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Preliminary 

Let α1, α2, … , α
n
 ∈ℂ 

Let U(x) = (x – α1)(x – α2) ⋯ (x – α
n
) 

( )d

d

U x

x
= (x – α2) ⋯ (x – α

n
) + (x – α1)(x – α3) ⋯ (x – α

n
) + ⋯ + (x – α1)(x – α2) … (x – α

n–1) 

 = ( )∏
=

≠
=

α−
n

i

n

ij
j

jx
1 1

 

( )d

d
ix

U x

x
α=

= ( ) ( )( ) ( )
ixnii xxxx

α=+− α−α−α−α− ⋯⋯ 111  

 = (α
i
 – α1) ⋯ (α

i
 – α

i–1) (αi
 – α

i+1) ⋯ (α
i
 – α

n
) 

 = ( )∏
≠
=

α−α
n

ij
j

ji

1
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Similarly, if α1 = –1, α2 = –2, ⋯ , α
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Aids to Advanced Level Pure Mathematics Part 2 p.50 

Basic Skills 

1. The rational function 
( )
( )

f

g

x

x
, where f(x) and g (x) are polynomials in x is called proper if the 

degree of f(x) is less than the degree of g(x); it is called irreducible if f(x) and g(x) have no 

common factor. 

2. Let 
( )
( )

f

g

x

x
 be a rational function which is proper and irreducible. If g(x) can be factorized into 

relatively prime factors p1(x), p2(x), ⋯ , pr(x), then 
( )
( )

f

g

x

x
 can be expressed uniquely in the 

form:  

( )
( )xp

xq

1

1  + 
( )
( )xp

xq

2

2  + ⋯ + 
( )
( )xp

xq

r

r , where 
( )
( )xp

xq

1

1 , ⋯ , 
( )
( )xp

xq

r

r  are proper and irreducible. 

3. To resolve a rational function into partial fractions, the following rules are applied: 

(a) If the degree of the numerator ≥ the degree of the denominator, divide the numerator by 

the denominator to obtain a proper rational function. 

(b) Factorize the denominator completely, if possible. (Note: It can be shown that every 

polynomial over real field can be factorized into the product of linear and quadratic 

factors.) 

(c) To a factor of the form (ax + b)n, where n is a positive integer, there corresponds a group 

of partial functions: 
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(d) To a factor of the form (ax2 + bx + c)n, where n is a positive integer, there corresponds a 

group of partial functions: 
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Theorem 1 (Existence of Partial Fraction) 

Suppose g1(x), ⋯ , g
n
(x) are mutually relatively prime polynomials of degree d1, ⋯ , dn respectively 

and F(x) is a polynomial of degree less than d1 + ⋯ + d
n
 with g.c.d.(gi(x), F(x)) = 1 (i = 1, ⋯ , n) . 

Then there exist polynomials f1(x), ⋯ , f
n
(x) of degree less than d

1
, ⋯ , d

n
 respectively such that 
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( ) ( )
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1

1 1
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F x x x

g x g x g x g x
≡ + +⋯

⋯

. 

Proof: Suffice to prove the case n = 2 .  

∵ g1(x), g2(x) are relatively prime polynomials. 

∴ There exist polynomials h1(x), h2(x) such that 1 ≡ h1(x) g1(x) + h2(x) g2(x) 

so F(x) ≡ F(x) h1(x) g1(x) + F(x) h2(x) g2(x) 

By division algorithm, there exists a polynomial f2(x) of degree less than d2 such that  

 F(x) h1(x) ≡ g2(x) q(x) + f2(x) 

Hence F(x) ≡ [g2(x) q(x) + f2(x)]g1(x) + F(x) h2(x) g2(x) 

 F(x) ≡ f2(x) g1(x) + f1(x) g2(x) ⋯⋯ (*), where f1(x) = F(x) h2(x) + q(x) g1(x) 

By formula (*), degree of L.H.S. < d1 + d2 

For R.H.S., degree of (f2(x) g1(x)) < d1 + d2 

∴ degree of (f1(x) g2(x)) < d1 + d2 

But degree of g2(x) = d2 

∴ degree of f1(x) < d1 

By (*), F(x) ≡ f2(x) g1(x) + f1(x) g2(x) ∴ 
( )

( ) ( )
( )
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1 2

1 2 1 2

f fF x x x
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≡ +  

Repeat this process on 
( )
( )

1

1

f x

g x
 and 

( )
( )

2

2

f x

g x
 respectively if necessarily. 

Theorem 2 (Existence of Partial Fraction) 

Suppose g(x) = P(x)e, where P(x) is a polynomial of degree d (over R or ℂ), and f(x) is a polynomial 

of degree less than de with g.c.d.(f(x), P(x)) = 1, then there exist polynomials 

s1(x), ⋯ , s
e
(x), all of degree less than d, such that 

( )
( )

( )
( )

( )
( )

( )
( )

1 2

2

f
e

e

x s x s x s x

g x P x P x P x
≡ + + +⋯ . 

Proof: By division algorithm, 
f(x) = P(x)e–1 s1(x) + r1(x), deg r1(x) < d(e – 1) 

r1(x) = P(x)e–2 s2(x) + r2(x), deg r2(x) < d(e – 2) 

⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯ 

r
e–2(x) = P(x) s

e–1(x) + s
e
(x), deg s

e
(x) < d 

From the above equations, deg s1(x) < d, deg s2(x) < d, ⋯ , deg s
e
(x) < d 

Substitute the (e – 1) equations back into the first equation, we have 

f(x) = P(x)e–1 s1(x) + P(x)e–2 s2(x) + ⋯ + P(x) s
e–1(x) + s

e
(x) 

∴ 
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Theorem 3 (Uniqueness of Partial Fraction) 

Suppose P(x) and Q(x) has no common factor, and deg P(x) < deg Q(x). 

If Q(x) = (x – α1) ⋯ (x – α
n
) , α

i
 ≠ α

j
 for i ≠ j, then 
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Example 1 Express 
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Solution Q(x) ≡ x2 + x – 6; Q'(x) = 2x + 1 
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Suppose it is true for n = k, i.e. Q(x) = (x – α1)(x – α2) ⋯ (x – αk), deg P(x) < deg Q(x) 
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Example 3 (Techniques of Mathematical Analysis by C J Tranter Chapter 1 p.16 Example 13) 

Let P(x) be a polynomial of degree n. Q(x) ≡ (x – a
1
)2 (x – a

2
) ⋯ (x – a

n
), degree n + 1 , 

where a
1
, a

2, ⋯ , a
n
 are distinct real numbers. Express 

( )
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xP
 as partial fractions. 
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∴ 
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n
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Differentiate once, 
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Example 4 (Techniques of Mathematical Analysis by C J Tranter Exercise 1C p.18 Q4) 

Prove that (a) ( ) ( )
( ) ( )

nxx

nn
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n

xnxxx

n
n

+
−++

+
−

+
+
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⋯
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(b) 
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(a) Let Q(x) = x(x + 1) ⋯ (x + n) 

Q'(x) = ( )∏
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≠
=

+
n
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n
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jx
0 0

  Q'(–k) = (–k)(–k + 1) ⋯ (–1)(1)(2) ⋯ (–k + n) 
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⋯
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−
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+
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⋯  

(b) Lemma If 0 ≤ k ≤ n, 2

0

k
n n n

k r r k

r

C C C−
=

⋅ = , if n + 1 ≤ k ≤ 2n, 2
n

n n n

k r r k

r k n

C C C−
= −

⋅ =  

Proof: (1 + x)n(1 + x)n = (1 + x)2n  
2

2

0 0 0

n n n
n r n s n k

r s k

r s k

C x C x C x
= = =

   =  
  
    

Compare coefficient of xk: 0 ≤ k ≤ n, 2

0

k
n n n

k r r k

r
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⋅ =  

Compare coefficient of xk: n + 1 ≤ k ≤ 2n, 2
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 =
( )

( )
( )

( )
2

0 0 1

1 11 1

! !

k kn n n nn k n n
k r r k r r

k r k n r k n

C C C C

n x k n x k

− −

= = = + = −

− ⋅ ⋅ − ⋅ ⋅
+

+ +    

 

n+1 2nn

r

n + kn

r

n

r

O
j k

O O
k

n n
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 =
( )

( )
( )

( )
2

0 0 1

1 11 1

! !

k k
n k n n

n n n n

k r r k r r

k r k n r k n

C C C C
n x k n x k

− −
= = = + = −

− −
⋅ ⋅ + ⋅ ⋅

+ +     

 =
( )

( )
( )

( )
2 22

0 1

1 11 1

! !

k kn nn n
k k

k k n

C C

n x k n x k= = +

− ⋅ − ⋅
+

+ +   by the lemma 

 =
( )

( )
22

0

11

!

k nn
k

k

C

n x k=

−
+ = LHS 

 

Example 5 (Techniques of Mathematical Analysis by C J Tranter Exercise 1C p.18 Q5) 

Deduce from Example 4 (a) that 
( )

( )
( )( )

( )
( )

n

nnnnn
n

n

n 1
1

!33

21

!22

11

3

1

2

1
1

−−+−−−+−−=++++ ⋯⋯ . 

( ) ( )
( ) ( )

nxx

nn

x

n

xnxxx

n
n

+
−++

+
−

+
+

−=
++

1

2

1

1

1

1

! 2
1

⋯

⋯

 

( ) ( )
( ) ( )nxxx

n

xnxx

nn

x

n
n

++
−=

+
−++

+
−

−
+

−

⋯

⋯

1

!11

2

1

1

1
2
1

 

 =
( ) ( )

( ) ( )nxxx

nnxx

++
−++

⋯

⋯

1

!1
 

Numerator of R.H.S. must be in the form xn + a
n–1 x

n–1 + ⋯ + a1x. 

After cancelling the common factor x in R.H.S., numerator of R.H.S. = xn–1 + a
n–1 x

n–2 + ⋯ + a1 

Put x = 0 into both sides: 
( ) ( )( ) ( )

!

1

2

21

2

1
1

1
!3

1
2
1

n

a

n

nnnnn
n

n

=−+−
−−

+
−

−
−

⋯  

a1 = coefficient of x in (x + 1) ⋯ (x + n) – n! 

 = 2×3× ⋯ × n + 1×3× ⋯ ×n + 1×2×4× ⋯ ×n + 1×2× ⋯ ×(n – 1) 

 = 






 ++++
n

n
1

3

1

2

1
1! …  

∴ 
( )

( )
( )( )

( )
( )

n

nnnnn
n

n

n 1
1

!33

21

!22

11

3

1

2

1
1

−−+−−−+−−=++++ ⋯⋯ . 
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1. Resolve ( )( )( )xxx 31211

1

+++
 into partial fractions. 

 ( )( )( )xxx 31211

1

+++
 

= ( )( )( )
3
1

2
116

1

+++ xxx
 

= ( )( )( ) ( )( )( ) ( )( )( )








++−+−
+

++−+−
+

++−+−
3
1

2
1

3
1

3
1

2
1

3
1

2
1

2
1

3
1

2
1 1

1

1

1

111

1

6

1

xxx
 

= 










+
+

+
−

+
3
1

2
1

912

1

3

6

1

xxx
= ( ) ( )132

9

12

4

12

1

+
+

+
−

+ xxx
 

2. Techniques of Mathematical Analysis by C J Tranter Exercise 1C p.18 Q1(a) 

Express in partial fractions: ( )( )bxax

x

−−
. 

2. If a ≠ b, ( )( )bxax

x

−−
≡

bxab

b

axba

a

−
⋅

−
+

−
⋅

−
11

 

If a = b, let ( )( )bxax

x

−−
≡

( )2
21

ax

C

ax

C

−
+

−
 

x ≡ C1(x – a) + C2, put x = a  C2 = a 

Compare coefficient of x: C1 = 1 

∴ ( )( )bxax

x

−−
≡

( )2

1

ax

a

ax −
+

−
 

3. Express 
( )( )2

23

43

1497

xx

xxx

−+
−++

 as partial fractions. 

( ) ( )
3 2

2

7 9 14

3 4

x x x

x x

+ + −
+ −

=
3 2

3 2

7 9 14

3 4 12

x x x

x x x

+ + −−
+ − −

=
2

3 2

4 13 2
1

3 4 12

x x

x x x

 + −− + + − − 
 

 = 










−−+
−++−

1243

2134
1

23

2

xxx

xx
= ( )( )( )223

2134
1

2

−++
−+−−
xxx

xx
 

 =
( ) ( )

( )( )( )
( ) ( )

( )( )( )
( ) ( )

( )( )( )22232

221324

22232

221324

23233

231334
1

222

−++
−+−

−−++−
−−+−−

−−+−+
−−+−−−

xxx
 

 =
1 3 2

1
3 2 2x x x

− + − −
+ + −

 

4. Advanced Level Pure Mathematics S. L. Green p.330 Example 11 

Express the following irreducible fraction into partial fraction: 
( )( )2

2

bxax

rqxpx

−−
++

, where a ≠ b. 

