b)
2c(c + a)(c + b)(c + d) N 2a’(d + a)(d + b)(d + c)

¥ (a—c)(b—c)(d—c)(x+c) (a—d)(b—d)(c—d)(x+d)

e e, e, e,

+1

b) Ifa=b=c=d. £(x) + _+ -+ .
g(x) xta (x+a) (x+a) (x+a)

fx)=x-a)*—(x+a)= e (x+ a)’ + ey(x + a)® + es(x+a)+e,
e, =f(-a) = 164*

f')=4(x—a) -4(x+a)’ = 3e,(x + a)® + 2ey(x +a) + e,
e;=1'"(-a)= -324°

f'"(x) =12(x—a)* - 12(x + a)* = 6e,(x +a) + 2e,

e, :%f "(—a) =244

f"(x)=24(x—a)-24(x +a)=6e, > ¢, =-8a
0 (x—a)4 - 8a 4 244* : 324° 4 16a* +1
(x+a)t  xta (x+a) (x+a) (x+a)
11.  Techniques of Mathematical Analysis by C J Tranter Exercise 1C p.18 Q3
Evaluaie _a=a=a=a) , G-Do-o-u) , (e=Me-e-u) , (a-Ma-Na-u)
(a-bfa-cfla-d)la-x) (p-afo-c)o-d)bo-x) (c-a)c-b)c-d)e-x) (d-a)d-b)d-c)d-x)
11. From the expression we know that a, b, ¢, d are all distinct.
o (= 2)x-w)
Conser = Y=Y -c)x-d)
Let P(x) = —(x — y)(x = 2)(x —w), Q(x) = (x —a)(x — b)(x = c)(x — d)
P(a)=—(a-y)a-z)a-u), Q'(a)=(a-Db)a-c)a-d)
By Partial Fraction Theorem,
=) lamye=2)lazu) (- y)b-z)b-u)
(x - a)(x - b)(x - c)(x - d) (a - b)(a - c)(a - d)(x - a) (b - a)(b - c)(b - a’)(x - b)
_le=yle=z)e=u) _ (d=y)d-z)d-u)
(c - a)(c —b)(c - d)(x - c) (d - a)(d —b)(d —c)(x - d)
(r = y)x = 2)(x —u)

U The expression =— (x —a)(x —b)(x —c)(x —d) .
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12.

12.

13.

13.

Advanced Level Pure Mathematics S. L. Green p.335 Q10

Resolve into partial fractions ( )22 -y and hence obtain the coefficients of x*” and x
1-2x)"\l+4x

in the expansion of this function in ascending powers of x. State the values of x for which the
expansion is valid.
2 = A + Ay +B+Cx
(1-2xPl+4x2) 1=2x (1-20 14447
2= A1(1 = 2x)(1 +4x%) + Ao(1 + 4x%) + (B + Cx)(1 — 2x)?

4n+1

Putx=l:Az= 1;
2
Putx:%:>2=(B+§)(l+i)2:>4i=(C+ZBi)(2i):>2=C+23i:>C=2,B=O
1 l

Compare coefficient of x*: 0 = —8A; + 4C = A, =% Cc=1

2 _ 1 1 2x
f = + +
(1-2xPl+4x?) 1=2x (124 14447
Ll 2% (420444 o+ 20 ) + [+ 2(20) + 3202 4o+ (n+1)(2x)"

1-2x (1—2x)2 1+4x?

o]+ 201 =4+ 160 — .+ (4D + - ]
Coefficient of x* = 2% + (4n + 1)2% = (4n + 2)2*"
Coefficient of x**1 = 241 4 (4n + 2)24*! 4+ 2(—4)*" = (4n + 424 = (n + 1)24*

The expansion is valid for |x| < % .

(a) Resolve % into partial fractions.
1-x)"0—-4x

(b) Let n be a positive integer. Find the coefficient of x" in the expansion of %

1-x)"(1-4x
for |x| < % .

(c) Use the result of (b) or otherwise to show that 4"*! — 3n — 4 is divisible by 9 for any

positive integer n .
9x - A +_ B C

@—xV@—4ﬁ_1-x (1-x)* 1-4x
9% = A(1 — x)(1 — 4x) + B(1 — 4x) + C(1 — x)
Putx=1,9=-3B=B=-3

(a)

Putx=1, 2=2¢c =C=4
4’ 4 16
Compare coefficient of x*: 4A + C=0=>A = -1
9x _ 1 3 4

R TS S R e TR R e

(b) Expand the infinite series for |x| <i :

9x

=10+ x+ X+ X+ ) =3[ F 2+ 3%+ e+ (n+ DX+ ]
(1-x)*(1-4x)

+ A1 +4x+ (4x)> 4+ -+ (D) + - ]
The coefficient of x" is 4! —3n -4 .

(©) LHS=— 2% —Ox[1 420432 4 - +(r + DX + - |[1+dut (4o +(dx)'+ - |
(1-x)*(1-4x)
Coefficient of x" in L.H.S. is clearly a multiple of 9 = coefficient of x" in R.H.S.
0 4™ — 3n — 4 is divisible by 9.
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14.

14.

15.

15.

16.

16.

Mastering A. L. Pure Mathematics Volume 1 p.177 Q18
If f(x) = (x — @) (x — b)* g(x), where a # b, g(a) # 0, g(b) # 0, show that

P, s L)

f(x)_x—a x—=b g(x)'

In f(x) = r In(x — a) + s In(x — b) + Ing(x)

P, s L)

f(x) x—a x-b g(x)

Mastering A. L. Pure Mathematics Volume 1 p.178 Q19

Ifx'"—1=x-a)(x-az2) - (x—an), where ai, -+, a, are complex numbers. Show that if f(x)
. . . . f(x) _1&af(a)
is a polynomial of degree < n with complex coefficients o1 = —Z— .

x'"-1 nZ x-a,

f(x) i f(a,) :Z": f(ar) 1 & a,f(ar) 1 arf(ar)

Differentiate w.r.t. x:

= n-1 Y A S
[ﬂx—a) o na, [@x a,) n'sa, I:Qx a,) n's x-—a,
,
X=a,

Aids to Advanced Level Pure Mathematics Part 2 p.68 Q3

x" =1 ,zli(xn _1)

.. 1 ) )
(a) Ifa, b, c are distinct and non-zero numbers, resolve E = ( into partial

1- ax)(l - bx)(l - cx)
fractions.

(b) If E can be expanded as an infinite series, for what range of values of x is the expansion
valid?

(c) By using (a) and (b) show that the sum of all homogenous products of degree n which
can be formed from the letters a, b, c, (i.e. a’bic”, where p, g, r are non-negative integers

a2 (c _b)+bn+2 (a _C)+Cn+2 (b —a)

(b-c)c-a)la-b)

suchthatp + g+ r=n)is

a2 b2 2
@ = T a—oi—a)  B-co-a)i—bx)  e—a)e-b)i-c)
(b) If E can be expanded as an infinite series, |x| <( min(%,%,lj .
a c
(©) E:L[1+ax+(ax)2 +...+(ax)" +...]+L[1+bx+(bx)2 +...+(bx)” +]
(a - b)(a - c) (b - c)(b - a)
2
b1+ ex+(ex)? +o (ex) o
e el SES RS
an+2 bn+2 Cn+2

Coefficient of x" = [=b)a=o) + (b-c)b—a) * (c—a)lc-b)
a™? (C _b)+bn+2 (a _c)+cn+2 (b _a)

- (b - c)(c - a)(a - b)

= the sum of all homogenous products of degree n which can be formed

from the letters a, b, c, (i.e. a’bic’, where p, g, r are non-negative

integers such that p + g + r =n)
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17.

17.

18.

18.

Techniques of Mathematical Analysis by C J Tranter Exercise 1(d) p.21 Q23
If a, b, c are distinct real numbers, prove that, for all values of x # a, b and c ,
(b—c)(c—a)(a—b){ 1 1 1 }_ c—b a—c b-a

+ + = + +
(x—a)(x—b)(x—c) x—a x—-b x-c (x—a)2 (x—b)2 (x—c)2

Let f(x) = (x —a)(x — b)(x — ¢)

1
e Y= = T (x-a)

1 1 1

-b c
[c—b a-—c b—a( 1 1 1 J
= + + + +
x—a x—-b x-cA\x—-a x-b x-c
(c—b a-c b—aj 1 1 1 j
= + + + +
x—-a x-b x-c)\x-a x-b x-c
__c-b L a-c . b-a +(c— )+(a—c (c—b)+(b—a)+(a—c)(b—a)
(x-a) (x-b) (x-cf (-a)x-b)  (x-a)x-c) (x-b)x-c)
c—b a-c b-a a—-b c—a b-c
= + + + + +

c-b  a-c b—a(l 1}(1 1)[1 1}
= + + + - + - + -
(x—a)2 (x—b2 (x—c2 x—a x-b xX—c x-—a x—-b x-c
_c—b a-c b-a

“=af  @bf  (r-cF

Techniques of Mathematical Analysis by C J Tranter Exercise 1(d) p.21 Q22

2" @) 1 ,G (-1y.c,
Prove that = - TSI Wiy i N
(y+1)(y+3)--(y+2n+1) y+1 y+3 y+2n+1
2 L =zn: 2" Ll , where Q(x) = (y+1)(y43)---(y+2n+1)

41y +3)(y+2n+1) Zo(-2r-1)y+2r+1)

Q'(2r-1) = (2r)(-2r+2) --- (-2)(2)(4)...(-2r+2n) = (-1)" 2"[A! (n — r)!

2" [h! 3 2" [h! =Z": (-1) cr
(y+1)(y +3)--(y +2n+1) 1) 2" (- )y +2r +1) ~(y+2r+1)
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19. Techniques of Mathematical Analysis by C J Tranter Exercise 1(d) p.21 Q21
f(x) = (x-0ay) --- (x —a,) where .Qy, --- , O, are distinct.

n k

a
h h L = h =0,1, - -2.
(a) Show that ,Z::‘f'(a',) Owhenk=0,1, - ,n
n an—l

b Show that =1
(b) ow tha ,Z::‘f'(ar)
(¢) Find the value of 3 —-

t'(a)

19. (@ 1Ifk=0,1,2,---,n—1, we can use partial fractions theorem directly.
x* _ Z": at
f(x)

2T (@) (xa)

Taking common denominators on R.S. and compare the numerators on both sides:

- ay o _ )
x =Z‘ () |‘J (x-a,), deg(L.H.S.) =k, deg(RH.S.) =n— 1
SEr

Compare coefficient of X ':whenk=0,1,--,n-2, L —=0
r=l f'(ar)
n a,n—l
b) Whenk=n-1, —— =1
(b) enk=n Z} ()
(c) Whenk=n, X El+xn_f(x)=1+i af—f(ar) =1+i
(T T ET@)a) (@) (a)
Taking common denominators on R.H.S. and compare numerators on both sides:
n an n
n = r _
X (x)+;f'(ar)l:l|(x a,)

SEF

Compare coefficient of x" ! :

_ coefficient of 1 in (x— 1) - i) 45 T (-
0 = coefficient of X" in (x —01) -+ (x G)+;f'(ar)|s;|(x as)
n n an
0=-Ya +) "=
29" 2 (a)
n a*’l n
0 r =Yg,
2 (a) 2"
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20. Techniques of Mathematical Analysis by C. J. Tranter Exercise 1(d) p.21 Q24

Given that @(x) = (x — a,)(x — a,)---(x—a,), where q, a,, -+, a, are distinct and that deg f(x) <n

- f(a)

Show that the coefficient of x" in f(x) is .
Z5(a)
f(x)

o(x)

20. Apply Partial faction theorem on

f(x) =Z": f(ar)

¢(x) row(a)x a,)

X ( ( )n x—a_); U coefficient of X" in f(x) is
f(x) = Z 7(a )( );q)( )|‘J( .)s O coeff f X" in f(x)

SEr

21. Mastering A. L. Pure Mathematics Volume 1 p.178 Q22

8
v
A
v

If f(x)=(x-a,)) --- (x—a,), where a, --- , a, are distinct and that p(x) is a polynomial of degree

less than n — 1, show that anm =0.

Z(a,)

21. Apply Partial faction theorem on P

rzlf'(ar)

‘ n n n n
22. Prove that i = G _2G + 3G —---+(—1)"+l&.
(x+1)---(x+n) x+1l x+2 x+3 x+n

Hence show that ! =C—1—£+3&—--.+(—1)"“L_

n+l 2 3 4 1+n

22. Q(x):(x+1)(x+2)...(x+n);Q'(x)=Z|_|(x+k)
r=1 k=1

k#r

n

Q'(-r)= |_| (—r+k)= (—r+ D(=r+2) - (3)(2)DIRE- [ —r) = (_l)r—l(r_

k=1
kZr

n! < < n!
) ) e S ) G )
< n! -1 r+1r < ™ r m:l
:;r!(n—r!i(x+r ;( ()x+r)
_ C' _ 2C; + 3C] _”.+(_1)n+l nC'
x+1 x+2 x+3 x+n
1 :Cln —2—C;+£—-~-+(—l)n+l n
n+l 2 3 4 1+n

Putx=1=
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23. Aids to Advanced Level Pure Mathematics Part 2 p.74 Q27 (b)

n! = (1) c, .
= . Deduce the following:
x(x+1)---(x+n) = Xtr

Assume the identity

@ G-Gie e
1 2 3 n+l  n+l
o G-aro_ Va1
2 3 4 n+2  (n+1)(n+2)’
© Go-a,o_ o, (e _ 1
12 23 304 (n+1)(n+2) n+2
c c c (—1)nc 1
d 0 __™ 2 ... n =
@ 573874 T ) (ne3) (ne2)(n+3)
© C __ G L & ., (—l)ncn _ 1
123 233 3@05 (n+1)(n+2)(n+3) 2(n+3)

(
o n! _N (_1)rc
23. (a) Putx=1in x(x+1)-~-(x+n)_rz=; x+r

&—ﬁ+&—-.-+(_1)nc’l - (1)
1 2 3 n+l n+l
c, ¢ . C (—l)nc 1
b P =2 0 1472 . o= .. 2
B == T T T e Ty
© (1)-(@): S-S 4% _ 4 (=1)'c, -1
12 23 33 (n+1)n+2) n+2
(d Putx=3= &—ﬁ+c—2—...+(_l)nc”: 2 3)
3 45 n+3  (n+1)(n+2)(n+3)
C c c (—1)"c 1
2)-(3): —L -l 42 "=
OO 33738 a5 T ne2)n+3) (n+2)(n+3)
© ©-@: 2o -2 2 o, (N2 1
123 233 3M@05 (n+1)(n+2)(n+3) n+3
o 4 L &S .. (_1)ncn __ 1
123 2B3 30035 (n+1)(n+2)(n+3) 2(n+3)
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24. Aids to Advanced Level Pure Mathematics Part 2 p.55 Example 2

(x—l)(x—Z)---(x—n s Z (-1)" Hl( +r)!

n r 'r' r 1) (x+r).

(a) Prove that

(b) Deduce that z

r=l (r!)2 (n —r)!

24. (a) As the degree of the numerator and the denominator are the same, we may divide the

n M _ [0 when n is even,
" 12 when # is odd.

numerator by the denominator to obtain:

(x—l)(x—Z)-~-(x—n) _1+(x—l)(x—Z)-~-(x—n)—(x+1)(x+2)-~-(x+n)

(x+1)(x+2)---(x+n)_ (x+1)(x+2)---(x+n)
Let it be 1+i+i+---+ A, =1+ y i,whereArare constants for 1 < r<n.
x+1l x+2 x+n o x+r

x-DE=2)...(x—-n) - (x+ DEx+2)...(x +n) = ZA |_|(x+s)

Putx=—r,(—r—1)(~r-2) - (=r—-n)=A, (~r+ 1)(=r+2) --- D)(DQ2) -+ (=r+n)

A= (—1)" (r+1)(r+2)...(r+n) _ (_1)n—r+1 (n+r)!
(‘1)"l(r—1)!(n—r)! (r=1)trY(n—r)!

(x=1)(x=2)---(x~n) - n (—1)"_r+l(n+r)'
(x+1)(x+2)---(x+n) (n r)'r'(r 1) (x+r)

(b) Put x =0 in the above identity:

Hence

m -1+ i ((_1)n—r+1 (n+r)! 1+ (1) i (_1)‘”1 (n+r)!

n! = n—r)!r!(r—l)!r_ = (n—r)!r!r!

n (—1)r+1 (n+r)! _1_(_ )n _{0 when 7 is even,

= (r!)2 (n —r)!

2 when » is odd.
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25. Aids to Advanced Level Pure Mathematics Part 2 p.69 Q6(b)

1 -1 1< 24m—1
Prove that =7 1 + 7 z
=1

(»+1)(x"-1) 2(x +1) (x-

2
Deduce that sec TT[ + sec 47” + sec67n =—4 by letting x — oo,

XS€C =~

x* —2xcos AT+

26. Aids to Advanced Level Pure Mathematics Part 2 p.70 Q11
Let P(x) be a polynomial of degree n. Prove that

+1)--(y+n)& An\P(x—-r n n! n
P(x+y)=y(y )n!(y );(—1) (J%,where ( j:r!(n—r)! and (Oj=1.
P(x+y)
y(y+1)-(y+n)
Degree of numerator = n , while degree of denominator =n + 1
Pxty) 3 P(x-r) !

= 3
y(y+1)--(y+n) r=0;y[y(y+1)...(y+n)] yr

26. Consider

, regard it as a rational function in y .

By partial fraction theorem,

y==r

P(x+y) n P(x—r) n 1 1 P(x—r)
y(y+l)---(y+n) ’Z:‘; yrr Eg_r+k_r=0(—1)rr!(n—r)!D yt+r
Plvy) (1) mt Plemr) (1) [ﬁj P(x-r)

y(y+1)-(y+n) &

0 P(x+y)= y(y+1)"'(y+n)i(_1),(n]M

27. Aids to Advanced Level Pure Mathematics Part 2 p.77 Q36 (vi)
a, a(a +x)+ a(a +x)(a+2x)+m+ a(a+x)(a+2x)---[a+(n—1)x] where x Z b — a
T AN VA LR el AR
ala+x)\a+2x)--|la+\r—1)x ala+x)\a+2x)--lat\r—1)x
2. Letur = oo e br=ih] = bl s o 2x) =i @)
a(a + x)(a + 2x)- --[a + (r —l)x](a + rx) _ a(a + x)(a + 2x)- . -[a + (r - 2)x][a + (r —l)x]
b(b+x)(b +2x)---[b+ (r =1)x] b(b+x)(b +2x)---[b+ (r = 2)x]

2%13&1:;3 I[Z:((: ;))x]][ﬁ(aﬂx) o+ (=i} =ur(a—b+x), forr=2

O an a+b xZu

r=

Evaluate

Vr—=Vr1=

n n 1

1
O Zur_aﬂ) xZ(V _vr—l)+ul=T(vn =)+

r=1

=a+119—x{b(b(a+X) (a+nx
1 a(a+x) ( +nx

) _
-1)
_ { ) .
a+b—x |bp+x)--[pb+(n- l)x] b b
) _
]

_ 1 { a(a+x) (+nx
a+b-x |bp+x)--[p+(n-1
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28.