4. 
( )( )2

2

bxax

rqxpx

−−
++ ≡

( )2
bx

C

bx

B

ax

A

−
+

−
+

−
 

px2 + qx + r ≡ A(x – b)2 + B(x – a)(x – b) + C(x – a) 

Put x = a  A =
( )2

2

ba

rqapa

−
++

 

Put x = b  C =
ab

rqbpb

−
++2
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Compare coefficient of x2: p = A + B  B = p –
( )2

2

ba

rqapa

−
++

=
( )2

2 2

ba

rabpqapb

−
−−−

 

( )( )2

2

bxax

rqxpx

−−
++ ≡

( ) ( ) ( )2

2

2

2

2

2 1121

bxab

rqbpb

bxba

rabpqapb

axba

rqapa

−
⋅

−
+++

−
⋅

−
−−−+

−
⋅

−
++

 

 
5. Advanced Level Pure Mathematics S. L. Green p.335 Q14 

Express ( )2

1

+xx
 in partial fractions. Hence find the sum of n terms of the series 

⋯+
⋅

+
⋅

+
⋅ 53

1

42

1

31

1
 

5. ( )2

1

+xx
≡ ( )22

1

2

1

+
−

xx
 

⋯+
⋅

+
⋅

+
⋅ 53

1

42

1

31

1
= 







 +








+
−

−
++







 −+






 −+






 − ⋯⋯

12

1

12

1

7

1

5

1

5

1

3

1

3

1
1

2

1

nn
 

 = 








+
−

→∞ 12

1
1lim

2

1

nn
=

2

1
 

 
6. Mastering A. L. Pure Mathematics Volume 1 p.177 Q15 

(a) If a ≠ b, prove that, in general ( ) ( )bxax

x

−− sinsin

sin
  can be expressed in the form 

( ) ( )bx

B

ax

A

−
+

− sinsin
, where A and B are trigonometric functions independent of x . 

(b) Extend the above result to ( ) ( ) ( )cxbxax

x

−−− sinsinsin

sin 2

 for distinct numbers a, b, c . 

6. (a) ( ) ( )bxax

x

−− sinsin

sin ≡ ( ) ( )bx

B

ax

A

−
+

− sinsin
 

sin x ≡ A sin(x – b) + B sin(x – a) 

Put x = a  A = ( )ba

a

−sin

sin
; put x = b  B = ( )ab

b

−sin

sin
 

( ) ( )bxax

x

−− sinsin

sin ≡ ( ) ( ) ( ) ( )bxab

b

axba

a

−−
+

−− sinsin

sin

sinsin

sin
 

(b) ( ) ( ) ( )cxbxax

x

−−− sinsinsin

sin 2

≡ ( ) ( ) ( )cx

C

bx

B

ax

A

−
+

−
+

− sinsinsin
 

sin2x ≡ A sin(x – b)sin(x – c) + B sin(x – a)sin(x – c) + C sin(x – a)sin(x – b) 

Put x = a  A = ( ) ( )caba

a

−− sinsin

sin 2

, B = ( ) ( )cbab

b

−− sinsin

sin 2

, C = ( ) ( )bcac

c

−− sinsin

sin 2

 

( ) ( ) ( )cxbxax

x

−−− sinsinsin

sin 2

 

≡ ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )cxbcac

c

bxcbab

b

axcaba

a

−−−
+

−−−
+

−−− sinsinsin

sin

sinsinsin

sin

sinsinsin

sin 222
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7. If 
2

1

1

(1 )(1 2 ) (1 ) 1

n
k

k

Ax

x x nx kx=

+ ≡
+ + + +

⋯

 for all value of n ≥ 3, find Ak. 

7. ( ) ( ) ( )
2 2

1 1
2

1 1 1

(1 )(1 2 ) (1 ) ! 1 n

x x

x x nx n x x x

+ += ⋅
+ + + + + +⋯ ⋯

 

 =
( )
( )( )

= +−
+−n

k kk

k

xQn 1
11

21

'

1

!

1
, where Q(x) = ( )( ) ( )

n
xxx 1

2
11 +++ ⋯  

 = ( ) ( )∏


≠
=

= +−
⋅

+
+

n

kr
r

rk

n

k kxk

k

n

1

111

2 1

1

1

!

1
 

 = ( ) ∏
≠
==










−
⋅

+
+ n

kr
r

n

k rk

kr

kxk

k

n 11

2

1

1

!

1
 

 = ( ) ( ) ( ) ( )!1!11

1

!

1
1!

1

2

knk

k

kxk

k

n kn

n

k
nn

k −−−
⋅

+
+

−

−

=
  

 =
( )

( ) ( )kx

k

knk

n

n

kn

k

nkn

+
+⋅

−
⋅−


=

−−

1

1

!!

!

!

1 2

1

2

 

 =
( ) ( )

( )kxn

kCkn

k

n
k

nkn

+
⋅+−


=

−−

1

1

!

11

1

22

, Ak =
( ) ( )

!

11 22

n

kCk
n
k

nkn +− −−

 

 
8. Aids to Advanced Level Pure Mathematics Part 2 p.67 Q1 

Resolve into partial fractions: 

(a) 
1

1
23

2

+−−
+−
xxx

xx
 (b) ( )( )( )5272

16377805
2

3

−++
+−+
xxx

xxx
 

(c) ( )( )3211

2834
22

23

+−++
−+−
xxx

xxx
 (d) 

( ) ( )4222

83420
232

2

−−++
++

xxxx

xx
 

(e) 
( ) ( )2

21

1

xx
n −−

 (f) 
( )( )( )n

xxx

x

2121 −−−
 

9. Aids to Advanced Level Pure Mathematics Part 2 p.68 Q2 

Express in partial fractions: ( )( )( )cxbxax

x

−−−

3

. Hence prove that 

( )( )( ) ( )( )( ) ( )( )( ) ( )( )( ) 1
3333

≡
−−−

+
−−−

+
−−−

+
−−− cdbdad

d

bcacdc

c

abdbcb

b

dacaba

a
. 

9. ( )( )( )cxbxax

x

−−−

3

≡ ( )( )( )
( )( )( ) 1

3

+
−−−

−−−−
cxbxax

cxbxaxx ≡ ( ) ( )
( )( )( ) 1

2

+
−−−

+++−++
cxbxax

abcxcabcabxcba
 

Let f(x) = (a + b + c)x2 – (ab + bc + ca)x + abc; g(x) = (x – a)(x – b)(x – c) 
g'(x) = (x – b)(x – c) + (x – a)(x – c) + (x – a)(x – b) 
Case 1 If a, b and c are all distinct 

( )
( )

( ) ( )
( )( ) ( )( )
2 3f

g '

a a b c a ab bc ca a abc a

a a b a c a b a c

+ + − + + +
= =

− − − −
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Similarly 
( )
( ) ( )( )

3f

g '

b b

b b a b c
=

− −
, 

( )
( ) ( )( )

3f

g '

c c

c c a c b
=

− −
 

∴ ( )( )( )cxbxax

x

−−−

3

≡ ( )( )caba

a

−−

3

⋅
ax −

1
+ ( )( )cbab

b

−−

3

⋅
bx −

1
+ ( )( )bcac

c

−−

3

⋅
cx −

1
+ 1 

Case 2 If a = b = c, let 
( )
( ) ( ) ( )

31 2
2 3

f

g

x dd d

x x a x a x a
≡ + +

− − −
 

f(x) = 3ax2 – 3a2x + a3 ≡ d1(x – a)2 + d2(x – a) + d3 

d3 = f(a) = 3a3 – 3a3 + a3 = a3 

Differentiate w.r.t. x and put x = a: d2 = 6a2 – 3a2 = 3a2 
Compare coefficient of x2: d1 = 3a 

∴ 
( ) ( ) ( )

1
33

3

3

2

2

3

3

+
−

+
−

+
−

≡
− ax

a

ax

a

ax

a

ax

x
 

Case 3 If two are equal, the third is different. WLOG assume a = b ≠ c 

( )
( ) ( )

1 2
2

f

g

x e e k

x x a x cx a
≡ + +

− −−
 

Compare the numerator: f(x) = (2a +c)x2 – (a2 +2ac)x + a2c ≡ e1(x–a)(x–c) + e2(x–c) + k(x–a)2 

Put x = c, (2a + c)c2 – (a2 + 2ac)c + a2c ≡ k(c – a)2  k =
( )2

3

ac

c

−
 

Put x = a, (2a + c)a2 – (a2 + 2ac)a + a2c ≡ e2(a – c)  e2 =
ca

a

−

3

 

Differentiate and put x = a: 2(2a + c)a – (a2 + 2ac) ≡ e1(a – c) + e2  e1 = ( )2

23 32

ca

caa

−
−

 

∴ 
( ) ( ) ( ) ( ) ( )( ) ( ) ( )

1
32

2

3

2

3

2

23

2

3

+
−−

+
−−

+
−−

−≡
−− cxca

c

axca

a

axca

caa

cxax

x
 

To prove that 
( )( )( ) ( )( )( ) ( )( )( ) ( )( )( )

3 3 3 3

1
a b c d

a b a c a d b c b d b a c d c a c b d a d b d c
+ + + ≡

− − − − − − − − − − − −
 

where a, b, c, d are distinct. 

Put x = d in ( )( )( )cxbxax

x

−−−

3

≡ ( )( )caba

a

−−

3

ax −
1

+ ( )( )cbab

b

−−

3

bx −
1

+ ( )( )bcac

c

−−

3

cx −
1

+ 1 

( )( )( )cdbdad

d

−−−

3

≡ ( )( )caba

a

−−

3

ad −
1

+ ( )( )cbab

b

−−

3

bd −
1

+ ( )( )bcac

c

−−

3

cd −
1

+ 1 

∴ ( )( )( ) ( )( )( ) ( )( )( ) ( )( )( ) 1
3333

≡
−−−

+
−−−

+
−−−

+
−−− cdbdad

d

bcacdc

c

abdbcb

b

dacaba

a
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10. Techniques of Mathematical Analysis by C J Tranter Exercise 1C p.18 Q2 

Express in partial fractions: 
( )( )( )( )
( )( )( )( )dxcxbxax

dxcxbxax

++++
−−−−

 

(a) when a, b, c, d are all unequal, 

(b) when they are all equal. 

10. 
( )( )( )( )
( )( )( )( )dxcxbxax

dxcxbxax

++++
−−−− ≡ ( )( )( )( ) ( )( )( )( )

( )( )( )( ) 1+
++++

++++−−−−−
dxcxbxax

dxcxbxaxdxcxbxax
 

Let f(x) = (x – a)(x – b)(x – c)(x – d) – (x + a)(x + b)(x + c)(x + d) 

g(x) = (x + a)(x + b)(x + c)(x + d) 

(a) When a, b, c, d are all unequal. 

f(–a) = 2a(a + b)(a + c)(a + d), g'(–a) = (b – a)(c – a)(d – a) 

( )( )( )( )
( )( )( )( )dxcxbxax

dxcxbxax

++++
−−−− ≡ ( )( )( )

( )( )( )( )axadacab

dacabaa

+−−−
+++2

+
( )( )( )

( )( )( )( )bxbdbcba

dbcbabb

+−−−
+++2

 

+
( )( )( )

( )( )( )( )cxcdcbca

dcbcacc

+−−−
+++2

+
( )( )( )

( )( )( )( )dxdcdbda

cdbdadd

+−−−
+++2

+ 1 

(b) If a = b = c = d, 
( )
( ) ( ) ( ) ( )

31 2 4
2 3 4

f

g

x ee e e

x x a x a x a x a
≡ + + +

+ + + +
 

f(x) = (x – a)4 – (x + a)4 = e1(x + a)3 + e2(x + a)2 + e3(x + a) + e4 

e4 = f(–a) = 16a4 

f '(x) = 4(x – a)3 – 4(x + a)3 = 3e1(x + a)2 + 2e2(x + a) + e3 

e3 = f '(–a) = –32a3 

f "(x) = 12(x – a)2 – 12(x + a)2 = 6e1(x + a) + 2e2 

e2 = ( )1
f "

2
a− = 24a2 

f "'(x) = 24(x – a) – 24(x + a) = 6e1  e1 = –8a 

∴ 
( )
( ) ( ) ( ) ( )

1
1632248

4

4

3

3

2

2

4

4

+
+

+
+

−
+

+
+

−≡
+
−

ax

a

ax

a

ax

a

ax

a

ax

ax
 

11. Techniques of Mathematical Analysis by C J Tranter Exercise 1C p.18 Q3 

Evaluate ( )( )( )
( )( )( )( )

( )( )( )
( )( )( )( )

( )( )( )
( )( )( )( )

( )( )( )
( )( )( )( )xdcdbdad

udzdyd

xcdcbcac

uczcyc

xbdbcbab

ubzbyb

xadacaba

uazaya

−−−−
−−−+

−−−−
−−−+

−−−−
−−−+

−−−−
−−− . 

11. From the expression we know that a, b, c, d are all distinct.  

Consider 
( )( )( )

( )( )( )( )dxcxbxax

uxzxyx

−−−−
−−−− .  

Let P(x) = –(x – y)(x – z)(x – u), Q(x) = (x – a)(x – b)(x – c)(x – d) 

P(a) = –(a – y)(a – z)(a – u), Q'(a) = (a – b)(a – c)(a – d) 

By Partial Fraction Theorem,  

( )( )( )
( )( )( )( )dxcxbxax

uxzxyx

−−−−
−−−− ≡ ( )( )( )

( )( )( )( )
( )( )( )

( )( )( )( )bxdbcbab

ubzbyb

axdacaba

uazaya

−−−−
−−−−

−−−−
−−−−  

 
( )( )( )

( )( )( )( )
( )( )( )

( )( )( )( )dxcdbdad

udzdyd

cxdcbcac

uczcyc

−−−−
−−−−

−−−−
−−−−  

∴ The expression =
( )( )( )

( )( )( )( )dxcxbxax

uxzxyx

−−−−
−−−− . 
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12. Advanced Level Pure Mathematics S. L. Green p.335 Q10 

Resolve into partial fractions 
( ) ( )22 4121

2

xx +−
 and hence obtain the coefficients of x4n and x4n+1 

in the expansion of this function in ascending powers of x. State the values of x for which the 
expansion is valid. 

12. 
( ) ( )22 4121

2

xx +−
≡

( ) 22
21

412121 x

CxB

x

A

x

A

+
++

−
+

−
 

2 ≡ A1(1 – 2x)(1 + 4x2) + A2(1 + 4x2) + (B + Cx)(1 – 2x)2 

Put x =
2

1
: A2 = 1; 

Put x =
i2

1
 2 = (B +

i

C

2
)(1 + i)2  4i = (C + 2Bi)(2i)  2 = C + 2Bi  C = 2, B = 0 

Compare coefficient of x3: 0 = –8A1 + 4C  A1 =
2

1
C = 1 

( ) ( )22 4121

2

xx +−
≡

( ) 22 41

2

21

1

21

1

x

x

xx +
+

−
+

−
 

( ) 22 41

2

21

1

21

1

x

x

xx +
+

−
+

−
≡ (1 + 2x + 4x2 + ⋯ + 2nxn +⋯) + [1 + 2(2x) + 3(2x)2 +⋯+ (n+1)(2x)n 

+ ⋯] + 2x[1 – 4x2 + 16x4 – … + (–4x2)n + ⋯ ] 

Coefficient of x4n = 24n + (4n + 1)24n = (4n + 2)24n 
Coefficient of x4n+1 = 24n+1 + (4n + 2)24n+1 + 2(–4)2n = (4n + 4)24n+1 = (n + 1)24n+3 

The expansion is valid for |x| <
2

1
. 

13. (a) Resolve 
( ) ( )xx

x

411

9
2 −−

 into partial fractions. 

(b) Let n be a positive integer. Find the coefficient of xn in the expansion of 
( ) ( )xx

x

411

9
2 −−

 

for |x| <
4

1
. 

(c) Use the result of (b) or otherwise to show that 4n+1 – 3n – 4 is divisible by 9 for any 
positive integer n . 

13. (a) 
( ) ( )xx

x

411

9
2 −−

≡
( ) x

C

x

B

x

A

4111 2 −
+

−
+

−
 

9x ≡ A(1 – x)(1 – 4x) + B(1 – 4x) + C(1 – x)2 
Put x = 1, 9 = –3B  B = –3 

Put x =
4

1
, C

16

9

4

9 =   C = 4 

Compare coefficient of x2: 4A + C = 0  A = –1 

∴ 
( ) ( )xx

x

411

9
2 −−

≡
( ) xxx 41

4

1

3

1

1
2 −

+
−

−
−

−  

(b) Expand the infinite series for |x| <
4

1
: 

( ) ( )xx

x

411

9
2 −−

= –1(1 + x + x2 + ⋯ + xn + ⋯) – 3[1 + 2x + 3x2 + ⋯ + (n + 1)xn + ⋯] 

 + 4[1 + 4x + (4x)2 + ⋯ + (4x)n + ⋯ ] 

The coefficient of xn is 4n+1 – 3n – 4 . 

(c) LHS =
( ) ( )xx

x

411

9
2 −−

= 9x[1 + 2x + 3x2 + ⋯ +(r + 1)xr + ⋯][1+4x+(4x)2+⋯+(4x)n+ ⋯ ] 

Coefficient of xn in L.H.S. is clearly a multiple of 9 = coefficient of xn in R.H.S. 
∴ 4n+1 – 3n – 4 is divisible by 9. 
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14. Mastering A. L. Pure Mathematics Volume 1 p.177 Q18 

If f(x) = (x – a)r(x – b)s g(x), where a ≠ b, g(a) ≠ 0, g(b) ≠ 0, show that  

( )
( )

( )
( )

f ' g '

f g

x xr s

x x a x b x
= + +

− −
. 

14. ln f(x) = r ln(x – a) + s ln(x – b) + lng(x) 

Differentiate w.r.t. x: 
( )
( )

( )
( )

f ' g '

f g

x xr s

x x a x b x
= + +

− −
 

15. Mastering A. L. Pure Mathematics Volume 1 p.178 Q19 

If xn – 1 = (x – a1)(x – a2) ⋯ (x – an), where a1, ⋯ , an are complex numbers. Show that if f(x) 

is a polynomial of degree < n with complex coefficients 
( ) ( )

1

f f1

1

n
r r

n
r r

x a a

x n x a=

=
− − . 

15. 
( )f

1n

x

x −
=

( )
( ) ( )1

f

d
1

d
r

n
r

nr
r

x a

a

x x a
x

=

=

− ⋅ −
 =

( )
( )1

1

fn
r

n
r r r

a

na x a
−

= ⋅ − =
( )

( )1

f1 n
r r

n
r r r

a a

n a x a= ⋅ − =
( )

1

f1 n
r r

r r

a a

n x a= −  

16. Aids to Advanced Level Pure Mathematics Part 2 p.68 Q3 

(a) If a, b, c are distinct and non-zero numbers, resolve E = ( )( )( )cxbxax −−− 111

1
 into partial 

fractions. 

(b) If E can be expanded as an infinite series, for what range of values of x is the expansion 

valid? 

(c) By using (a) and (b) show that the sum of all homogenous products of degree n which 

can be formed from the letters a, b, c, (i.e. apbqcr, where p, q, r are non-negative integers 

such that p + q + r = n) is 
( ) ( ) ( )

( )( )( )baaccb

abccabbca
nnn

−−−
−+−+− +++ 222

. 

16. (a) E = ( )( )( ) ( )( )( ) ( )( )( )cxbcac

c

bxabcb

b

axcaba

a

−−−
+

−−−
+

−−− 111

222

 

(b) If E can be expanded as an infinite series, |x| <( 










cba

1
,

1
,

1
min . 

(c) E = ( )( ) ( ) ( )[ ]⋯⋯ +++++
−−

n
axaxax

caba

a 2
2

1 + ( )( ) ( ) ( )[ ]⋯⋯ +++++
−−

n
bxbxbx

abcb

b 2
2

1  

 + ( )( ) ( ) ( )[ ]⋯⋯ +++++
−−

n
cxcxcx

bcac

c 2
2

1  

Coefficient of xn = ( )( ) ( )( ) ( )( )bcac

c

abcb

b

caba

a
nnn

−−
+

−−
+

−−

+++ 222

 

 =
( ) ( ) ( )

( )( )( )baaccb

abccabbca
nnn

−−−
−+−+− +++ 222

 

 = the sum of all homogenous products of degree n which can be formed 

from the letters a, b, c, (i.e. apbqcr, where p, q, r are non-negative 

integers such that p + q + r = n) 
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17. Techniques of Mathematical Analysis by C J Tranter Exercise 1(d) p.21 Q23 

If a, b, c are distinct real numbers, prove that, for all values of x ≠ a, b and c , 

( )( )( )
( )( )( ) ( ) ( ) ( )222

111

cx

ab

bx

ca

ax

bc

cxbxaxcxbxax

baaccb

−
−+

−
−+

−
−=









−
+

−
+

−−−−
−−−

 

17. Let f(x) = (x – a)(x – b)(x – c) 

Then ( )( )( )cxbxax −−−
1

=
( )( )

1

f ' a x a−  

 = ( )( )( ) ( )( )( ) ( )( )( )cxbcacbxcbabaxcaba −−−
+

−−−
+

−−−
111

 

 
( )( )( )
( )( )( ) cx

ab

bx

ca

ax

bc

cxbxax

baaccb

−
−+

−
−+

−
−=

−−−
−−−

 

 
( )( )( )
( )( )( ) 









−
+

−
+

−−−−
−−−

cxbxaxcxbxax

baaccb 111
 

= 








−
+

−
+

−









−
−+

−
−+

−
−

cxbxaxcx

ab

bx

ca

ax

bc 111
 

= 








−
+

−
+

−









−
−+

−
−+

−
−

cxbxaxcx

ab

bx

ca

ax

bc 111
 

=
( ) ( ) ( )

( ) ( )
( )( )

( ) ( )
( )( )

( )( )
( )( )cxbx

abca

cxax

abbc

bxax

cabc

cx

ab

bx

ca

ax

bc

−−
−−+

−−
−+−+

−−
−+−+

−
−+

−
−+

−
−

222
 

=
( ) ( ) ( ) ( )( ) ( )( ) ( )( )cxbx

cb

cxax

ac

bxax

ba

cx

ab

bx

ca

ax

bc

−−
−+

−−
−+

−−
−+

−
−+

−
−+

−
−

222
 

=
( ) ( ) ( ) 









−
−

−
+








−
−

−
+








−
−

−
+

−
−+

−
−+

−
−

cxbxaxcxbxaxcx

ab

bx

ca

ax

bc 111111
222

 

=
( ) ( ) ( )222

cx

ab

bx

ca

ax

bc

−
−+

−
−+

−
−

 

18. Techniques of Mathematical Analysis by C J Tranter Exercise 1(d) p.21 Q22 

Prove that ( )( ) ( )
( )

12

1

31

1

1231

!2 1

++
−++

+
−

+
=

++++
⋅

ny

C

y

C

ynyyy

n nn
n

n
n

⋯

⋯

. 

18. ( )( ) ( )1231

!2

++++
⋅

nyyy

n
n

⋯

= ( )( )
= ++−−

⋅n

r

n

ryrQ

n

0 1212'

!2
, where Q(x) = (y+1)(y+3)⋯(y+2n+1) 

Q'(–2r–1) = (–2r)(–2r+2) ⋯ (–2)(2)(4)…(–2r+2n) = (–1)r 2n⋅r! (n – r)! 

( )( ) ( )1231

!2

++++
⋅

nyyy

n
n

⋯

=
( ) ( ) ( )

= ++−−
⋅n

r
nr

n

ryrnr

n

0 12!!21

!2
=

( )
( )

= ++
−n

r

n
r

r

ry

C

0 12

1
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19. Techniques of Mathematical Analysis by C J Tranter Exercise 1(d) p.21 Q21 

f(x) = (x – α1) ⋯ (x – αn) where .α1, ⋯ , αn are distinct. 

(a) Show that ( )1 f '

kn
r

r r

α
α=

 = 0 when k = 0, 1, ⋯ , n – 2 . 

(b) Show that ( )
1

1 f '

nn
r

r r

α
α

−

=
 = 1. 

(c) Find the value of ( )1 f '

nn
r

r r

α
α=

 . 

19. (a) If k = 0, 1, 2, ⋯ , n – 1 , we can use partial fractions theorem directly. 

( ) ( )( )1f f '

kk n
r

r r r

x

x x

α
α α=

≡
−  

Taking common denominators on R.S. and compare the numerators on both sides: 

xk ≡
( ) ( )

1 1f '

k nn
r

s

r sr
s r

x
α α
α= =

≠

− ∏ , deg(L.H.S.) = k, deg(R.H.S.) = n – 1 

Compare coefficient of xn–1 : when k = 0, 1, ⋯ , n – 2 , ( )1 f '

kn
r

r r

α
α=

 = 0 

(b) When k = n – 1, ( )
1

1 f '

nn
r

r r

α
α

−

=
  = 1 

(c) When k = n, ( )
( )

( )
f

1
f f

nn x xx

x x

−
≡ + = 1 +

( )
( )( )1

f

f '

nn
r r

r r r
x

α α
α α=

−
− = ( )( )1

1
f '

nn
r

r r rx

α
α α=

+
−  

Taking common denominators on R.H.S. and compare numerators on both sides: 

xn ≡ f(x) +
( ) ( )

1 1f '

n nn
r

s

r sr
s r

x
α α
α= =

≠

− ∏  

Compare coefficient of xn–1 : 

0 = coefficient of xn–1 in (x – α1) ⋯ (x – αn) + ( ) ( )
1 1f '

n nn
r

s

r sr
s r

x
α α
α= =

≠

− ∏  

0 = ( )1 1 f '

nn n
r

r

r r r

αα
α= =

− +   

∴ ( )1 f '

nn
r

r r

α
α=

 =
=

α
n

r

r

1
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20. Techniques of Mathematical Analysis by C. J. Tranter Exercise 1(d) p.21 Q24 

Given that φ(x) = (x – a0)(x – a1)⋯(x–a
n
), where a0, a1,⋯, a

n
 are distinct and that deg f(x) ≤ n 

Show that the coefficient of xn in f(x) is 
( )
( )0

f

'

n
r

r r

a

aφ=
 . 

20. Apply Partial faction theorem on 
( )
( )

f x

xφ
. 

( )
( )

f x

xφ
≡

( )
( )( )0

f

'

n
r

r r r

a

a x aφ= −  

f(x) ≡
( ) ( )

( )( )0

f

'

n
r

r r r

a x

a x a

φ
φ= − =

( )
( ) ( )

0 0

f

'

nn
r

s

r sr
s r

a
x a

aφ= =
≠

− ∏ ; ∴ coefficient of xn in f(x) is 
( )
( )0

f

'

n
r

r r

a

aφ=
 . 

21. Mastering A. L. Pure Mathematics Volume 1 p.178 Q22 

If f(x) = (x – a1) ⋯ (x – a
n
), where a1, ⋯ , a

n
 are distinct and that p(x) is a polynomial of degree 

less than n – 1, show that 
( )
( )1 f '

n
r

r r

p a

a=
 = 0. 

21. Apply Partial faction theorem on 
( )
( )f

p x

x
. 

( )
( )f

p x

x
≡

( )
( ) ( )1 f '

n
r

r r r

p a

a x a= −  

p(x) ≡
( ) ( )

( ) ( )1

f

f '

n
r

r r r

p a x

a x a= − =
( )
( ) ( )

1 1f '

nn
r

s

r sr
s r

p a
x a

a= =
≠

− ∏  

∴ coefficient of xn in p(x) is 
( )
( )1 f '

n
r

r r

p a

a=
 = 0 

22. Prove that ( ) ( ) ( )
nx

nC

x

C

x

C

x

C

nxx

n
n
nn

nnn

+
−+−

+
+

+
−

+
≡

++
+1321 1

3

3

2

2

11

!
⋯

⋯

. 

Hence show that ( )
n

nCCC

n

n
nnn

+
−+−+−=

+
+

1
1

4

3

3

2

21

1 1321
⋯ . 

22. Q(x) = (x + 1)(x + 2) … (x + n); Q'(x) = ( )∏
=

≠
=

+
n

r

n

rk
k

kx

1 1

 

Q'(–r) = ( )∏
≠
=

+−
n

rk
k

kr

1

= (–r + 1)(–r + 2) ⋯ (–3)(–2)(–1)1⋅2⋅⋯⋅(n – r) = (–1)r–1(r – 1)!(n – r)! 