29.

29.

Aids to Advanced Level Pure Mathematics Part 2 p.71 Q14
(a)  Show that when n is a positive integer

(1+x)n _ 2n _ n Qn_l .\ # mn—Z B n(n—13)!(n—2) Qn_3 N q(x)

(=2 (=2t (=2 (=) I-x ’
where @(x) is a polynomial in x of degree n — 4 .

(L+x)"
(1-x)

otherwise, prove that a,ta, ta,+--+a

(b) For a positive integer n, let =a,+ax+ a2x2 + - +ax"+---. By using (a) or

n—1

=§ (n+2)(n+7)2"*.

Aids to Advanced Level Pure Mathematics Part 2 p.56 Example 3

(a) Show that 1 17 r .t .t ., 1 .1

S () e T TP T (P (B Y e

2n . . 2m
wherew=cos?+lsm?.

(b) Let N(n) denote, for any given integer n, the number of solutions of the equation
X + 2y + 3z = n in non-negative integer x, y, z (e.g. N(n) =0 forn <0, N(O) =1, N(1) = 1,
N2)=2,---,etc.).
1
(1-1)(1-2)(1-7")
1-¢°
(1—x)(1—x2)(1—x3)
ascending powers of ¢, or otherwise, prove that N(n) — N(n — 6) =n , where n > 0 .
(n+3)* 7 (-1)" .2  2nm
-——+ +—cos—
12 72 8 9 3

Show that N(n) is the coefficient of #* in the expansion of

in

(c) By considering the coefficient of 7' in the expansion of

(d) By using (a), prove that N(n) =

@ “l+w+w=0andw’ =1
O1-=0-x)+x+x)=(1-x)(1-wx)(1-w)
1 A A A A A Ag
L . vt \ = 1 2 3 4 5
(S e (PR I T L VO P T T
O 1=A1(1+x)(1 — ox)(1 — wx) + A2(1- x)(1 + x)(1 — ax)(1 — wx) +
As(1 = x)2(1 + x)(1 — ax)(1 — wx) + Aa(1 — x)3(1 — cx)(1 — W) +
As(1 =x)*(1 +0)(1 = %) + As(1 — )3 (1 + x)(1 — aw)

Putx =-1, A4 =l
8

Put x = w?, 1 = As(1 — w?)3(1 + )(1 — ") = As(1 — 36 + 3" — W) (—w)(1 — W)
= 1=As5(1 =36 + 30— (=W + &) = As(= 30 + 3W)(—w + &)
= 1 =3 As(-0 + (-1 + w) = 36 As(1 — w)(1 — W) = 3w As(1 — 200 + W°)

= 1 =30 As(-0 - 20) = 96’ As(W) = 945 = As =é

Putx=w, 1 = As(1 — 0)*(1 + w)(1 — w?) = As(1 — W*(1 + w)* = As(1 — W)*(—w?)?
= 1 =A¢(1 — 4w + 607 — 400 + WH(W) = WAs(1 — 4w + 66 — 4 + W)

= 1= WwA6(-3 — 3w+ 66P) = -3A6(W + W — 2) = —3A6(—1 — 2) = 946 = A =é

Lety=1-x,thenx=1-y
1 1 1

N —

(l—x)(l—xZXI—x3)= (1—x)(l—x)(l+x)(1—x)(1+x+x2) y3(2—y)(2—y+1—2y+y2)
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1 A AL AL A As Ag
e ' Nttt * + >
Y-yB-3v+yY) ¥y vy 2=y 1-dll-y) 1-wi(i-y)
3 3 3
Multiply by y°: L VoA A a2y L AsyT Ay
Y (2-y)p-3y+»?) FR Ty Ty 1-w*(1-y)

1 1 1
(Z—y)(3—3y+y2)_6 1—%x1—y+%y2)

=%EE1+%+%2+"'j[l+(y-%yz)’f(y-%yz)z +}

1 y .y 2,
=1+ 4+t [ I+ y+=y2 +.en
6EE 2 4 j( Y3

2
:l 1+3_y+17_y+...
6 2 12

L7
4 7
ey S VA SN SR SRR SRR S
(1-x)i-x2Ji-x%) 720-x) 4(-x) 6(1-xf 80+x) 9(-cx) ofi-w’x)
(b) Obviously, N(n) is equal to the total number of homogeneous products of the form a*b>c?,
where x + 2y + 3z = n. But this total number of products is equal to the number of terms
in 7* in the expansion of

(1 +at+a®? +--+at" +- )AL+ P2t + b+ + b + A + L+ + o+ 3 +00)

Al=—,A =

| =

0

Hence if we put a = b = ¢ = 1, then each of the products a*b®c® becomes 1 and the total
number of products becomes the coefficient of ' in the expansion of

A+t4+LP+ .+t + - )A+LP+ P+ 42+ - YA +P + O+ 4+ )
i 1 \/ \

(i-oi-2fi-7)

(c) Following the same argument as in (b), we see that N(n — 6) is the coefficient of ' in the
expansion of 51 +t+ 2+ -4+ +- )1+ L+t + o+ 2+ YA+ L+ O+ 4+ £+ 1)

Z6

(-o)i-2Ji-7)

1-1°  1-t+t
(-i-2fi-2) (1-¢
Thus, the coefficientof '=(n+1)-n+m—-1)=n,soNn)-Nn-6)=n.

AL SOVES ¥ AN S SEN SN SR S
R (0 e (55 e (o M e o A O M ) M e

Assuming convergence, we can expand each of the term in an infinite series:

2
=(1—t+2)[1+2t4 - +F+ 1D + -]

However,

7 17 2 o
72(1—z)_72(1+t+t T )

1 1 ’ "

=—[1+2t+3t"+---+(n+1)" +---

TG 4[ t+3t (n+1) ]

! =1[1+3t+6t2+l(n+1)(n+2)t"+--}
6(1-z) 6 2

1

8(1+t)=é[1_t+t2 =t (1) +]
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30.

31.

32.

1 22 4 4
9(1_wt)_9(1+wt+coz b )

1

~(—)91_w2t :%(1+w2t+co4t2 +o " +)

Hence N(n) = coefficient of ¢*

:%+i(n+1)+—(n+1)(n+2)+—(—1)” +é(@"+(,o2”)
_17+1dn+0+60rHXn+2)+l(_0n+l@y+ofd
- 72 8 9
:17+1&rns+6n2+um+12+g(_ﬂn+1(F3225+cm—gﬁﬂj
72
6n* +36n+47 1, -\ 1( . 2nTn |, 2nnj

= +—(—1) +—|cis— tcis ——

72 8 3 3

2

:6(n +6n+9)—7+l(_1)n+lcoszlﬂ

72 8 9

(+3) 7 (1), 2 2nm
12 72 8 9 3

Mastering A.L. Pure Mathematics Volume 1 p.180 Q27
2

(a) Express in partial fractions the function 1_—t , where a, b are non-zero and
(1-ar)1-b1)
i) a#b;
(i) a=b

(b) By taking a :% =¢™® and a suitable value of 7 deduce that if 0 < @ < g, then

__cos@ :1+22tan" (—2pcosn9

1—sin@cos 6 o
Mastering A.L. Pure Mathematics Volume 1 p.180 Q28
(a - b)2 . . .
Express in terms of partial fractions.

(1 - ax)2 (1 - bx)

If the function is expanded in powers of x, find the coefficient of x" and state the range of values
of x for which the expansion is valid.

™2 _(n+ 2)a™' b+ b™? contains (a — b)? as a factor, where

Deduce that the expression (n + 1)a
n is a positive integer.
Mastering A.L. Pure Mathematics Volume 1 p.179 Q24

Ifa,, a,, ---, a, are distinct and if p(x) is a polynomial of degree < 2n , show that
p(n) |
(af(a) Elx-a, (-a) ]

where B, = - p(ar) LJAr= P'(ar) —ZBan: ! .

n

_ 2 _ 2 j=1a,—a;
|_| (ar aj) |_| (ar aj) JEr

J=1 J=1

JjEr JEr
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33. Aids to Advanced Level Pure Mathematics Part 2 p.54 Example 1
£ (x)
*'g(x)

and g(x) is a polynomial not containing x as a factor.
£ A, A, An )

(a) Consider the proper irreducible rational function , where n is a positive integer

Suppose — 4.+ T+ 5 e (*)
x"g(x) X" X! X g(x)
for some constants Ao, A1, -+, As—1 and some polynomial A(x).
Show that Ao, A1, --- , An1 are the first n coefficients in the expansion (subject to

f(x)
g(x)

x(x=2)(x-1)"

convergence) of in ascending powers of x.