( ) ( )
!

1

n

x x n+ +⋯

= ( )( )1

!

'

n

r

n

Q r x r= − + =
( ) ( ) ( ) ( )1

1

!

1 1 ! !

n

r
r

n

r n r x r
−

= − − − +
  

 = ( )
( )

( )
=

+

+
−⋅

−

n

r

r

rx

r

rnr

n

1

11

!!

!
=

( )
( )

1

1

1
r nn

r

r

r C

x r

+

=

− ⋅
+  

 = ( ) 131 2 32
1

1 2 3

n nn n
n n

C nCC C

x x x x n

+− + − + −
+ + + +

⋯  

Put x = 1  ( ) 131 2 321
1

1 2 3 4 1

nn n
nCC C n

n n

+= − + − + −
+ +

⋯  
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23. Aids to Advanced Level Pure Mathematics Part 2 p.74 Q27 (b) 

Assume the identity ( ) ( )
( )

0

1!

1

r
n

r

r

cn

x x x n x r=

−
=

+ + +
⋯

. Deduce the following: 

(a) 
( )0 1 2

1 1

1 2 3 1 1

n

n
cc c c

n n

−
− + − + =

+ +
⋯ . 

(b) 
( )

( ) ( )
0 1 2

1 1

2 3 4 2 1 2

n

n
cc c c

n n n

−
− + − + =

+ + +
⋯ . 

(c) 
( )

( )( )
0 1 2

1 1

1 2 2 3 3 4 1 2 2

n

n
cc c c

n n n

−
− + − + =

⋅ ⋅ ⋅ + + +
⋯ . 

(d) 
( )

( ) ( ) ( )( )
0 1 2

1 1

2 3 3 4 4 5 2 3 2 3

n

n
cc c c

n n n n

−
− + − + =

⋅ ⋅ ⋅ + + + +
⋯ . 

(e) 
( )

( ) ( )( ) ( )
0 1 2

1 1

1 2 3 2 3 4 3 4 5 1 2 3 2 3

n

n
cc c c

n n n n

−
− + − + =

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ + + + +
⋯ . 

23. (a) Put x = 1 in ( ) ( )
( )

0

1!

1

r
n

r

r

cn

x x x n x r=

−
=

+ + +
⋯

 

( )
( )

0

1!

1 ! 1

r
n

r

r

cn

n r=

−
=

+ +  

( )0 1 2
1 1

1 2 3 1 1

n

n
cc c c

n n

−
− + − + =

+ +
⋯  ⋯⋯ (1) 

(b) Put x = 2  
( )

( )( )
0 1 2

1 1

2 3 4 2 1 2

n

n
cc c c

n n n

−
− + − + =

+ + +
⋯  ⋯⋯ (2) 

(c) (1) – (2): 
( )

( )( ) 2

1

21

1

433221
210

+
=

++
−+−

⋅
+

⋅
−

⋅ nnn

cccc n

n

⋯  

(d) Put x = 3  
( )

( ) ( ) ( )
0 1 2

1 2

3 4 5 3 1 2 3

n

n
cc c c

n n n n

−
− + − + =

+ + + +
⋯  ⋯⋯ (3) 

(2) – (3): 
( )

( ) ( ) ( )( )
0 1 2

1 1

2 3 3 4 4 5 2 3 2 3

n

n
cc c c

n n n n

−
− + − + =

⋅ ⋅ ⋅ + + + +
⋯  

(e) (c) – (d): 
( )

( )( )( )
0 1 2

1 22 2 2 1

1 2 3 2 3 4 3 4 5 1 2 3 3

n

n
cc c c

n n n n

−
− + − + =

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ + + + +
⋯  

( )
( ) ( )( ) ( )

0 1 2
1 1

1 2 3 2 3 4 3 4 5 1 2 3 2 3

n

n
cc c c

n n n n

−
− + − + =

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ + + + +
⋯  
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24. Aids to Advanced Level Pure Mathematics Part 2 p.55 Example 2 

(a) Prove that 
( )( ) ( )
( ) ( ) ( )

( ) ( )
( ) ( ) ( )

1

1

1 2 1 !
1

1 2 ! ! 1 !

n r
n

r

x x x n n r

x x x n n r r r x r

− +

=

− − − − +
= +

+ + + − − +
⋯

⋯

. 

(b) Deduce that 
( ) ( )
( ) ( )

1

2
1

0  when  is even,1 !

2  when  is odd. ! !

r
n

r

nn r

nr n r

+

=

− + 
= 

− 
  

24. (a) As the degree of the numerator and the denominator are the same, we may divide the 

numerator by the denominator to obtain: 

( ) ( ) ( )
( ) ( ) ( )

1 2

1 2

x x x n

x x x n

− − −
+ + +

⋯

⋯

=
( )( ) ( ) ( ) ( ) ( )

( )( ) ( )
1 2 1 2

1
1 2

x x x n x x x n

x x x n

− − − − + + +
+

+ + +
⋯ ⋯

⋯

 

Let it be 1 21
1 2

nAA A

x x x n
+ + + +

+ + +
⋯ =

1

1
n

r

r

A

x r=
+

+ , where Ar are constants for 1 ≤ r ≤ n. 

(x – 1)(x – 2)…(x – n) – (x + 1)(x + 2)…(x + n) ≡ ( )
1 1

nn

r

r s
s r

A x s
= =

≠

+ ∏  

Put x = –r, (–r – 1)(–r – 2) ⋯(–r – n) ≡ Ar (–r + 1)(–r + 2) ⋯ (–1)(1)(2) ⋯ (–r + n) 

Ar =
( ) ( ) ( ) ( )

( ) ( ) ( )1

1 1 2

1 1 ! !

n

r

r r r n

r n r
−

− + + +

− − −

⋯

=
( ) ( )
( ) ( )

1
1 !

1 ! ! !

n r
n r

r r n r

− +− +
− −

 

Hence 
( )( ) ( )
( ) ( ) ( )

( ) ( )
( ) ( ) ( )

1

1

1 2 1 !
1

1 2 ! ! 1 !

n r
n

r

x x x n n r

x x x n n r r r x r

− +

=

− − − − +
= +

+ + + − − +
⋯

⋯

 

(b) Put x = 0 in the above identity:  

( ) ( ) ( )
( ) ( )

1

1

1 ! 1 !
1

! ! ! 1 !

n n r
n

r

n n r

n n r r r r

− +

=

− − +
= +

− − = ( ) ( ) ( )
( )

1

1

1 !
1 1

! ! !

r
n

n

r

n r

n r r r

− +

=

− +
+ −

−  

( ) ( )
( ) ( )

( )
1

2
1

0  when  is even,1 !
1 1

2  when  is odd. ! !

r
n

n

r

nn r

nr n r

+

=

− + 
= − − = 

− 
  



Lecture Notes on Partial Fractions: Exercise Created by Francis Hung 

c:\users\孔德偉\dropbox\data\mathsdata\pure_maths\algebra\partial fraction\partial_fraction.docx Page 21 

25. Aids to Advanced Level Pure Mathematics Part 2 p.69 Q6(b) 

Prove that ( )( ) ( ) ( )
3 2

7
22 7 2 2

1 7

sec 11 1 1 1

14 1 7 2 cos 11 1 2 1

k

k
k

xx

x x xx x x

π

π
=

−−= + +
− − ++ − +  . 

Deduce that sec
2

7

π
+ sec

4

7

π
+ sec

6

7

π
= –4 by letting x → ∞. 

26. Aids to Advanced Level Pure Mathematics Part 2 p.70 Q11 

Let P(x) be a polynomial of degree n. Prove that 

( ) ( ) ( ) ( ) ( )
0

1
1

!

n
r

r

ny y y n P x r
P x y

rn y r=

+ + − 
+ = −   + 


⋯

, where ( )!!

!

rnr

n

r

n

−
=








 and 









0

n
= 1. 

26. Consider 
( )

( ) ( )1

P x y

y y y n

+
+ +⋯

, regard it as a rational function in y . 

Degree of numerator = n , while degree of denominator = n + 1 

By partial fraction theorem, 
( )

( ) ( )1

P x y

y y y n

+
+ +⋯

=
( )

( ) ( )0

1

d
1

d

n

r

y r

P x r

y r
y y y n

y

=

=−

−
⋅

+
+ +  


⋯

 

( )
( ) ( )1

P x y

y y y n

+
+ +⋯

=
( )

0 0

1nn

r k
k r

P x r

y r r k= =
≠

−
⋅

+ − + ∏ =
( ) ( )

( )
0

1

1 ! !

n

r
r

P x r

y rr n r=

−
⋅

+− −
  

( )
( ) ( )1

P x y

y y y n

+
+ +⋯

=
( )

( )
( )

0

1 !

! ! !

r
n

r

P x rn

n r n r y r=

− −
⋅ ⋅

− + =
( ) ( )

0

1

!

r
n

r

n P x r

rn y r=

− − 
⋅ ⋅  + 

  

∴ ( ) ( ) ( ) ( ) ( )
0

1
1

!

n
r

r

ny y y n P x r
P x y

rn y r=

+ + − 
+ = −   + 


⋯

 

27. Aids to Advanced Level Pure Mathematics Part 2 p.77 Q36 (vi) 

Evaluate 
( )
( )

( )( )
( )( )

( )( ) ( )[ ]
( )( ) ( )[ ]xnbxbxbb

xnaxaxaa

xbxbb

xaxaa

xbb

xaa

b

a

12

12

2

2

−+++
−+++++

++
+++

+
++

⋯

⋯

⋯ , where x ≠ b – a 

27. Let ur =
( )( ) ( )[ ]
( )( ) ( )[ ]xrbxbxbb

xraxaxaa

12

12

−+++
−+++

⋯

⋯

, vr =
( )( ) ( )[ ]
( )( ) ( )[ ] ( )rxa

xrbxbxbb

xraxaxaa +
−+++
−+++

12

12

⋯

⋯

 

vr – vr–1 =
( )( ) ( )[ ]( )

( )( ) ( )[ ]
( )( ) ( )[ ] ( )[ ]

( )( ) ( )[ ]xrbxbxbb

xraxraxaxaa

xrbxbxbb

rxaxraxaxaa

22

122

12

12

−+++
−+−+++−

−+++
+−+++

⋯

⋯

⋯

⋯

 

 =
( )( ) ( )[ ]
( )( ) ( )[ ] ( ) ( )[ ]{ }xrbrxa

xrbxbxbb

xraxaxaa
1

12

12 −+−+⋅
−+++
−+++

⋯

⋯

 = ur (a – b + x), for r ≥ 2 

∴ ( ) ( )
==

− −+=−
n

r

r

n

r

rr uxbavv

22
1  

∴ ( ) 1
2

1
1

1
uvv

xba
u

n

r

rr

n

r

r +−
−+

= 
=

−
=

= ( ) 11
1

uvv
xba

n +−
−+

 

 =
( ) ( )

( ) ( )[ ]
( )

b

a

b

xaa

xnbxbb

nxaxaa

xba
+







 +−

−++
++

−+ 1

1

⋯

⋯

 

 =
( ) ( )

( ) ( )[ ]
( ) ( )







 −+++−

−++
++

−+ b

xbaa

b

xaa

xnbxbb

nxaxaa

xba 1

1

⋯

⋯

 

 =
( ) ( )

( ) ( )[ ] 







−
−++

++
−+

a
xnbxbb

nxaxaa

xba 1

1

⋯

⋯
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28. Aids to Advanced Level Pure Mathematics Part 2 p.71 Q14 
(a) Show that when n is a positive integer 

( )
( ) ( ) ( )

( )

( )
( )( )

( )x
xxx

n

xx

x
nnnnnnnnnn

φ+
−

⋅
−

−

⋅
+

−
⋅−

−
≡

−
+ −−−−−−

1

2

1

2

1

2

1

2

1

1
3

!3
21

2

2
!2
1

3

1

44
, 

where φ(x) is a polynomial in x of degree n – 4 . 

(b) For a positive integer n, let 
( )
( )31

1

x

x
n

−
+ ≡ a0 + a1x + a2x

2 + ⋯ + a
n
xn + ⋯ . By using (a) or 

otherwise, prove that a0 + a1 + a2 + ⋯ + a
n–1 = ( )( ) 4272

3
−++ n

nn
n

. 

29. Aids to Advanced Level Pure Mathematics Part 2 p.56 Example 3 

(a) Show that 
( )( )( )32 111

1

xxx −−−
= ( ) ( ) ( ) ( ) ( ) ( )xxxxxx 232 19

1

19

1

18

1

16

1

14

1

172

17

ω−
+

ω−
+

+
+

−
+

−
+

−
, 

where ω = cos
3

2π
+ i sin

3

2π
. 

(b) Let N(n) denote, for any given integer n, the number of solutions of the equation  
x + 2y + 3z = n in non-negative integer x, y, z (e.g. N(n) = 0 for n < 0, N(0) = 1, N(1) = 1, 

N(2) = 2, ⋯ , etc.). 

Show that N(n) is the coefficient of tn in the expansion of 
( )( )( )2 3

1

1 1 1t t t− − −
. 

(c) By considering the coefficient of tn in the expansion of 
( ) ( )( )

6

2 3

1

1 1 1

t

x x x

−
− − −

  in 

ascending powers of t , or otherwise, prove that N(n) – N(n – 6) = n , where n > 0 . 

(d) By using (a), prove that N(n) =
( ) ( )

3

2
cos

9

2

8

1

72

7

12

3
2 π+−+−+ nn

n

 

29. (a) ∵ 1 + ω + ω2 = 0 and ω3 = 1 

∴ 1 – x3 = (1 – x)(1 + x + x2) = (1 – x)(1 – ωx)(1 – ω2x) 

Let ( )( )( )32 111

1

xxx −−−
=

( ) ( ) x

A

x

A

x

A

x

A

x

A

x

A
2

6543
2

2
3

1

111111 ω−
+

ω−
+

+
+

−
+

−
+

−
 

∴ 1 ≡ A1(1 + x)(1 – ωx)(1 – ω2x) + A2(1– x)(1 + x)(1 – ωx)(1 – ω2x) + 
A3(1 – x)2(1 + x)(1 – ωx)(1 – ω2x) + A4(1 – x)3(1 – ωx)(1 – ω2x) + 
A5(1 – x)3(1 + x)(1 – ω2x) + A6(1 – x)3(1 + x)(1 – ωx) 

Put x = –1, A4 =
8

1
 

Put x = ω2, 1 = A5(1 – ω2)3(1 + ω2)(1 – ω4) = A5(1 – 3ω2 + 3ω4 – ω6)(–ω)(1 – ω) 
  1 = A5(1 – 3ω2 + 3ω – 1)(–ω + ω2) = A5(– 3ω2 + 3ω)(–ω + ω2) 
  1 = 3ω2 A5(–ω + 1)(–1 + ω) = –3ω2 A5(1 – ω)(1 – ω) = –3ω2 A5(1 – 2ω + ω2) 

  1 = –3ω2 A5(–ω – 2ω) = 9ω2 A5(ω) = 9A5  A5 =
9

1
 

Put x = ω, 1 = A6(1 – ω)3(1 + ω)(1 – ω2) = A6(1 – ω)4(1 + ω)2 = A6(1 – ω)4(–ω2)2 
  1 = A6(1 – 4ω + 6ω2 – 4ω3 + ω4)(ω) = ωA6(1 – 4ω + 6ω2 – 4 + ω) 

  1 = ωA6(–3 – 3ω + 6ω2) = –3A6(ω + ω2 – 2) = –3A6(–1 – 2) = 9A6  A6 =
9

1
 

Let y = 1 – x, then x = 1 – y 

 ( )( )( )32 111

1

xxx −−−
= ( )( )( )( )( )211111

1

xxxxxx ++−+−−
=

( )( )23 2122

1

yyyyy +−+−−
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= ( )( )23 332

1

yyyy +−−
= ( ) ( )y

A

y

A

y

A

y

A

y

A

y

A

−ω−
+

−ω−
+

−
+++

11112 2
6543

2
2

3
1  

Multiply by y3: 
( )( )2332

1

yyy +−−
= ( ) ( )y

yA

y

yA

y

yA
yAyAA

−ω−
+

−ω−
+

−
+++

11112 2

3
6

3
5

3
42

321  

( )( )2332

1

yyy +−−
= ( )( )2

3
1

2
11

1

6

1

yy
y +−−

⋅  

 = ( ) ( )




 +−+−+









+++⋅ ⋯⋯

22
3
12

3
1

2

1
42

1
6

1
yyyy

yy
 

 = 






 +++









+++⋅ ⋯⋯

2
2

3

2
1

42
1

6

1
yy

yy
 

 = 









+++⋅ ⋯

12

17

2

3
1

6

1 2
yy

 

A1 =
6

1
, A2 =

4

1
, A3 =

72

17
 

∴ ( )( )( )32 111

1

xxx −−−
= ( ) ( ) ( ) ( ) ( ) ( )xxxxxx 232 19

1

19

1

18

1

16

1

14

1

172

17

ω−
+

ω−
+

+
+

−
+

−
+

−
 

(b) Obviously, N(n) is equal to the total number of homogeneous products of the form axb2yc2y, 
where x + 2y + 3z = n. But this total number of products is equal to the number of terms 
in tn in the expansion of  

(1 +at+a2t2 +⋯+ artr +⋯)(1 + b2t + b4t4 +⋯+ brt2r + ⋯ )(1 + c3t3 + c6t6 +⋯+ c3rt3r +⋯) 

Hence if we put a = b = c = 1, then each of the products axb2yc2y becomes 1 and the total 
number of products becomes the coefficient of tn in the expansion of  

 (1 + t + t2 + …+ tr + ⋯ )(1 + t2 + t4 +⋯+ t2r + ⋯ )(1 + t3 + t6 +⋯+ t3r + ⋯ ) 

= ( )( )( )32 111

1

ttt −−−
. 

(c) Following the same argument as in (b), we see that N(n – 6) is the coefficient of tn in the 

expansion of t6(1 + t + t2 + ⋯+ tr +⋯)(1 + t2 + t4 +⋯+ t2r +⋯)(1 + t3 + t6 +⋯+ t3r + ⋯) 

 = ( )( )( )32

6

111 ttt

t

−−−
 

However, ( )( )( )32

6

111

1

ttt

t

−−−
−

=
( )2

2

1

1

t

tt

−
+−

= (1 – t + t2)[1 + 2t + ⋯ + (r + 1)tr + ⋯ ] 

Thus, the coefficient of tn = (n + 1) – n + (n – 1) = n, so N(n) – N(n – 6) = n . 

(d) By (a), 
( )( )( )32 111

1

ttt −−−
= ( ) ( ) ( ) ( ) ( ) ( )tttttt 232 19

1

19

1

18

1

16

1

14

1

172

17

ω−
+

ω−
+

+
+

−
+

−
+

−
 

Assuming convergence, we can expand each of the term in an infinite series: 

( )t−172

17
= ( )⋯⋯ +++++ n

ttt
21

72

17
 

( )2
14

1

t−
= ( )[ ]⋯⋯ ++++++ n

tntt 1321
4

1 2  

( )3
16

1

t−
= ( )( ) 




 ++++++ ⋯
n

tnntt 21
2

1
631

6

1 2  

( )t+18

1
= ( )[ ]⋯⋯ +−+−+− nn

ttt 11
8

1 2  
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( )tω−19

1
= ( )⋯⋯ +ω++ω+ω+ nn

ttt
221

9

1
 

( )t219

1

ω−
= ( )⋯⋯ +ω++ω+ω+ nn

ttt
22421

9

1
 

Hence N(n) = coefficient of tn 

 = ( ) ( )( ) ( ) ( )nnn
nnn

2

9

1
1

8

1
21

12

1
1

4

1

72

17 ω+ω+−++++++  

 =
( ) ( )( ) ( ) ( )nnnnnn −ω+ω+−++++++

9

1
1

8

1

72

21611817
 

 = ( ) 






 π−+π+−++++++
3

2

3

2

9

1
1

8

1

72

12186181817 2
n

cis
n

cis
nnn n  

 = ( ) 






 π−+π+−+++
3

2

3

2

9

1
1

8

1

72

47366 2
n

cis
n

cis
nn n  

 =
( ) ( )

3

2
cos

9

1
1

8

1

72

7966 2 π+−+−++ nnn n  

 =
( ) ( )

3

2
cos

9

2

8

1

72

7

12

3
2 π+−+−+ nn

n

 

30. Mastering A.L. Pure Mathematics Volume 1 p.180 Q27 

(a) Express in partial fractions the function ( )( )btat

t

−−
−

11

1 2

, where a, b are non-zero and  

(i) a ≠ b; 

(ii) a = b 

(b) By taking a = θ= i
e

b

1
 and a suitable value of t deduce that if 0 < φ <

2

π
, then  


∞

=
θφ+=

θφ−
φ

1

cos
2

tan21
cossin1

cos

n

n
n  

31. Mastering A.L. Pure Mathematics Volume 1 p.180 Q28 

Express 
( )

( ) ( )bxax

ba

−−
−

11 2

2

 in terms of partial fractions. 

If the function is expanded in powers of x, find the coefficient of xn and state the range of values 

of x for which the expansion is valid. 

Deduce that the expression (n + 1)an+2 – (n + 2)an+1 b + bn+2 contains (a – b)2 as a factor, where 

n is a positive integer. 

32. Mastering A.L. Pure Mathematics Volume 1 p.179 Q24 

If a1, a2, ⋯ , a
n
 are distinct and if p(x) is a polynomial of degree < 2n , show that 

( )
( ) ( ) ( )

= 











−
+

−
=

−−

n

r r

r

r

r

n ax

B

ax

A

axax

np

1
222

1 ⋯

,  

where Br =
( )

( )∏
≠
=

−
n

rj
j

jr

r

aa

ap

1

2

, Ar =
( )

( )∏
≠
=

−
n

rj
j

jr

r

aa

ap

1

2

'
– 

≠
= −

n

rj
j jr

r
aa

B
1

1
2 . 
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33. Aids to Advanced Level Pure Mathematics Part 2 p.54 Example 1 

(a) Consider the proper irreducible rational function 
( )
( )

f

gn

x

x x
, where n is a positive integer 

and g(x) is a polynomial not containing x as a factor.  

Suppose 
( )
( )

f

gn

x

x x
≡ ( )

( )xg

xh

x

A

x

A

x

A n

nn
++++ −

−
1

1
10
⋯  ⋯⋯ (*) 

for some constants A0, A1, ⋯ , An–1 and some polynomial h(x). 

Show that A0, A1, ⋯ , An–1 are the first n coefficients in the expansion (subject to 

convergence) of 
( )
( )

f

g

x

x
 in ascending powers of x. 

(b) Using (a), resolve 
( )( ) n

xxx
2

12

1

−−
 into partial fractions when n is a positive integer. 

 

33. (a) Multiply (*) by xn, then 
( )
( )

f

g

x

x
≡

( )
( )

1
0 1 1

h

g

n

n

n

x x
A A x A x

x

−
−+ + + +⋯ . 

Now 
( )
( )

h

g

x

x
can be expanded as a series of the form B0 + B1x + B2x

2 + ⋯ 

Therefore, 
( )
( )

f

g

x

x
≡ ⋯⋯ +++++++ ++−

−
2

2
1

10
1

110
nnnn

n xBxBxBxAxAA . 

This shows that A0, A1, A2, ⋯ , An–1 are the first n coefficients of the series. 

(b) Put x – 1 = y, then 
( )( ) n

xxx
2

12

1

−−
=

( )( ) n
yyy

211

1

−+
 

Suppose that 
( )( ) n

yyy
211

1

−+
≡

n

nn

y

A

y

A

y

A

y

B

y

A
2
0

2
2212

11
++++

−
+

+
−−
⋯ . 

∴ 1 ≡ A(y – 1)y2n + B(y + 1)y2n + (y2 – 1)(A2n–1y
2n–1 + A2n–2y

2n–2 + … + A0) 

Put y = –1, then A =
2

1− ; put y = 1, then B =
2

1
 

To find A0, A1, ⋯ , A2n–1, we observe that, by (a), they are the first 2n coefficients in the 

expansion of 
1

1
2 −y

. 

1

1
2 −y

=
21

1

y−
− = –1 – y2 – y4 – y6 – ⋯ – y2r – ⋯ – y2n – ⋯ 

∴ A0 = A2 = A4 = ⋯ = A2n–2 = –1 and A1 = A3 = ⋯ = A2n–1 = 0 

So that 
( )( ) n

yyy
211

1

−+
≡ ( ) ( ) n

yyyyy 242

111

12

1

12

1 −−−−
−

+
+

− ⋯  

( )( ) n
xxx

2
12

1

−−
≡ ( ) ( ) ( ) ( ) n

xxxxx 242 1

1

1

1

1

1

22

1

2

1

−
−−

−
−

−
−

−
+− ⋯  
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34. Mastering A.L. Pure Mathematics Volume 1 p.172 Example 14 

Express in partial fractions ( )nax
22

1

−
, where n is a positive integer. 

34. In the Binomial expansion, for |h| < 1, 

(1 – h)–n = ( )( ) ( )( ) ( ) ( )( )( ) ( ) ⋯+−
⋅⋅

−−−−−+−
×

−−−+−−+ 32

321

21

21

1
1 h

nnn
h

nn
hn  

 = 1+ 1
n

C h + 1
2
n

C
+

h2 + 2
3
n

C
+

h3 + ⋯ + 1n r

r
C

+ −
hr + ⋯  

∴ coefficient of hr in (1 – h)–n is Cr =
1n r

r
C

+ −  

Let ( )nax
22

1

−
=

( ) ( ) ( ) ( ) ax

B

ax

B

ax

B

ax

A

ax

A

ax

A n

nn

n

nn +
++

+
+

+
+

−
++

−
+

−
−

−
−

−
1

1
101

1
10

⋯⋯  

Let y = –x, ( )nay
22

1

−
=

( )
( )

( )
( )

( )
( )

( )
( ) ay

B

ay

B

ay

B

ay

A

ay

A

ay

A n

n

n

n

n

n

n

n

n

n

−
−+

−
−+

−
−+

+
−+

+
−+

+
− −

−

−
−

−

−
1

1
1

1
01

1
1

1
0 1111

⋯⋯  

∴ B0 = (–1)nA0, B1 = (–1)n–1A1, ⋯ , Br = (–1)n–rAr, ⋯ , Bn–1 = –An–1 

Let t = x – a  x = t + a 

( )nn
att 2

1

+
=

( ) ( ) at

B

at

B

at

B

t

A

t

A

t

A n

nn

n

nn 222

1
1

101
1

10

+
++

+
+

+
++++ −

−
−

− ⋯⋯  

( )n
at 2

1

+
=

( ) ( ) 








+
++

+
+

+
++++ −

−
−

−
at

B

at

B

at

B
ttAtAA n

nn

nn
n

222

1
1

101
110 ⋯⋯  

( ) ( )n

a
tn

a
2

1

1

2

1

+
⋅ = A0 + A1t + ⋯ + An–1t

n–1 + terms involving powers of tn, tn+1, ⋯ 

( ) 












+

−







−−++






−++






−+






−+ ⋯⋯⋯

1

2
1

2

2

2
2

2
11

2

1
n

a

t
nC

r

a

t
rC

a

t
C

a

t
C

na
=A0+A1t+…+An–1tn–1+terms involving powers ≥ n+1 

∴ A0 = ( )n
a2

1
, A1 = ( ) 1

1

2
+−

n
a

C
, ⋯ , Ar =

( )
( ) rn

r

r

a

C
+

−
2

1
, ⋯ , An–1 =

( )
( ) 12

1
1

2

1
−

−
−−

n

n

n

a

C
. 