(b) Using (a), resolve into partial fractions when 7 is a positive integer.

f
33. (a) Multiply (*) by x", then (x) =SA FAX++A X+

g(x)

can be expanded as a series of the form By + Bix + Box”> + ---

f(x)

Now

Therefore, = Ay FAx A X"+ Byx + B By 4
g(x)
This shows that Ao, A1, Az, --- , A,s_1 are the first n coefficients of the series.
(b) Putx-1=y,then ! = !
o ae=2)- -1y
A, o Ay
Suppose that ! —= A LB Ay 2”22 +...+Az0 i
(y+1)y-1)y> ¥+l y-1 y Nz

O 1=A0 - Dy + BO + Dy + 0% = D(Azey®™" + Asnny® 2 + ... + Ao)

Put y =1, then A =—%;puty= 1, thenB=%

To find Ao, A1, -+, A2s1, Wwe observe that, by (a), they are the first 2n coefficients in the
i f .
expansion o o1
1 1
=— =] VA VO Ty
Vo1 1oy y =y =y y y
Ay=Ar=A4=-=Ayor=-landA1=A3=--=A2-1=0
1 1 1 1 1 1
So that =- + S
(+)-1y> 20+1) 20v-1) 2 v
1 S UV DS S B
xx=2)x=1" 2 2(x-2) (x-1? (x-1)* (x-1)>"
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34. Mastering A.L. Pure Mathematics Volume 1 p.172 Example 14

Express in partial fractions ( ;
X

— v, Where n is a positive integer.
2 )n
-a

34. In the Binomial expansion, for || < 1,

(U onyr et (cn)on)s CREn=) o Calen=1)en=2)

1x2 11203
=1+C'h+C" W +CP R+ - +CT R+

O coefficient of 2" in (1 — k)™ is C,=C""™

Let ! = AO n+ Al n_l+...+A”_1 + BO n+ Bl n_l+...+ Bn—l

(xZ_aZ) (x—a) (x—a) xX—a (x+a) (x+a) x+a
Lety =—x LS )2 O o P o) O Gl P
(yz _az)" (y +a)n (y +a)n—1 y+a (y_a)n (y_a)n—l y-a

0 Bo = (-1)"Ao, B1 = (-1)"'Ay, -+, B, = (=1)""A,, -+, By = —An1

Lett=x—a=>x=t+a

;=ﬁ+ A +---+A”‘1 + By + B, +.o 4 B,
" +2a) " t (t+24)" (t+24)"" t+2a
1 n-1 n BO Bl Bn—l
=A)+At+---+A_t +t + +... 4+
(r +2a)" oA " [(t+2a)" (r +2a)"" t+2a}
1 1

D( )n =Ao+ A1t + --- + Ayt + terms involving powers of ¢, "1, ...
1+

(2a) (1+4
[Hq[-_J YA TSN P A

=Ao+A t+...+A, 11" +terms involving powers = n+1

1 C (-1)yc (-1)"c,.
0 Ao= JAl=——L— A= A =L
0 (Za)n ! (Za)nﬂ (za)n+r ! (za)Zn—l
BO — (_ 1)” B1 = (_ 1)” il Br — (_ 1)" Ejr , Bn—l — (_ l)nzcjr_ll—l
(2a)" (2a)' 2a)"" (2a)™
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35. Aids to Advanced Level Pure Mathematics Part 2 p.70 Q12

If o # 3, show that 1 - L nicr{(ﬁ_—ajn_r ' (G—:EJW}

(x-a)'(x-p) (a-gf" = "|\x-a

where C; = coefficient of A" in (1 — h)™.
1 A LA

AO n—1 n—1
35. L = + +... 4+ + + +.o4
B P T P L T P
1 1 1
Let y = a+B—x, LHS = - —= - —= - -
(@+p-y-a)(a+p-y-B)" @-»)'(@-y) (-a)(>-B)
Ay A A B, B, B,
RHS = + +..o 4 + + +... 4+
G-y -y B-y (a-y)" (a-ya)” a-y
:(_l)nAo + (_1)n_1A1 Feim A + (_1)nBo + (_1)n_lB1 e B,
(y-B) (-p)" y-B (y-a) (y-a)" y-a
O Bo=(-1)"Ao, Bi = (-1)"Ay, -+, B-= (=1)""A,, =+, Bt = ~An-1
Lett=x-a=x=t+q
;=i+i+...+A”‘l + BO + B, o ¥ Bn—l
t”(t+a—[3)" A t (t+a—[3)” (t+q—[3)”_l t+a -
1 n-l | .n B, B, B,
S At 4+ A
(t+G—B)n Ay T A+ +A 17 +t {(t+a—[3)”+(t+q—[3)"_l+ +t+a—B}

! - ! =Ag+Ait+ - + A1t + terms involving powers of 7", o
a-B) {i+qy)

(

1 1+C1(—Lj+cz(_Lj2+__.+Cr(—Ljr+,..+Cn_l(_L]n—1+“.
(a-B)’ a-p a-p a-p a-B

= Ao+Ait+--+A, 11" + terms of powers = n+1

1 ¢ (-1)yc, (1)c,,
|:| A = A = Ar = ° An— =
BCE R -y By
(_ 1)” (_ 1)” Cl (_ 1)” Cr - 1)" Cn—l
B = B = D T Br = ) Bn— - _
P @-p T @-p)” (o)™ "oy
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1956 Paper 1 Q4 (a)
2

Resolve # into partial fractions.
X =2x"+1

2 2 2 2 2
al = a = * = X =
xt=2x +1 (x2—1)2 [x2—1j {(x+1)(x—l)} {2(x+1) 2(x—1)}
x2 _ 1 1 1
= + +
o2+l a(ee1)? 20-1)(x+1)  4(x-1)?
£ 1( 11 j 1 _ 1 I 1 1
= +— - + = + — +
o241 4(x+1)? 4lx-1 x+d

ae-1P aferrf 40-1) 4lern)afe-1p
1957 Paper 1 Q5 (b)

Obtain the first four terms in the expansion of the following function in ascending powers of x:
1

1-3x—4x?

1 — 1 _ A + B
1-3x—4x> (1+x)(1—4x) 1+x 1-4x
1 =A(1 —4x) + B(1 +x)

Putx=—1:>A=é

Putx=1=B=2
4 5

1 1 4 1 5 4 ) ;
] = =—\l- - e+ —l1+4 16 64
1—3)6—4x2 5(l+x)+5(1_4x) 5( X+x“=x"+ )+5(+ x+16x2 +64x° + )
=1 +3x+ 132 +51° + -
1959 Paper 1 Q5(b)

Find a polynomial g(x) in x which satisfies the equation -1, 8 (x) , Where
Q(x) x+2 (xz +1)4

P) =28 +x7+6x5 +3x° + 12x* + 4x? = Tx — 13, Q(x) = (x + 2)(x> + D)*.

Px)

Hence resolve o0 into partial fractions.
X

After taking common denominators of R.H.S. and compare the numerators on both sides,

P(x) = (% + 1) + (x +2)g(x) Sl Il sl l3l2lx 1
g(x)zwzx6+3x4+7 6 3 12 0 4 —7-13
(x+2) 91 4 6 4 1
3,42
Pl o 1 43027 herer= 2 o 1 2 3 0 0 —7-14
Obx) w2 i) H 20 60 0 0 14
_ 1 + A + B + C + D
x+2 t+1 (l+1)2 (l+1)3 (l+1)4 1 O 3 0 O O —7 O
3 a0 PSR S A A A |
3 -7_ A B C D

For

- =7 4 + +
() M I 200 S ) A (3 )
P+32-7=At+ 1)’ +Bt+1)+Cit+1)+D
Putt=-1=D=-5

Differentiate once and put t = -1 = (3> + 61);=-1=C = C=-3

Differentiate once and put t =-1 = (61 + 6)|;=-1 =2B =B =0
Compare coefficient of £: A = 1
- Px)_ 1 1 3 5

Q(Jc)_x+2+xz“_(xzn)3 e
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1961 Paper 1 Q5(a)

3+x>  _ A, B  C+Dx

Find the values of the constants A, B, C and D so that 5 5 5 >
(1-x) (1+x) I-x (1-x)* 1+x

3+x2 A, B  C+Dx
(1—x)2(1+x2) I-x (1-x) 1+x°

34+x2=A(1 —x) (1 +x5) +B(1 +x%) + (C + Dx)(1 — x)?

Putx=1=B=2
Putx=i=2=(C-Di)(1-i>=2=(C-Di)(1-2i-1)=1=D-Ci=C=0,D=1
Compare coefficient of x>: ~AA + D=0=A =1

3+x7 1 2 x
A 2 2\~ * 7t 2
(1—x) (1+x ) I-x (l—x) I+x
1962 Paper1Q3(a) X6 XS x4 x3 xz X 1
e S : : 1 00 0-10 1
Resolve the expression ————=— into partial fractions.
( —1) 3 3 9 18 30
-3 -3 -9 -18-30
6 _ 2+ 2_ + 1 1 3 6 10
- . L v i3l sers 10418 24)36 1
(x-1) (x-1) 1 3 6 10|14 24 11
2o ox 1 X x 1
Suppose 14x"-24x+11_ A , B  C
(-1 amt (e-1f (1)

Take the common denominators of the R.H.S. and compare the numerators of both sides
14x* - 24x+ 11 =A(x - 1)’ +Bx- 1)+ C

Putx=1=C=1

Differentiate once and putx=1=B =28 -24 =4

Compare coefficient of x*: a = 14

6 2
-x%+
A N YR I NP ST, WL SR S

(x-1) o=l (-1 (a-t)
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1964 Paper 1 Q2(b)

n
Resolve (x n 1)(x N 2)(x N 3) into partial fractions. Hence find the sum Z (n n 1)(n " 2)(n N 3) .
3
(x " 1)(x " 2)(x " 3) E; o ( )( r) , where Q(x) = (x + D)(x + 2)(x + 3)
3 -1 B 2 B 3
C(-r+2)(-143)(x+1)  (2+1)(-2+43)(x+2) (-3+1)(-3+2)(x+3)
__ 1 N 2 3
2(x+1) x+2 2(x+3)
N n N 1 2 3
Let SN‘;(nﬂ)(m)(m)‘;{ ar1) Tne2 z(n+3)}
N 1 N 2 N
= - + -
2 ] 2 2
N+1 N+22 N+3 3
_ l l+2+ 2 3 _ 3 ff(_iﬁ_ij
4 6 3 N+2 2(N+2) 2(N+3) 2\ 2n n 2n
1 2 3 N+l
4 N+2 2(N+2) 2(N+3)+Z_;1
> l 2 3 3 1
X e 2 3) i o 2 3) $4;+N+2 v +2) AN+g}Z
1966 Paper 1 Q7(a)
Let g(x) be a quadratic polynomial and a, b, ¢ distinct constants.
If g(x) = A + B + ¢ , where A, B, C are constants, express A in terms of a,

(x—a)(x—b)(x—c) x—a x-b x-c

2
X

b, c and g(a). Hence or otherwise resolve into partial fractions.
(x 1)(x 2)(x - 3)

__ 2la)
S P
X’ _ 1 N 4 N 9
(x-D)(x-2)x-3) (1-2)0-3)(x-1) (2-1)2-3)(x-2) (B-1)3-2)(x-3)

1 _ 4 .9
2(x-1) x-2 2(x-3)
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1967 Paper 1 Q4
Let n be any positive integer, and a,, b, the coefficients of x” in (1 + x)" and (1 + x)"*? respectively.
Prove that

@ brr=ar+2ar1 +arif0<r<n-2,

(b) n = im

x(x+1)~--(x+n) = Xxtr

(©) - a ot (-1)'a, _ (n+2):
e ) +2) (er)c+2)x+3)  (ern)xtnt)x+n+2) 2x(x+1)-(x+n+2)’

@ (A+x)"?2=(+2x+x)(1 +x)"
n+2 n
Zbrxr = (1 +2x+ xz)Zarxr
r=0 r=0
Compare coefficients of X?2,0<r<n-2

bryo = ar + 2ar+41 + are2

n

n' = n' =
L e e 0 sy s e B LA R
op ]
_r—o(X+r)!:(|)—r+s
SEY
N n!

= (1) r'(n r)'(x+r)

-i( 1yc "=i(—1)’a,
r=0 x+r r=0 x+r
(¢) Notethatao=C/=1=C;"
ar+2a0=C'+2Cl=n+2=C"=b
an-1 + zan =C:_1 + 2 C:: =n-++ 2 = C:::lz = bn+1

+2
an = C: = 1 = C:+2 = bn+2

B a, _ a ot (—1)" s
LHS = x(x+1)(x+2) (x+1)(x+2)(x+3) (x+n)x+n+1)(x+n+2)

_Z (-1)a,

_0(x+r)(x+r+1)(x+r+2)

_i( a, _(1)a,, (-1)a

(x+r) x+r+l 2(x+r+2)

(By partial faction theorem)

I=
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n=2 (2 1)r+2 a., nz—l( )r+1 a,. +Z ( )

Zoferre2) & wrre2  E2eered)

_do +Z( ) ,+2a,,

+ ar+2 _ (_ 1)” an + (_ l)n_1 an—l + (_ 1)” an

2x 2(x+1) x+l 3 (x+r+2) x+n+l 2(x+n+l) 2(x+n+2)

n

_by +Z( 1)y T L), (1)

Tox ( ) x+r+2) 2(x+n+l) 2(x+n+2)

_"z (Ec+)r+2)
_ (n+2).
2x(x+1)---(x+n+2)

1970 Paper 2 Q8 (a)

-2x+ +
Find the values of A, B so that 1— 2x+4 > = A“); B__2 + .
(C+1fx-1f ~ 2+1 x-1 (x-1)

—2x+4
Ean)(e1)

After taking common denominators of R.H.S. and compare the numerators on both sides,

for all x.

Hence or otherwise find the indefinite integral I

2x+4=(Ax+ B)x - 1)? =22 + Dixr— D+ 22+ 1 2 2 a1
Ax+B)(x -1 =2x+4+2° -2 + 2x-2-x* -1 2 3 1
= 2X3 — 3.x2 +1 2 4 2

33,2+ 1 2 1
Ax+B=2t 0 g0y

(x-1) 2 1 0 0

X 1 X 1
UA=2,B=1
- +
I 2x+4 I 2x l I 1 o4
(x2+1)(x—1) x*+1 x 1)
=In(x*+ 1) +tan"! x— 2 Injx — 1] —Ll+ C, where C is a constant.
X -
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1973 Paper 1 Q4

(a) Let A(x) be a polynomial of degree n in x, with real coefficients and n real roots x,, x,, -*-, X,.
Prove that Z L 1: ((x)) , where A'(x) is the derivative of A(x). Hence or otherwise, prove
r=l X T Xy X
n ' 2 _ "
b 1 AGF AL,
= (x-x,) Alx)

(b) Resolve % into partial fractions.
-
() Letx,, x,, x;, x, be the roots of the polynomial B(x) = =10x+1.
(You can assume that all the roots of B(x) are real.) Using (a) and (b) or otherwise, evaluate the

(a) Induction on n. n = 1, the result is obvious.

() (x-)

_y |
(x—xl)---(x—xk) _;x—x '

When n =k + 1, let P(x) :%[(x—xl)---(x—xk)(x —xkﬂ)]: (x — xk+1)A'(x) + A(x)

Suppose

Let Q(x) = (x —x))+++(x = x)(x — X, )
P(x) _ (x=x,0,)A(x)+ A(x) _A (x) N 1 S|

Q(x) ) A(x)(x - xk+l) A(x) X7 X ) ral AT X,
U Itis also true for n = k + 1. By mathematical induction, it is true for all positive integer n.
i A'(x) - A(x)A" (x)
T that = .
o prove tha ; (x . )2 A(x)2

Differentiate the given identity once and multiply by —1 gives the required result.
®)  Let 2x -1 - A N B
(-1 x=1 (x-1)
After taking common denominators of RHS and compare the numerators on both sides,
2x-1=A(x-1)+B
A=2,-1=-A+B=B=1
2x-1 _ 2 1

R P S R

S 2x, -1 K] " 1
(©) ; (e 1) = 2; - +; (1) (by the result of (b))

_Al) AGP - aar)
Ax) A(x)?

x=1 x=1
__p 4x'—20x | +(4x3—20x)2—(x4—10x2+1)(12x2—20)|
- 4 _ 2 4 2 2
=102 +1) (v* =102 +1) ~

_(=2)-10) , (-16)° - (-8)(-8)
-8 (_8)2
=4+4-1=-1
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1975 Paper 1 Q2

(a)

(b)

(©)

(a)

(b)

Letb,, ---, b, be real numbers, B(x) = (x—b,)(x - b,) - (x—b,) and B'(x) the derivative of B(x).
Show that b,, ---, b are all distinct if and only if B'(b)), --- , B'(b,) are all non-zero.

Now suppose that b,, ---, b are all distinct. For a polynomial A(x) of degree < n in x, use

Alx)_3~__Al,)
7

induction to prove that = .
B(x) =B )Jx-b,)

Let 1 < p < n — 1, where p is an integer. By using (b) or otherwise, resolve
p

(x +1)(x +x2)---(x +n

) into partial fractions.

n—2 n-1
Hence show that ro__ 2 +---+(_1) (n—l)”+(—1) np:O
1(n-1)! 2!1(n-2)! (n—1)11! n!
n n n—2 n n-1_n
Find the value of ! 2 +---+(_1) (n—l) +(_1) n
1(n-1)! 21(n-2)! n—=1)11! n!
=) Bw=Y[(x-5)
r=1 k=1

k#r
"+ b,
0 b,—b, 20 fori#k

, =+, b areall distinct

B(b) = |‘| (b, =b, )2 0foralli: 1<i<n
k=1

k#i
(O) Suppose one of B'(b,), -+~ , B'(b,) is zero
say, B'(b,) =0

n

D(bl—bk):o

:>bk=b1forsomek¢1

contradicting the fact that b, ---, b_are distinct.