B0 =
( )
( )n

n

a2

1−
, B1 =

( )
( ) 1

1

2

1
+

−
n

n

a

C
, ⋯ , Br =

( )
( ) rn

r

n

a

C
+

−
2

1
, ⋯ , Bn–1 =

( )
( ) 12

1

2

1
−

−−
n

n

n

a

C
. 

( )nax
22

1

−
=

( ) ( )
−

=
−− 








+
+

−

1

0

n

r
rn

r

rn

r

ax

B

ax

A
=

( )
( ) ( )

( )
( ) ( )

−

=
−+−+












+
−+

−
−1

0 2

1

2

1n

r
rnrn

r

n

rnrn

r

r

axa

C

axa

C
 

( )nax
22

1

−
=

( )
( )

1
1

2
0

1 2 2

2

n n r n rn
n r

rn
r

a a
C

x a x aa

− −−
+ −

=

 − −   +    − +     
  
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35. Aids to Advanced Level Pure Mathematics Part 2 p.70 Q12 

If α ≠ β, show that 
( ) ( )

( )
( ) 

−

=

−−






















β−
β−α+









α−
α−β

β−α
−≡

β−α−

1

0
2

11 n

r

rnrn

rn

n

nn xx
C

xx
 

where Cr = coefficient of hr in (1 – h)–n. 

35. Let 
( ) ( )nn

xx β−α−
1

=
( ) ( ) ( ) ( ) β−

++
β−

+
β−

+
α−

++
α−

+
α−

−
−

−
− x

B

x

B

x

B

x

A

x

A

x

A n

nn

n

nn

1
1

101
1

10
⋯⋯  

Let y = α+β–x, LHS =
( ) ( )nn

yy β−−β+αα−−β+α
1

=
( ) ( )nn

yy −α−β
1

=
( ) ( )nn

yy β−α−
1

 

RHS =
( ) ( ) ( ) ( ) y

B

ya

B

y

B

y

A

y

A

y

A n

nn

n

nn −α
++

−α
+

−α
+

−β
++

−β
+

−β
−

−
−

−
1

1
101

1
10

⋯⋯  

 =
( )
( )

( )
( )

( )
( )

( )
( ) α−

−+
α−

−+
α−

−+
β−

−+
β−

−+
β−

− −
−

−
−

−

−

y

B

y

B

y

B

y

A

y

A

y

A n

n

n

n

n

n

n

n

n

n

1
1
1

1
01

1
1

1
0 1111

⋯⋯  

∴ B0 = (–1)nA0, B1 = (–1)n–1A1, ⋯ , Br = (–1)n–rAr, ⋯ , Bn–1 = –An–1 

Let t = x – α  x = t + α 

( )nn
tt β−+ α

1
=

( ) ( ) β−α+
++

β−α+
+

β−α+
++++ −

−
−

− t

B

t

B

t

B

t

A

t

A

t

A n

nn

n

nn

1
1

101
1

10
⋯⋯  

( )n
t β−α+

1
=

( ) ( ) 








β−α+
++

β−α+
+

β−α+
++++ −

−
−

−
t

B

t

B

t

B
ttAtAA n

nn

nn
n

1
1

101
110 ⋯⋯  

( ) ( )ntn

β−α+
⋅

β−α 1

11
= A0 + A1t + ⋯ + An–1t

n–1 + terms involving powers of tn, tn+1, ⋯ 

 
( )

2 1

1 2 1

1
1

r n

r nn

t t t t
C C C C

−

−

        + − + − + + − + + − +        α − β α −β α − β α −βα −β          
⋯ ⋯ ⋯  

= A0+A1t+⋯+An–1t
n–1 + terms of powers ≥ n+1 

∴ A0 = ( )nβ−α
1

, A1 = ( ) 1
1

+β−α
−

n

C
, ⋯ , Ar =

( )
( ) rn

r

r
C

+β−α
−1

, ⋯ , An–1 =
( )
( ) 12

1
1

1
−
−

−

β−α
−

n

n

n
C

, 

B0 =
( )

( )n

n

β−α
−1

, B1 =
( )

( ) 1
11
+β−α

−
n

n
C

, ⋯ , Br =
( )

( ) rn

r

n
C

+β−α
−1

, ⋯ , Bn–1 =
( )
( ) 12

11
−
−

β−α
−

n

n

n
C

. 

( ) ( )nn
xx β−α−

1
=

( ) ( )
−

=
−− 








β−
+

α−

1

0

n

r
rn

r

rn

r

x

B

x

A
=

( )
( ) ( )

( )
( ) ( )

−

=
−+−+












β−β−α
−+

α−β−α
−1

0

11n

r
rnrn

r
n

rnrn

r
r

x

C

x

C
 

( ) ( )nn
xx β−α−

1
=

( )
( ) 

−

=

−−
−+
























β−
β−α+









α−
α−β

β−α
− 1

0

1

2

1 n

r

rnrn

rn
rn

n

xx
C  
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1956 Paper 1 Q4 (a) 

Resolve 
12 24

2

+− xx

x
 into partial fractions. 

12 24

2

+− xx

x ≡ ( )22

2

1−x

x ≡
2

2 1









−x

x ≡ ( )( )
2

11 








−+ xx

x ≡ ( ) ( )
2

12

1

12

1









−
+

+ xx
 

12 24

2

+− xx

x ≡
( ) ( )( ) ( )22 14

1

112

1

14

1

−
+

+−
+

+ xxxx
 

12 24

2

+− xx

x ≡
( ) ( )22 14

1

1

1

1

1

4

1

14

1

−
+








+
−

−
+

+ xxxx
≡

( ) ( ) ( ) ( )22 14

1

14

1

14

1

14

1

−
+

+
−

−
+

+ xxxx
 

1957 Paper 1 Q5 (b) 
Obtain the first four terms in the expansion of the following function in ascending powers of x: 

2431

1

xx −−
. 

2431

1

xx −−
= ( )( )xx 411

1

−+
=

x

B

x

A

411 −
+

+
 

1 ≡ A(1 – 4x) + B(1 + x) 

Put x = –1  A =
5

1
 

Put x =
4

1
 B =

5

4
 

∴ 
2431

1

xx −−
= ( ) ( )xx 415

4

15

1

−
+

+
= ( ) ( )⋯⋯ ++++++−+− 3232 641641

5

4
1

5

1
xxxxxx  

=1 + 3x + 13x2 + 51x3 + ⋯ 

1959 Paper 1 Q5(b) 

Find a polynomial g(x) in x which satisfies the equation 
( )
( )

( )
( )42 12

1

+
+

+
=

x

xg

xxQ

xP
, where 

P(x) = x8 + x7 + 6x6 + 3x5 + 12x4 + 4x2 – 7x – 13, Q(x) = (x + 2)(x2 + 1)4. 

Hence resolve 
( )
( )xQ

xP
 into partial fractions. 

After taking common denominators of R.H.S. and compare the numerators on both sides, 
P(x) ≡ (x2 + 1)4 + (x + 2)g(x) 

g(x) =
( ) ( )

( )

42 1

2

P x x

x

− +

+
= x6 + 3x4 + 7 

( )
( )xQ

xP ≡
( )4

23

1

73

2

1

+
−++

+ t

tt

x
, where t = x2 

 =
( ) ( ) ( )2 3 4

1

2 1 1 1 1

A B C D

x t t t t
+ + + +

+ + + + +
 

For 
( )4

23

1

73

+
−+

t

tt ≡
( ) ( ) ( )432 1111 +

+
+

+
+

+
+ t

D

t

C

t

B

t

A
 

t3 + 3t2 – 7 ≡ A(t + 1)3 + B(t + 1)2 + C(t + 1) + D 
Put t = –1  D = –5 
Differentiate once and put t = –1  (3t2 + 6t)|t = –1 = C  C = –3 
Differentiate once and put t = –1  (6t + 6)|t = –1 = 2B  B = 0 
Compare coefficient of t3: A = 1 

∴ 
( )
( )xQ

xP ≡ ( ) ( )42322
1

5

1

3

1

1

2

1

+
−

+
−

+
+

+
xxxx

 

 x8 x7 x6 x5 x4 x3 x2 x 1 

 1 1 6 3 12 0 4 –7 –13 

–) 1  4  6  4  1 

(–2)  1 2 3 6 0 0 –7 –14 

 +)  –2 0 –6 0 0 0 14 

  1 0 3 0 0 0 –7 0 

  x6 x5 x4 x3 x2 x 1  
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1961 Paper 1 Q5(a) 

Find the values of the constants A, B, C and D so that 
( ) ( ) ( ) 2222

2

11111

3

x

DxC

x

B

x

A

xx

x

+
++

−
+

−
≡

+−
+

. 

( ) ( ) ( ) 2222

2

11111

3

x

DxC

x

B

x

A

xx

x

+
++

−
+

−
≡

+−
+

 

3 + x2 ≡ A(1 – x) (1 + x2) + B(1 + x2) + (C + Dx)(1 – x)2 

Put x = 1  B = 2 

Put x = i  2 = (C – Di)(1 – i)2  2 = (C – Di)(1 – 2i – 1)  1 = D – Ci  C = 0, D = 1 

Compare coefficient of x3: –A + D = 0  A = 1 

∴ 
( ) ( ) ( ) 2222

2

11

2

1

1

11

3

x

x

xxxx

x

+
+

−
+

−
≡

+−
+

 

 

1962 Paper 1 Q3(a) 

Resolve the expression 
( )3

26

1

1

−
+−

x

xx
 into partial fractions. 

( )3

26

1

1

−
+−

x

xx ≡ x3 + 3x2 + 6x + 10 +
( )3

2

1

112414

−
+−

x

xx
 

Suppose 
( )3

2

1

112414

−
+−

x

xx ≡
( ) ( )32

111 −
+

−
+

− x

C

x

B

x

A
 

Take the common denominators of the R.H.S. and compare the numerators of both sides 

14x2 – 24x + 11 ≡ A(x – 1)2 + B(x – 1) + C 

Put x = 1  C = 1 

Differentiate once and put x = 1  B = 28 – 24 = 4 

Compare coefficient of x2: a = 14 

∴ 
( )3

26

1

1

−
+−

x

xx ≡ x3 + 3x2 + 6x + 10 +
( ) ( )32

1

1

1

4

1

14

−
+

−
+

− xxx
 

   x6 x5 x4 x3 x2 x 1 

   1 0 0 0 –1 0 1 

3    3 9 18 30   

 –3    –3 –9 –18 –30  

  1    1 3 6 10 

   1 3 6 10 14 –24 11 

   x3 x2 x 1 x2 x 1 
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1964 Paper 1 Q2(b) 

Resolve ( )( )( )321 +++ xxx

x
 into partial fractions. Hence find the sum ( )( )( )

∞

= +++1 321n nnn

n
. 

( )( )( )321 +++ xxx

x ≡ ( )( )
= +−

−3

1 'r rxrQ

r
, where Q(x) = (x + 1)(x + 2)(x + 3) 

 = ( )( )( ) ( )( )( ) ( )( )( )32313

3

23212

2

13121

1

++−+−
−

++−+−
−

++−+−
−

xxx
 

 = ( ) ( )32

3

2

2

12

1

+
−

+
+

+
−

xxx
 

Let SN = ( )( )( )
= +++

N

n nnn

n

1 321
= ( ) ( )

=









+
−

+
+

+
−

N

n nnn1 32

3

2

2

12

1
 

 = ( ) ( )
=== +

−
+

+
+

−
N

n

N

n

N

n nnn 111 32

3

2

2

12

1
 

 = 
+

=

+

=

+

=
−+−

3

4

2

3

1

2 2

32

2

1 N

n

N

n

N

n nnn
 

 = ( ) ( ) 
+

=







 −+−+
+

−
+

−
+

++−−
1

4 2

32

2

1

32

3

22

3

2

2

3

2

6

1

4

1 N

n nnnNNN
 

 = ( ) ( ) 
+

=
+

+
−

+
−

+
+

1

4

0
32

3

22

3

2

2

4

1 N

nNNN
 

( )( )( )
∞

= +++1 321n nnn

n
= ( )( )( )

=∞→ +++

N

n
N nnn

n

1 321
lim = ( ) ( )







+
−

+
−

+
+

∞→ 32

3

22

3

2

2

4

1
lim

NNNN
=

4

1
 

 

1966 Paper 1 Q7(a) 

Let g(x) be a quadratic polynomial and a, b, c distinct constants.  

If 
( )

( )( )( ) cx

C

bx

B

ax

A

cxbxax

xg

−
+

−
+

−
≡

−−−
, where A, B, C are constants, express A in terms of a, 

b, c and g(a). Hence or otherwise resolve ( )( )( )321

2

−−− xxx

x
 into partial fractions. 

A =
( )

( )( )caba

ag

−−
 

( )( )( )321

2

−−− xxx

x ≡ ( )( )( ) ( )( )( ) ( )( )( )32313

9

23212

4

13121

1

−−−
+

−−−
+

−−− xxx
 

 ≡ ( ) ( )32

9

2

4

12

1

−
+

−
−

− xxx
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1967 Paper 1 Q4 

Let n be any positive integer, and ar, br, the coefficients of xr in (1 + x)n and (1 + x)n+2 respectively. 

Prove that  

(a) br+2 = ar + 2ar+1 + ar+2 if 0 ≤ r ≤ n – 2, 

(b) ( ) ( )
( )


= +

−=
++

n

r

r

r

rx

a

nxxx

n

0

1

1

!