Induction on degree of B(x) =n
n =1, A(x) = a, which is a constant with degree = 0
1
A(x) =_¢ :z A(b’) , the result is obvious.
B(X) x_bl r=1 B'(br)(x_br)

Suppose it is true for n = k

When n =k + 1, A(x) = polynomial of degree < k
B(x)=(x-b) - (x=b)(x-b,,))

Assume the existence of partial fraction,

Alx). p  T(¥)
B(x) x=b, g (x)
After taking common denominators of R.H.S. and compare the numerators on both sides,
A(X) = pg(x) + (x = by, ) @) =+ (1)

Compare the degrees of both sides

deg A(x) k= deg (x-b,, ) f(x) <k

Odegf(x)<k-1

, Where g(x) = (x - b,) --- (x— b)), f(x) is a polynomial
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Put x = b, , into both sides of (1) = p = A%"”; = A(bk+1) = A'(bkﬂ)
8\Or+

s f(p)

By induction assumption, =
TERIDI=Y

Now put x =b,into (1), for 1 Sr<k

A(b,) =pg(b) +1(b,) (b, - b))

A(br) = fb,) (b, - b;,,)
Ab,) _£(b)(b,-b.) _ f(6) _f(b)

B'(br) i:i(b’_b") |—I(b b) g'(br)

i=1 =1
A,

izr izr
Ab) . 1 b ab) Al
D + r = r
B() " Blon) x-bn =B )-b) = B0, ) -b)
U Itis also true forn =k + 1, by M.1,, it is true foralln =2 1 .

p

() (s e

()

_Zn:B ( ) ,where A(x) =x", Bx) =(x+ )(x +2) --- (x + n)

2B )
Eggi)r)mﬁ(_l )Egé;:l)D(_rH)(_r+2)..?(_1)@)(2)...(n_r)

s=1
SEF

r+s

() ! ST )
Z:x+r[& ’l(r 1) (n r)!_;(r—l)!(n—r)!(x+r)

Put x = 0 into both sides,

0 =(—1)PL!(:'_1)! - 2!(5['_2)! - (—1()’:'_21(,)1&!1)” . (—1)’:'!1,11'
Hence result.
To find the value of “(:_1)! -5, (jn_z)! N 181_2 1(31!;!1)»1 RS 1)’:‘!1,1;1 |
Coniter (o)™ TN )

e (>(x)+r)‘“i( 1()‘15 ) )
Putx=0=0=1+(1) 1!(:_1)! ) 2!(;?_2)! T (_1(11_21(31!1_!1)’1 i (_l)n_!lnn
- 1!(:—1)!_ 2!(:3”—2)!+"'+ (—1():__21(51!;1)” ' (—1);‘!1,1’1 =D
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1976 Paper 1 Q7
Let n be a positive integer, and ax and by the coefficients of x* in (1 + x)" and (1 + x)"*? respectively.

(a) Show that,forO<k<n-2,b,,=a,+2a,, +aqa,,.

n! - (—1)kak
(b)  Show that x(x+1)-~-(x+n)_;) e

. . " (-1) q, _ (n+2)!
(c) Using (a) and (b) or otherwise, show that kZ:(:) (x " k)(x i+ 1)(x it 2) = 2x(x " 1). --(x — 2) .

This question is identical to 1967 Paper 1 Q4
Modified from 1979 Paper 1 Q3
Let a1, a2, --- , a, be n (= 2) distinct real numbers, f(x) = (x — a1)(x — a2) --- (x — an) and f '(x) the
derivative of f(x).
(a) Expressf’(a)(i=1,2, - ,n)intermsofa, ,a,, - ,a,.
(b) Let g(x) be areal polynomial of degree less than 7 .

(1)  Show that there exist unique real numbers A1, Az, -+, A, such that

g0 =3 A l-a,) - (¥

i=1 r=l1
r#i

n a.
(i1) Using (1), or otherwise, show that if g(x) is of degree less than n — 1 , then f'(( ’)) 0.
i=1 a;

(iii) By takinga,=i(i=1, 2, ---, n) and suitable g(x) in (ii), show that, for any non-negative

integerms<n-2, Z(—l)"_i : = 0.(GiventhatO!=1.)

= (i -1)(n—i)
(¢) Iftb,,b,, -, b, are nreal numbers, find a polynomial /(x) of degree less than n in the form of

the right hand side of (*) so that h(a;)) =b; (i=1, ---,n).

@ @) =[](a-q)
k=1
k#i

(b) (1) Uniqueness

By partial fraction theorem,

e(v) g sla)

((x) &1 (a)(r-a)

This theorem has been proved in 1975 Paper 1 Q2(b)

After taking common denominators of R.H.S. and compare the numerators on both sides,

n n g(a,-)
g =Y A(x- ,),whereAl.:'—
2]l r(a)

r#i
Existence
Induction on n (degree of f(x))
n=2,1x)=x-a)x-a,

deg g(x) =0, 1 (or —o)

" x—a, and x — a, has no common factors

By Euclidean algorithm, there exist polynomials /,(x), h,(x) such that
1 =h,(x)(x-a)+ h,xX)(x-a,)

g(x0) Eh ()g)(x —a)) + hy(x)g)(x — a,)
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By division algorithm, when £ (x) g(x) + (x — a,)

h,(x) g(x) = Q(x)(x — a,) + A}, where A is a real constant

0 g =[0M)(x—ay) + A 1(x —a)) + hy(x)g(xX)(x — a,)

g =EA(x—a)+A,(x—ay) - (*), where A, = Q(x)(x — a,) + h,(x)g(x)
By the formula (*), degree g(x) < 1

in RHS of (*), deg A,(x—a,) < 1 (As A, is a constant)

[ degA,(x—ax) <1

[J degA, <0

[0 A, is a constant

We have proved that there exist real constants A, and A, such that
g)=A(x—a)+A,(x—a,)

U It is true for n =2
Suppose it is true for n = k

Whenn=k+ 1, f(x)=(x-a)(x-a)x-a,,) deg gx) <k
v (x—a)) - (x—a)and (x — a,,,) are relatively prime
Opolynomials £, (x), h,(x) such that

1=hX)(x-a) - (x-a)+h,xX)x-a,,)

g() =1 (g —a,) -+ (x—a) + @)X~ ay,,)
By division algorithm, when £ (x) g(x) + (x — a,, )

hi(x) gx) = Q(x)(x —a,, ) +A,,, , where A, is a real constant

0 g() = [QW)(x —ay,) + A, M —a) -+ (= a) + hy(X)g)(x —ay,.)
g EA, (x—a) - (x—a) +Ax—a,,) (%)

where A = Q(x)(x—a,) -+ (x —a,) + hy(x)g(x)

By the formula (**), degree L.H.S. <k

In R.H.S. of (**), deg A, ,(x—a,) --- (x—a,) =k (As A is a constant)
[ degA(x—aq,, )<k

[ degA,<k-1

By induction assumption on A ,

=3 AT (e

i=1 r=1
r#i

k k

Ogx)=A,, (x—a) - (x— ak)+ X— 0y ZA’H x—a,
=l r=l
¢1

k+1 k+1

g0 =) A[](x-q,), where A, =A
izl r=l
r#i

U It is also true for n = k + 1. By M.1,, it is true for all positive integer > 1 .
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g,(ai )

(b) (i) By (b)(i), ——5=Ai (uniqueness part)
f (al.)
Dig(a")—nA— fficient of "' in g(x) = O (given that d <n-1
; '(a ) —Z . = coefficient o in g(x) =0 (given that deg g(x) <n -—1)
i=1 i =1
(iii) Let g(x) = x™, where m is an integer < n — 2
f)=x-1) - (x-n)
£2(i) = (=1)"(i = D(n —i)!

- ,Z:‘(_ = 1)l'(n -y > f ((l)) =0ty ()i

- =l 4

.x_ak

(c) Let h(x)zzn:bilil ,then h(a) =b fori=1,2,---,n
i=l £:1 (ai _“k)

1981 Paper 2 Q4
1

(a) Resolve into partial fractions.
(1+x)(1+2x)---(1+nx)

(b)  Use the result in (a) to prove the identity Z(— 1)”_]‘ C k" =n!,
k=0

where C;' are binomial coefficients.
(c) Prove that the n™ derivative with respect to ¢ of (¢/ — 1)" takes the value n! when ¢ is zero.
(@) 1 =L ;

(1+)(1+2x)...(1+nx) n! D(x +1)x+1)(x+ 1)

1< 1 . |
=;;W where Q(x) =(x+l)(x+5j...(x+;j

1 &k 1 1&G k = ( kr

n!k:1(1+kx)D|l|(_i+i) ”!k:1(1+kx)E!;}!(k—’”j
ek

1Sk L

;k=1 (1+kx) [&k_l)'(_l)n k(”_k)'

n _1 n—k 1 n~n
(b) Putx =0 into both sides: 1 = ZM
k=1 n

i(—l)"_k C/k"=n!= i(—1)”‘k C/k" =n!

k=1 k=0
© @-1r=Y 1) e
k=0
Differentiate n times: tn (er —l)n =y (-1)" fCrkret
k=0
Puti=0, = (e-1)'| = 3 (~1)"™ C2k" = nt by (b)
dr =0 k=0
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1985 Paper 1 Q3

(a)

(b)

(©

(a)

(b)

(©

Let a,, a,, -+, a, be distinct real numbers. Suppose f(x) is a polynomial of degree less than

f(x)

(x+a1)(x+a2)---(x+an)

n — 1 and the expression is resolved into partial fractions as

c c c
—+——+...+—"— showthatc, +c,+ - +c¢,=0.
x+ta, x+ta, x+a,
+ . . .
Let F(x) = pPX79q be resolved into partial fractions as
(x+a)(x+a +1)(x+a+2)
+ +
by b B Show that for N > 3, ZF bbby, byl by

x+a x+a+l x+a+2 1+a 2+a N+a+l N+a+2’

k=1
N

1
h 1 1 '
Using (b), or otherwise, evaluate N@;Z 2k + 1)(2k + 3)(2k +5)

f (X) — Cl + C2 R Cn
(x+a1)(x+a2)~-~(x+an) x+ta, x+ta, x+a,
Combining the partial fractions of the R.H.S., the numerator is

cx+a)x+ay)--(x+a)+c,(x+a)x+ay)(x+a)+-+c(x+a)x+ay) - (x+a,,)

=(c,+c,+ -+ cn)x”‘1 + (terms of degree <n — 1)
Since f(x) is a polynomial of degree <n — 1
e +c,+--+c, =0

Fx) = pxtq = b, + b, + b, )
(x+a)x+a+1)(x+a+2) x+a x+a+l x+a+2

Compare the numerators of both sides.

px+q=b(x+a+Dx+a+2)+b,x+a)x+a+2)+bx+a)x+a+1)

Compare the coefficients of x*: b, +by,+b,=0
N N

ZF(k):Z( b oy b b j
= k+a k+a+l k+a+2

N b1

Y I sretd Iy stires

+a k+a+1
N N+1 N+2
-y b +Z b5 m

mk+a Sk+a k3k+a
b, N b, +Nb1+b2+b3+ b, N b, N b,
l+a 2+a 2+a 1= k+a N+a+l N+a+l N+a+2
— b, +b1+b2+ b, +b, + b,

I+a 2+a N+a+l N+a+2

1 a Ok +4 _ b N b,

) ) (TR N () () ) I S e A S
Compare the numerators of both sides.

) S S O e )

Putk:—l: b1 :i
2 16

k+a+2

Il
+

b
+ 3 a=

b

F(k) =

1
2

Puth=-2=b =—1
2 8
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1

Putk=—§:>b L
2 16
iF b bi+by by+by by 1 1 1
VT 4a 2+a  N+a+l N+a+2 24 40 8(2N+3) 8(2N +5)
e SN NN W eI
Voo i (2k +1)(2k +3)(2k +5) 24 40 60
1990 Paper 1 Q2
1 ) ) .
(a) Resolve m into partial fractions.
- 1
b) Eval li ——
(b) valuate nlar?okzl‘k(k+l)(k+2)
@ L LA B C

x(x+1)(x+2) x x+1 x+2
then 1 =A(x+ D(x+2)+Bx(x+2)+ Cx(x+ 1)

Putx=0:>A=l
2
Putx=-1=B=-1

Putx=-2=C=

N | —

1 1 1 1
———+

(x+1)(x+2) 2x x+

L I 1 1
®) i‘fﬁ‘ozk(kﬂ)mz e {2_ m x+2)}

n [ 1
=lim —_— -
n-w| 2x Tl 2(x+2)

. 1 &1 &1
_;}152 2_Z +22(x+2)}

mxtl g

n n+l n+2
timl L l_zlgzl}
nee 215X GnXx 2imx

B 1 11 11 1
=lim|—|1+— |—-| —+ +— +
nﬂ°°_2 2 2 n+l 2\n+1 n+2
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1991 Paper 1 Q2
1

(x=1)2-x)°

Express f(x) into partial fractions. Hence, or otherwise, determine a, and b, (k=0, 1, 2, --- ) such that

Let f(x) =

f0) = ax* when |xf < 1 and f0) = > % when x| > 2,
X

k=0 k=0
1 _ 1 + 1
(x—l)(Z—x)_x—l 2—x
1 1

When |x| < 1, f(x) =——+
x—-1 2—-x

1
k_2k+1

Oa -1

When |x| > 2, f(x) =Ll+ 5

X~ - X

k=0 X k=0X
= Z (1 - 2k ) l}+1
k=0 X
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1991 Paper 1 Q4
Leta,, a,, -*-, a, be n distinct non-zero real numbers, where n =2 .
e o e IO ) S Ty (i SO
(al _az)"'(al _“n) (ai _al)"'(ai _ai—l)(ai _ai+1)"'(ai _an)
(x=a)-(x-a,,)
a, _al)"'(al _an—l) .
(i) Evaluate P(a) fori=1,2, ---, n.
(i1))  Show that the equation P(x) — x = 0 has n distinct roots.
(iii) Deduce that P(x) — x = 0 for all x OR.
1 1

(=) a=a,)" " la=a) (@ -a- Yo -am) e -a,)
+ o+ ! =0.
(an _a1)"'(al _an—l)
(@ (@) Fori=1,2,---,n,
_ (ai _“1)"'(ai _ai—l)(ai _ai+1)"'(ai _“n) _
= o =) = Yoy =), —a,)
(i) By (a)(), a,, a,, ---, a, are n distinct roots of P(x) —x =0

(iii) Since deg(P(x) —x) <n — 1 and P(x) — x = 0 has n distinct roots, [1 P(x) —x =0
(b) By (a) (iiD), P(0) =0

T R 1

+---+an(

(b) Prove that
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1993 Paper 1 Q5
x+4

x2 +3x+2

x+4 A N B
x2+3x+2 x+l x+2
Thenx+4=Ax+2)+B(x+1)
Putx=-1=A=3
Putx=-2=B=-2
x+4 3 2

x2+3x+2_x+1 x+2

S| k+4 N1
,;{kﬂ k2+3k+2}_kz:2{k 1 k+1
N

1
_2_1 32k+1

Express

1 +4
in partial fractions. Hence evaluate Z{ k }

k=1 K2+3k+2
Let

ol
S

k=2k k=
N-1 N+l N+2
= Zl 35 14,57
ok iSk k—4k

k
— 1+l+l -3 l+i+ 1 +2 i+ 1 + 1 — g asN — oo
2 3 3 N N+1 N N+1 N+2 6
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1995 Paper 1 Q10
Let a, B and y be real and distinct and (x — a)(x — B)(x = Y) = x> + px* + gx + 1.
(a) Show that
2
Q) 1 + 1 + 1 _ 3x"+2px+g

x—0 x—B x-y XHplegrtr’

(i) 302+ 2p0 + g = (0 - B)(C - ).
(b) Let f(x) be a real polynomial. Suppose Ax?> + Bx + C is the remainder when (3x* + 2px + ¢)f(x)
is divided by x> + px* + qx + r.
(i) Prove that f(a) + t(A) + () = ';sz +2Bx *C )
x—a x—-f x-y x +tpx +tgx+r
(i) Express A, B and C in terms of a, [3, y, f(a), f(B) and f(y).
@ @G @-Ox-PB)x-Y) =x>+px*+gx+rforall x.

Differentiating w.r.t. x on both sides, we have
G-—E-PB)+x-YVx-—)+x =B x-=Y)=3x>+2px+q - (1)

Hence LRSS S (x=a)(x=B)+(x—a)ir—y)+ (x=B)(x-y)
x—a x-B x-y (x—a)x-B)x-vy)
3x* +2px+q

x° +px2 tgx+r

(i) Putx=d into (1), we have 302 + 2pa + g = (a — B)(O —Y).
b)) () Let(3x*+2px+ q)fix) = +px* + gx + )O(x) + Ax* + Bx + C
=@ —a)x—PB)x—-Yy)Qx) +Ax> + Bx + C.
Then (30% + 2pa + ¢)f(0) = Ad®> + Ba + C ------ 2)

Ax* +Bx+C ki, | ok, | ks
3 = + +

Let 5 = .
XH+px“+gx+r x-o x—-B x-y

Then Ax> + Bx + C = k,(x = B)(x —y) + ky(x = Y)(x — Q) + k;(x — a)(x - PB).
Put x = a, we have Aa? + Ba + C = ki(a — B)(0 — )
By (2), 30 + 2pat + @f(@) = k,(a - B)(@ - Y)
By (a) (i), k, = f(a)
Similarly, k, = f(B) and k, = f(y).
f(a),£(B) £(¥) __A¥+Bx+C
x-a x-fB x-y X +pxi+gx+r
(i)  From (b)(i), Ax* + Bx + C = f(a)(x — B)(x — ) + f(B)(x — Y)(x — &) + f(y)(x — q)(x - B)
Equating the coefficients of x2, x and the constant terms, we have
A =f(a) + f(B) + f(y)
B=—[(B+yf(a) + (y+ Of(B) + (o + B)f(y)]
C =B yf(a) +yaf(B) + o Bf(y)

Hence

c:\users\f|{# {#\dropbox\data\mathsdata\pure_maths\algebra\partial fraction\partial_fraction.docx Page 44



Lecture Notes on Partial Fractions: HKAL Past Papers Created by Francis Hung

2000 Paper 1 Q12
3,2 -35+2
(a) Resolve al 2x 3x2 into partial fractions.
X (x—l)
(b) Let P(x) = m(x - a,)(x - 0,)(x — a;)(x — a,) where m, a,, a,, d,, a, [IR and m # 0. Prove that
4 '
. 1 P (x)
i = , and
® ZZ:;‘ x=a; P(x)
. = 1 _ [P' (x)]2 - P(x)P" (x)
Y 2 2
= (-ay) [P(x)
(c) Letf(x)=ax*— bx*+ a where ab > 0 and b*> > 4a°.
(i)  Show that the four roots of f(x) = 0 are real and none of them is equal to O or 1 .
(i) Denote the roots of f(x) = 0 by B,, B,, B, and 3, .
4 33 -B2-3B. +
Find Z Bz ZBI 3612 2
i=1 Bi (B, _1)
x3—x2—3x+2_A B C
2 ;= Tttt then
x*(x-1) x x* x-1 (x-1)
Ax(x= 12 +B(x -1+ C?(x-1D)+Dx*=x"—x*-3x+2
Putx=0=B=2;putx=1=D=-1
Compare coefficient of x>: A + C =1
Differentiate once and put x = 0: A(~1)? + 2B(-1) = -3
=>A-4=3=A=1,C=0
X —x? —3x+2=l+l_ 1
x° (x—l)2 x x° (x —1)2
(b)) @O PH)=mx-0a)(x—0,)x-0)x-a,)
P'(x) =m[(x —0)(x —0;)(x—0,) + (x =0 )(x -0 )x -0, + (x—0)(x—0a,)(x—0a,)
+(x—0)(x—0a,)(x—0a,)]
4

in terms of ¢ and b .