⋯

, 

(c) ( )( ) ( )( )( )
( )

( )( )( )
( )

( ) ( )212

!2

21

1

32121
10

+++
+=

+++++
−++

+++
−

++ nxxx

n

nxnxnx

a

xxx

a

xxx

a n
n

⋯

⋯ , 

(a) (1 + x)n+2 = (1 + 2x + x2)(1 + x)n 

( )
=

+

=
++=

n

r

r
r

n

r

r
r xaxxxb

0

2
2

0

21  

Compare coefficients of xr+2, 0 ≤ r ≤ n – 2 

br+2 = ar + 2ar+1 + ar+2 

(b) ( ) ( ) ( )( )
= +−

=
++

n

r rxrQ

n

nxxx

n

0 '

!

1

!

⋯

, where Q(x) = x(x + 1) ⋯ (x + n) 

 = ( )∏
≠
== +−+

n

rs
s

n

r srrx

n

00

1!
 

 = ( )( ) ( )( )( ) ( )( )
= +−−+−−

n

r rxrnrr

n

0 2111

!

⋯⋯

 

 =
( ) ( ) ( )

= +−−

n

r
r

rxrnr

n

0 !!1

!
 

 =
( )


= +

−n

r

n
r

r

rx

C

0

1
=

( )


= +
−n

r

r

r

rx

a

0

1
 

(c) Note that a0 = 0
n

C = 1 = 2
0
n

C
+  

a1 + 2a0 = 1
n

C + 2 0
n

C = n + 2 = 2
1
n

C
+ = b1 

an–1 + 2an = 1
n

n
C − + 2 n

n
C = n + 2 = 2

1
n

n
C

+
+ = bn+1 

an = n

n
C = 1 = 2

2
n

n
C

+
+ = bn+2 

LHS = ( )( ) ( )( )( )
( )

( )( )( )21

1

32121
10

+++++
−++

+++
−

++ nxnxnx

a

xxx

a

xxx

a n

n

⋯  

 =
( )

( )( )( )
= +++++

−n

r

r

r

rxrxrx

a

0 21

1
 

 =
( )

( )
( ) ( )

( )
= 












++
−+

++
−−

+
−n

r

r

r

r

r

r

r

rx

a

rx

a

rx

a

0 22

1

1

1

2

1
 (By partial faction theorem) 
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 =
( )

( )
( ) ( )

( )
=

−

−=

+
+−

−=

+
+

++
−+

++
−−

++
− n

r

r

rn

r

r

rn

r

r

r

rx

a

rx

a

rx

a

0

1

1

1
12

2

2
2

22

1

2

1

22

1
 

 = ( ) ( ) ( )
( ) ( )

( )
( )
( )22

1

12

1

1

1

22

2
1

1122
1

12

0

212010

++
−+

++
−+

++
−−

++
++−+

+
−

+
− −

−−

=

+++
nx

a

nx

a

nx

a

rx

aaa

x

a

x

a

x

a n

n

n

n

n

nn

r

rrrr
 

 = ( ) ( ) ( )
( )

( )
( )
( )22

1

12

1

22
1

122

2
1

1

2

10

++
−+

++
−+

++
−+

+
−

+
+

+

=


nx

b

nx

b

rx

b

x

b

x

b n

n

n

nn

r

rr
 

 =
( )
( )

+

= ++
−2

0 22

1n

r

r

r

rx

b
 

 =
( )

( ) ( )212

!2

+++
+

nxxx

n

⋯

 

 

1970 Paper 2 Q8 (a) 

Find the values of A, B so that ( )( ) ( )2222 1

1

1

2

111

42

−
+

−
−

+
+≡

−+
+−

xxx

BAx

xx

x
 for all x. 

Hence or otherwise find the indefinite integral 
( )( )22

2 4
d

1 1

x
x

x x

− +
+ − . 

After taking common denominators of R.H.S. and compare the numerators on both sides, 

–2x + 4 ≡ (Ax + B)(x – 1)2 – 2(x2 + 1)(x – 1) + x2 + 1 

(Ax + B)(x – 1)2 ≡ –2x + 4 + 2x3 – 2x2 + 2x – 2 – x2 – 1 

 ≡ 2x3 – 3x2 + 1 

Ax + B ≡
( )2

23

1

132

−
+−

x

xx ≡ 2x + 1 

∴ A = 2, B = 1 

( )( )22

2 4
d

1 1

x
x

x x

− +
+ − =

( )22

2 1 2 1
d d d

1 1 1

x
x x x

x x x

+ − +
+ − −    

 = ln(x2 + 1) + tan–1 x – 2 ln|x – 1| –
1

1

−x
+ C, where C is a constant. 

 x3 x2 x 1 

 2 –3 0 1 

2  4 2  

–1   –2 –1 

 2 1 0 0 

 x 1 x 1 
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1973 Paper 1 Q4 

(a) Let A(x) be a polynomial of degree n in x, with real coefficients and n real roots x1, x2, ⋯ , x
n
. 

Prove that 
( )
( )xA

xA

xx

n

r r

'1

1

=
−

=
, where A'(x) is the derivative of A(x). Hence or otherwise, prove 

that 
( )

( ) ( ) ( )
( )2

2

1
2

"'1

xA

xAxAxA

xx

n

r r

−=
−


=

. 

(b) Resolve 
( )2

1

12

−
−

x

x
 into partial fractions. 

(c) Let x1, x2, x3, x4 be the roots of the polynomial B(x) = x4 – 10x + 1 . 

(You can assume that all the roots of B(x) are real.) Using (a) and (b) or otherwise, evaluate the 

sum 
( )

= −
−n

r r

r

x

x

1
2

1

12
. 

(a) Induction on n. n = 1, the result is obvious. 

Suppose 
( ) ( )

( ) ( )
1

11

d
1d

kk

rk r

x x x x
x

x x x x x x=

− −
=

− − −
⋯

⋯

. 

When n = k + 1, let P(x) = ( ) ( )( )1 1

d

d
k kx x x x x x

x
+− − −  ⋯ = (x – xk+1)A'(x) + A(x) 

Let Q(x) = (x – x1)⋯(x – x
k
)(x – x

k+1) 

( )
( )xQ

xP ≡
( ) ( ) ( )

( )( )1

1 '

+

+

−
+−

k

k

xxxA

xAxAxx ≡ ( )
( )xA

xA'
+

1

1

+− kxx
≡

+

= −

1

1

1k

r rxx
 

∴ It is also true for n = k + 1. By mathematical induction, it is true for all positive integer n. 

To prove that 
( )

( ) ( ) ( )
( )2

2

1
2

"'1

xA

xAxAxA

xx

n

r r

−=
−


=

. 

Differentiate the given identity once and multiply by –1 gives the required result. 

(b) Let 
( )2

1

12

−
−

x

x ≡
( )2

11 −
+

− x

B

x

A
 

After taking common denominators of RHS and compare the numerators on both sides, 
2x – 1 ≡ A(x – 1) + B 
A = 2, –1 = –A + B  B = 1 

∴ 
( )2

1

12

−
−

x

x ≡
( )2

1

1

1

2

−
+

− xx
 

(c) 
( )

= −
−n

r r

r

x

x

1
21

12
= 

= −

n

r rx1 1

1
2 +

( )
= −

n

r rx1
21

1
 (by the result of (b)) 

 =
( )
( )

( ) ( ) ( )
( )

1

2

2

1

"''
2

==

−+−
xx xA

xAxAxA

xA

xA
 

 =
( ) ( )( )

( )
1

224

22423

1

24

3

110

2012110204

110

204
2

== +−

−+−−−+
+−

−−
xx xx

xxxxx

xx

xx
 

 =
( )( ) ( ) ( )( )

( )2

2

8

8816

8

162

−
−−−−+

−
−−

 

 = –4 + 4 – 1 = –1 
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1975 Paper 1 Q2 

(a) Let b1, ⋯ , b
n
 be real numbers, B(x) = (x – b1)(x – b2) ⋯ (x – b

n
) and B'(x) the derivative of B(x). 

Show that b1, ⋯ , b
n
 are all distinct if and only if B'(b1), ⋯ , B'(b

n
) are all non-zero. 

(b) Now suppose that b1, ⋯ , b
n
 are all distinct. For a polynomial A(x) of degree < n in x, use 

induction to prove that 
( )
( )

( )
( )( )

= −
=

n

r rr

r

bxbB

bA

xB

xA

1 '
. 

(c) Let 1 ≤ p ≤ n – 1, where p is an integer. By using (b) or otherwise, resolve 

( )( ) ( )nxxx

x p

+++ ⋯21
 into partial fractions. 

Hence show that ( ) ( )
( ) ( )

( )
( )

! 

1

! 1 ! 1

11

! 2 ! 2

2

! 1 ! 1

1
12

n

n

n

n

nn

pnpnpp −− −+
−

−−++
−

−
−

⋯ = 0 . 

Find the value of ( ) ( )
( ) ( )

( )
( )

! 

1

! 1 ! 1

11

! 2 ! 2

2

! 1 ! 1

1
12

n

n

n

n

nn

nnnnnn −− −+
−

−−++
−

−
−

⋯ . 

(a) () B'(x) = ( )
1 1

nn

k

r k
k r

x b
= =

≠

−∏  

∵ b1, ⋯ , b
n
 are all distinct 

∴ b
i
 – b

k
 ≠ 0 for i ≠ k 

B'(b
i
) = ( )∏

≠
=

−
n

ik
k

ki bb
1

≠ 0 for all i: 1 ≤ i ≤ n 

(⇐) Suppose one of B'(b1), ⋯ , B'(b
n
) is zero 

say, B'(b1) = 0 

( )1
2

n

k

k

b b
=

−∏ = 0 

 b
k
 = b1 for some k ≠ 1 

contradicting the fact that b1, ⋯ , b
n
 are distinct. 

(b) Induction on degree of B(x) = n 
n = 1, A(x) = a, which is a constant with degree = 0 

( )
( ) 1bx

a

xB

xA

−
= =

( )
( )( )

= −

1

1 'r rr

r

bxbB

bA
, the result is obvious. 

Suppose it is true for n = k 
When n = k + 1, A(x) = polynomial of degree ≤ k 

B(x) = (x – b1) ⋯ (x – b
k
)(x – b

k+1) 

Assume the existence of partial fraction, 

( )
( )xB

xA ≡
( )
( )1

f

gk

xp

x b x+

+
−

, where g(x) = (x – b1) ⋯ (x – b
k
), f(x) is a polynomial 

After taking common denominators of R.H.S. and compare the numerators on both sides, 

A(x) ≡ pg(x) + (x – b
k+1) f(x) ⋯⋯ (1) 

Compare the degrees of both sides 
deg A(x) ≤ k  deg (x – b

k+1) f(x) ≤ k 

∴ deg f(x) ≤ k – 1 
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Put x = b
k+1 into both sides of (1)  p =

( )
( )1

1

+

+

k

k

bg

bA
=

( )
( )∏

=
+

+

−
k

r

rk

k

bb

bA

1
1

1 =
( )
( )1

1

' +

+

k

k

bB

bA
 

By induction assumption, 
( )
( )

f

g

x

x
≡

( )
( )( )1

f

g '

k
r

r r r

b

b x b= −  

Now put x = br into (1), for 1 ≤ r ≤ k 
A(b

r
) = pg(b

r
) + f(b

r
) (b

r
 – b

k+1) 

A(br) =       f(b
r
) (b

r
 – b

k+1) 

( )
( )r

r

bB

bA

'
=

( ) ( )
( )

1

1

1

f
r r k

k

r i

i
i r

b b b

b b

+
+

=
≠

−

−∏
=

( )
( )

1

f
r

k

r i

i
i r

b

b b
=
≠

−∏
=

( )
( )

f

g '
r

r

b

b
 

∴ 
( )
( )xB

xA ≡
( )
( )

( )
( )( )

=++

+

−
+

−
⋅

k

r rr

r

kk

k

bxbB

bA

bxbB

bA

111

1

'

1

'
≡ ( )

( )( )
+

= −

1

1 '

k

r rr

r

bxbB

bA
 

∴ It is also true for n = k + 1, by M.I., it is true for all n ≥ 1 . 

(c)  ( )( ) ( )nxxx

x p

+++ ⋯21
 

≡ ( )
( )( )

= +−
−n

r rxrB

rA

1 '
, where A(x) = xp, B(x) = (x + 1)(x + 2) ⋯ (x + n) 

≡ ( )
( ) ( )∏



≠
=

= +−
⋅

+
−

n

rs
s

n

r

p

sr
rx

r

1

1

1 ≡ ( )
( ) ( )( ) ( )( )( ) ( )rnrrrx

rn

r

p

−−+−+−
⋅

+
−


= ⋯⋯ 21121

1

1

 

≡ ( )
( ) ( ) ( ) ( )!  ! 11

1
1

1 rnrrx

r
r

n

r

p

−−−
⋅

+
−

−
=
 ≡ ( )

( ) ( ) ( )
=

+−

+−−
−n

r

prp

rxrnr

r

1

1

 !  ! 1

1
 

Put x = 0 into both sides, 

0 = ( ) ( ) ( )
( ) ( )

( )
( )











 −+
−

−−++
−

−
−

−
−−

! 

1

! 1 ! 1

11

! 2 ! 2

2

! 1 ! 1

1
1

12

n

n

n

n

nn

pnpnpp
p

⋯  

Hence result. 

To find the value of ( ) ( )
( ) ( )

( )
( )

! 

1

! 1 ! 1

11

! 2 ! 2

2

! 1 ! 1

1
12

n

n

n

n

nn

nnnnnn −− −+
−

−−++
−

−
−

⋯ . 

Consider ( )( ) ( )
( )( ) ( )

( )( ) ( )nxxx

nxxxx

nxxx

x
nn

+++
+++−+≡

+++ ⋯

⋯

⋯ 21

21
1

21
. 

 ≡ 1 +
( )

( )( )
= +−

−n

r rxrB

rA

1 '
≡ 1+

( )
( ) ( ) ( )

=

+−

+−−
−n

r

nrn

rxrnr

r

1

1

 !  ! 1

1
 

Put x = 0  0 = 1 + ( ) ( ) ( )
( ) ( )

( )
( )











 −+
−

−−++
−

−
−

−
−−

! 