(a) Let

O

)
P

(x) i
.. =T
(ii) From (b)(i), Z}ﬁ_ o)

i

1
1 X4

Differentiate both sides w.r.t. x.
v U _PEP)- [P
Z(=ay o
d 1 _|P (x) ’ - P(x)P" (x)
2=y [T
bxb* - 4a*

2a
b2 >4q2and a0, 0 |b| >Vb* —4a> > 0
cab>0,0 (@>0andb>0)or(a<0and b <0)
Ifb>0,then b >Vb*>—4a*>>0and a > 0.

If b < 0, then —b >vb* —4a” > 0 and a < 0.
Both sides imply x> > 0.

(¢) (1) Solve f(x) =0, we have x> =
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Hence all roots of f(x) = 0 are real.
Besides, f(0)=a#0and f(1) =2a—b #0 (* b* > 4a> O (b + 2a)(b — 2a) > 0)
D Both 0 and 1 are not the roots of f(x) =0 .

.. B -B -3B+2“1 S
(ii) — — (by (a))
; B (B, -1)’ 25,2 ZB -1y
) ) o
11(0 Bl) "( ) il(l Bl)
' f' -f(0 f'(1 1
(0 [OOF ) [COF e oo
£(0) [£(0)] [r(]
o f(x) = ax* — bx* + a, £ '(x) = 4ax® — 2bx and f "(x) = 12ax* - 2b
0 f(0)=a, £'0) =0, f"(0) =-2b and
f(1) =2a - bf'(l)=2(2a—b),f"(1)—2(6a b)
3 _ 2 _ _
Hence ZB 2[3 3B, +2:0+20 a2 ) [2(2a-b)] -(2a-b)2(6a-b)
= BB -1 a (2a-b)
_4b _—4a-2b
T a 2a-b
_4a” +10ab - 4b°
- a(2a—b)
2001 Paper 1 Q1
(a) Resolve m into partial fractions.
2001 3 11
how th ————— <—.
(b) Show that ;r(r—Z)(r+2)<12
8 A B C
L —+——,th
@ . (x 2)(x+2) xX-= 2+x+x+2’ten
Ax(x+2)+B(x-2)(x+2)+ Cx(x-2)=8
Putx=0=B=-2;putx=2=A=1;putx=-2=C=1
0 8 1 _g+ 1
x(x—2)(x+2)_x—2 x x+2
2001 8 2001 1 2 1
b —————— = -—
®) ;r(r—Z)(r+2) Z;‘(r—Z r+r+2]
(11 1}(111 1}(111 1}
= l+—+—+ e t—— |2 =+ —+—+.+ b ——
2 3 1999 3 4 5 2001 5 6 7 2003
1 1 1 1 1 1 1
= 1l+——-——-—- - + +
2 3 4 2000 2001 2002 2003
1 1 1 11
< 1+—-————-—=—
2 3 41
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2003 Paper 1 Q3

(a) Resolve L into partial fractions.
x(x + 1)(x + 3)
< Sk-3

(b) (1) Prove that ;m < E for any positive integer n.
- 5k -3

ii) Eval — .
(i1) valuate kZ:; k(k - 1)(k - 3)

5x-3 A B C
(a) Let =+ + .
x(x+1)(x+3) x x+1 x+3
S5x-3=Ax+Dx+3)+Bx(x+3)+ Cx(x+ 1)

Putx=0=>A=-1;putx=-1=B=4;putx=-3=C=-3

_S5x=3 1,4 3
x(x+1)(x+3)_ x x+1 x+3
o 5k -3 u 1 4 3
b i e _ T
® 0 ;;k(k+l)(k+3) ,;( PR k+3)
( 1,1 j ( 1 1 j
= -——+——|+3 [
o\ k k+1 =\k+1 k+3
1 1

3 1 3 3

< =+ - >0)
2 n+tl n+2 n+3

_3_ w3

2 (m+1)n+2) 2

.. — Sk-3 3. 1 3 3 1.3
I R e R
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2009 Paper 1 Q2
1

(2x —1)2x+1)(2x+3
= (2k - 1)(2k1+ 1)(2k +3)

(a) Resolve

) into partial fractions.

(b) Evaluate

(c) Find the greatest positive integer m such that Z ! !

= (2k =1)(2k +1)(2k +3) ~ 4000
@ Letf =(x —%j(x +%)(x %j
f'(x) =(x—%J[x+%) +[x—%j(x+%J +(x+%J[x +%)
) e o)

1 1 1
(zx—l)(zxﬂ)(zxw)‘s_“(x—;)(x+;)(x+;)
1 1 - 1 1
_S_f'(%)(x—%) ()0 T —z:)(x+z:)}
i
“8[2f-1) x+3 }

B 8(2)1 -1) 4(2x ) 8(2x +3)

© =[ 1 1 1
®) Z(Zk 1)(2k+1)(2k+3) ,Z‘{S(Zk—l) 4(2k+1)+8(2k+3)}
18 1
_§sz 1 8k12k+1 _sz+3

=l 1+l+ L _l _+Z 2 +lz 1
8 3 =2k-1) 8\3 =2k+1) 8i52k+3
1ﬁ+1 1-2+1_ 1
83 84 2k+3 12

(¢) Whenm=23, ! i—1—1=1>1
k2(2k )2k +1)(2k +3) 12 1x3x5 3x5x7 140 4000
For m > 3, ! !
pe m(2k 1)(2k +1)(2k +3) 4000
i 1 ] 1 o1
ok -1)2k +1)2k +3) < (2k-1)2k +1)2k +3) ~ 4000
11 2 1 1 1
— === + + >
12 Lz 8(2(m—1)+1 2(m-2)+3 2(m—1)+3ﬂ 4000
l( 2 bt 1 j> L 2 51 95005 m?
8l2m=1 2m-1 2m+1) 4000  4m>-1" 500
m<15.8

The greatest positive integral m is 15 .
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2010 Paper 1 Q2

(a) Resolve 1+ * 5 into partial fractions.

x"=1\x"—4

4 _ 2 _
(b) By differentiating 5 x 5 , or otherwise, resolve 3 st 42 into partial
— —_ 2 2
(X 1)()5 4) (x —1) (x —4)
fractions.
o 3k -5k -4

(c) Evaluate 2, (k2 _1)2 (kz _4)2 .
X _ A B C D
(@) Let (xz—l)(x2 —4)_x—1+x+1+x—2+x+2
XEAx+ D -2)x+2)+Bx-1Dx2)x+2)+ Cx—Dx+ Dx+2)+Dx—-1D(x+ DH(x-2)

Putx=l=—6A:>A=—

Putx=-1=6B=B=-

AN~ |~

Putx=2=12C= C=%

Putx:—2:—12D:>D:é

X =l(_ 11 N 1 N 1 J
(xz—l)(x2—4) 6 x—-1 x+1 x—-2 x+2
(b) Differentiate w.r.t. x

(xz—l)(x2—4)—x[2x(x2—1)+2x(x2—4)]zl{ 1 11 1 }

(XZ—I)Z(X2—4)2 6| (-1 (+17 (=20 (x+2)

x4—5x2+4—x(4x3—10x)51{ R D D }
(xz—l)z(x2—4)2 6 (x—l)2 (x+1)2 (x—2)2 (x+2)2

xfasy44 1) 1 1 11

(xz—l)z(x2-4)2'6{(x-1)2 (r+1f (e-2) (x+2)2}

3x'=5x-4 _1) 1 1 . 1 1

(x2—1)2(x2—4)2_6{ (e=t1f - (ertf (e-2) (x+2)2}

©  3k* -5k -4 1 & 1 1 1 1
=—1 - - + +
© Lfeoleaf ‘“Z{ G-1F Ge1) -2y (kﬂ
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1
a) Resolve ——7—— into partial fractions.
@ x(x+2)(x+4) P
(b) Letn be a positive integer.
(i) Express Z; in the form A+ B + ¢ D + , where A, B,
k(k +2)(k +4) n+tl n+2 n+3 n+t4
C, D and E are constants.
> 1
ii) Find — .
W Find 2, e 2)e+a)
(a) Let ! Eé B ¢
x(x+2)(x+4) x x+2 x+4
12Ax+2)(x+4)+Bx(x+4) + Cx(x + 2)
Putsz:SAzl:A:%
Putx=—2:—4B=1:>B=—i
Putx:—4:8C:1:>C:é
1 _1_ 1 N 1
x(x+2)(x+4) 8x 4(x+2) 8(x+4)
4 1
b i —_
® kz:lk(k+2)(k+4)
| L -
~l8k 4k+2) 8(k+4)
1&(1 2 1
=— — - +
SZ[k k+2 k+4j
= k= i k+4
.11 i1[2 2 %2 2 2 [ 1 1 1 1
_[ 2 §+Z z ]_E[E 4 kzz‘; k12 n+l n+2] E[Z‘ik+4 n+1+n+2+n+3+n+4]
25 IRl 7 1ge 1 [ R 1 ES B B
96+8Dk§k 48 SDZk 4(n+1) 4(n+2)+8mkzgk+8 ntl ne2 n+3+n+4j
_1 1 1 N 1 N 1
“96 8(n+1) 8(n+2) 8(n+3) 8(n+4)
-~ 1
(ii) v
k%k(m)(m)
Sk + 2)(k +4) 2kl +2)(k +4)
_1111 R SRS S AR S DS S SRR B
mow 96 8(m+1) 8m+2) 8(m+3) 8(m+4)| |96 8(n+1) 8(n+2) 8(n+3) 8(n+4)
1 1 1 1 2n* +10n +11

8(n+1) * 8(n+2) 8(n+3) 8(n+4) 4ln+1)(n+2)(n+3)n+4)
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