1

! 1 ! 1

11

! 2 ! 2

2

! 1 ! 1

1
1

12

n

n

n

n

nn

nnnnnn
n

⋯  

∴ ( ) ( )
( ) ( )

( )
( )

! 

1

! 1 ! 1

11

! 2 ! 2

2

! 1 ! 1

1
12

n

n

n

n

nn

nnnnnn −− −+
−

−−++
−

−
−

⋯ = (–1)n–1 
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1976 Paper 1 Q7 
Let n be a positive integer, and ak and bk the coefficients of xk in (1 + x)n and (1 + x)n+2 respectively. 
(a) Show that, for 0 ≤ k ≤ n – 2, b

k+2 = a
k
 + 2a

k+1 + a
k+2 . 

(b) Show that ( ) ( )
( )


= +

−=
++

n

k

k

k

kx

a

nxxx

n

0

1

1

!

⋯

. 

(c) Using (a) and (b) or otherwise, show that 
( )

( )( )( )
( )

( ) ( )212

! 2

21

1

0
+++

+=
+++++

−


= nxxx

n

kxkxkx

a
n

k

k
k

⋯

. 

This question is identical to 1967 Paper 1 Q4 
Modified from 1979 Paper 1 Q3 

Let a1, a2, ⋯ , an be n (≥ 2) distinct real numbers, f(x) = (x – a1)(x – a2) ⋯ (x – an) and f '(x) the 

derivative of f(x). 

(a) Express f’(ai) (i = 1, 2, ⋯ , n) in terms of a1 , a2 , ⋯ , a
n
 . 

(b) Let g(x) be a real polynomial of degree less than n . 

(i) Show that there exist unique real numbers A1, A2, ⋯ , An such that  

g(x) = ( ) ∏
=

≠
=

−
n

i

n

ir
r

ri axA

1 1

 ⋯ (*) 

(ii) Using (i), or otherwise, show that if g(x) is of degree less than n – 1 , then 
( )
( )1

g

f '

n
i

i i

a

a=
 = 0. 

(iii) By taking a
i
 = i (i = 1, 2, ⋯ , n) and suitable g(x) in (ii), show that, for any non-negative 

integer m ≤ n – 2 , ( ) ( ) ( )
=

−

−−
−

n

i

n
in

ini

i

1
!!1

1 = 0 . (Given that 0! = 1 .) 

(c) If b1, b2, ⋯ , b
n
 are n real numbers, find a polynomial h(x) of degree less than n in the form of 

the right hand side of (*) so that h(ai) = bi (i = 1, ⋯ , n) . 

(a) f’(ai) = ( )∏
≠
=

−
n

ik
k

ki aa
1

 

(b) (i) Uniqueness 

By partial fraction theorem, 
( )
( )

( )
( )( )

g g

f f '

n
i

i n i i

x a

x a x a=

=
− . 

This theorem has been proved in 1975 Paper 1 Q2(b) 
After taking common denominators of R.H.S. and compare the numerators on both sides, 

g(x) = ( ) ∏
=

≠
=

−
n

i

n

ir
r

ri axA

1 1

, where A
i =

( )
( )

g

f '

i

i

a

a
 

Existence 
Induction on n (degree of f(x)) 
n = 2, f(x) = (x – a1)(x – a2) 

deg g(x) = 0, 1 (or –∞) 

∵ x – a1 and x – a2 has no common factors 

By Euclidean algorithm, there exist polynomials h1(x), h2(x) such that 

1 ≡ h1(x)(x – a1) + h2(x)(x – a2) 

g(x) ≡ h1(x)g(x)(x – a1) + h2(x)g(x)(x – a2) 
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By division algorithm, when h1(x) g(x) ÷ (x – a2) 

h1(x) g(x) = Q(x)(x – a2) + A1, where A1 is a real constant 

∴ g(x) ≡ [Q(x)(x – a2) + A1](x – a1) + h2(x)g(x)(x – a2) 

g(x) ≡ A1(x – a1) + A2(x – a2) ⋯⋯ (*), where A2 ≡ Q(x)(x – a1) + h2(x)g(x) 

By the formula (*), degree g(x) ≤ 1 
in RHS of (*), deg A1(x – a2) ≤ 1 (As A1 is a constant) 

∴ deg A2(x – a2) ≤ 1 

∴ deg A2 ≤ 0 

∴ A2 is a constant 

We have proved that there exist real constants A1 and A2 such that  

g(x) ≡ A1(x – a1) + A2(x – a2) 

∴ It is true for n = 2 
Suppose it is true for n = k 

When n = k + 1, f(x) = (x – a1)⋯(x – a
k
)(x – a

k+1), deg g(x) ≤ k 

∵ (x – a1) ⋯ (x – a
k
) and (x – a

k+1) are relatively prime 

∃ polynomials h1(x), h2(x) such that 

1 ≡ h1(x)(x – a1) ⋯(x – a
k
) + h2(x)(x – a

k+1) 

g(x) ≡ h1(x)g(x)(x – a1) ⋯ (x – a
k
) + h2(x)g(x)(x – a

k+1) 

By division algorithm, when h1(x) g(x) ÷ (x – a
k+1) 

h1(x) g(x) = Q(x)(x – a
k+1) + A

k+1 , where A
k+1 is a real constant 

∴ g(x) ≡ [Q(x)(x – a
k+1) + A

k+1](x – a1) ⋯ (x – a
k
) + h2(x)g(x)(x – a

k+1) 

g(x) ≡ A
k+1(x – a1) ⋯ (x – a

k
) + A(x – a

k+1) ⋯⋯ (**) 

 where A ≡ Q(x)(x – a1) ⋯ (x – a
k
) + h2(x)g(x) 

By the formula (**), degree L.H.S. ≤ k 

In R.H.S. of (**), deg A
k+1(x – a1) ⋯ (x – a

k
) = k (As A1 is a constant) 

∴ deg A(x – a
k+1) ≤ k 

∴ deg A2 ≤ k – 1 

By induction assumption on A , 

A ≡ ( ) ∏
=

≠
=

−
k

i

k

ir
r

ri axA
1 1

 

∴ g(x) ≡ A
k+1(x – a1) ⋯ (x – a

k
) + ( ) ( ) ∏

=
≠
=

+ −−
k

i

k

ir
r

rik axAax
1 1

1  

g(x) ≡ ( ) ∏
+

=

+

≠
=

−
1

1

1

1

k

i

k

ir
r

ri axA , where A
k+1 = A 

∴ It is also true for n = k + 1. By M.I., it is true for all positive integer > 1 . 
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(b) (ii) By (b)(i), 
( )
( )

g

f '

i

i

a

a
= Ai (uniqueness part) 

∴ 
( )
( )1

g

f '

n
i

i i

a

a=
 =

=

n

i

iA
1

= coefficient of xn–1 in g(x) = 0 (given that deg g(x) < n – 1) 

(iii) Let g(x) = xm, where m is an integer ≤ n – 2 

f(x) = (x – 1) ⋯ (x – n) 

f’(i) = (–1)n–i(i – 1)!(n – i)! 

∴ ( ) ( ) ( )
=

−

−−
−

n

i

n
in

ini

i

1
!!1

1 =
( )
( )1

g

f '

n

i

i

i=
 = 0 by (b)(ii) 

(c) Let h(x) = ( ) ∏
=

≠
= −

−n

i

n

ik
k ki

k
i

aa

ax
b

1 1

, then h(a
i
) = b

i
 for i = 1, 2, ⋯ , n 

1981 Paper 2 Q4 

(a) Resolve 
1

(1 )(1 2 ) (1 )x x nx+ + +⋯

 into partial fractions. 

(b) Use the result in (a) to prove the identity ( ) !1
0

nkC
n

k

nn
k

kn =−
=

−
, 

where n
rC  are binomial coefficients. 

(c) Prove that the nth derivative with respect to t of (et – 1)n takes the value n! when t is zero. 

(a) ( )( ) ( )
n

xxxnnxxx 1
2
11

1

!

1

)1()21)(1(

1

+++
⋅=

+++ ⋯…

 

 = ( )( )
= +−

n

k kk
xQn 1

11'

1

!

1
, where Q(x) = ( ) 1 1

1
2

x x x
n

   + + +   
   

⋯  

 = ( ) ( )∏


≠
=

= +−
⋅

+ n

kr
r

rk

n

k kx

k

n

1

111

1

1!

1
= ( ) ∏

≠
==










−
⋅

+

n

kr
r

n

k rk

kr

kx

k

n 11 1!

1
 

 = ( ) ( ) ( ) ( )!1!11!

1
1!

1 knk

k

kx

k

n kn

n

k
nn

k −−−
⋅

+ −

−

=
  

 =
( )

( ) ( )kxknk

n

n

kn

k

nkn

+
⋅

−
⋅−


=

−

1

1

!!

!

!

1

1

=
( )

( )kxn

Ckn

k

n
k

nkn

+
⋅−


=

−

1

1

!

1

1

 

(b) Put x = 0 into both sides: 1 =
( )


=

−−n

k

n
k

nkn

n

Ck

1 !

1
 

( )
=

−−
n

k

nn
k

kn
kC

1

1 = n!  ( ) !1
0

nkC
n

k

nn
k

kn =−
=

−
 

(c) (et – 1)n = ( )
=

−−
n

k

ktn
k

kn
eC

0

1  

Differentiate n times: ( ) ( )
0

d
1 1

d

n n
n n kt n n kt

kn
k

e C k e
t

−

=

− = −  

Put t = 0, ( ) ( )
00

d
1 1

d

n n
n n kt n n

kn
kt

e C k
t

−

==

− = − = n! by (b) 
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1985 Paper 1 Q3 

(a) Let a1, a2, ⋯ , a
n
 be distinct real numbers. Suppose f(x) is a polynomial of degree less than 

n – 1 and the expression 
( )

( ) ( ) ( )1 2

f

n

x

x a x a x a+ + +⋯

 is resolved into partial fractions as 

1 2

1 2

n

n

cc c

x a x a x a
+ + +

+ + +
⋯ , show that c1 + c2 + ⋯ + c

n
 = 0 . 

(b) Let F(x) = ( )( )( )21 +++++
+

axaxax

qpx
  be resolved into partial fractions as 

21
321

++
+

++
+

+ ax

b

ax

b

ax

b
. Show that for N > 3, ( )

2121
332211

1
++

+
++

+
+

+
++

+
=

= aN

b

aN

bb

a

bb

a

b
kF

N

k

. 

(c) Using (b), or otherwise, evaluate ( )( )( )
=∞→ +++

N

k
N kkk

1
523212

1
lim . 

(a) 
( )

( ) ( ) ( )1 2

f

n

x

x a x a x a+ + +⋯

=
n

n

ax

c

ax

c

ax

c

+
++

+
+

+
⋯

2

2

1

1  

Combining the partial fractions of the R.H.S., the numerator is 

c1(x + a2)(x + a2)⋯(x + a
n
) + c2(x + a1)(x + a3)⋯(x + a

n
) +⋯+ c

n
(x + a1)(x + a2) ⋯ (x + a

n–1) 

= (c1 + c2 + ⋯ + c
n
)xn–1 + (terms of degree < n – 1) 

Since f(x) is a polynomial of degree < n – 1 

∴ c1 + c2 + ⋯ + c
n
 = 0 

(b) F(x) = ( )( )( )21 +++++
+

axaxax

qpx ≡
21

321

++
+

++
+

+ ax

b

ax

b

ax

b
. 

Compare the numerators of both sides. 
px + q ≡ b1(x + a + 1)(x + a + 2) + b2(x + a)(x + a + 2) + b3(x + a)(x + a + 1) 

Compare the coefficients of x2: b1 + b2 + b3 = 0 

( )
=

N

k

kF
1

=
=










++
+

++
+

+

N

k ak

b

ak

b

ak

b

1

321

21
 

 = 
=== ++

+
++

+
+

N

k

N

k

N

k ak

b

ak

b

ak

b

1

3

1

2

1

1

21
 

 = 
+

=

+

== +
+

+
+

+

2

3

3
1

2

2

1

1
N

k

N

k

N

k ak

b

ak

b

ak

b
 1M 

 =
211221

332

2

321211

++
+

++
+

++
+

+
+++

+
+

+
+

+ 
= aN

b

aN

b

aN

b

ak

bbb

a

b

a

b

a

b N

k

 

 =
2121

332211

++
+

++
++

+
++

+ aN

b

aN

bb

a

bb

a

b
 

(c) F(k) = ( )( )( )523212

1

+++ kkk
= ( )( )( )2

5
2
3

2
1

8
10

+++
+

kkk

k
=

2
5

3

2
3

2

2
1

1

+
+

+
+

+ k

b

k

b

k

b
, a =

2

1
 

Compare the numerators of both sides. 








 +






 ++






 +






 ++






 +






 +=
2

3

2

1

2

5

2

1

2

5

2

3

8

1
321 kkbkkbkkb  

Put k =
2

1−  b1 =16

1
 

Put k =
2

3−  b2 = 8

1−  
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Put k =
2

5−  b3 =16

1
 

( )
2121

332211

1
++

+
++

+
+

+
++

+
=

= aN

b

aN

bb

a

bb

a

b
kF

N

k

= ( ) ( )528

1

328

1

40

1

24

1

+
+

+
−−

NN
 

( )( )( )
=∞→ +++

N

k
N kkk1 523212

1
lim = 00

40

1

24

1 +−− =
60

1
 

1990 Paper 1 Q2 

(a) Resolve ( )( )21

1

++ xxx
 into partial fractions. 

(b) Evaluate ( )( )
=∞→ ++

n

k
n kkk1 21

1
lim . 

(a) Let ( )( )21

1

++ xxx
=

21 +
+

+
+

x

C

x

B

x

A
 

then 1 ≡ A(x + 1)(x + 2) + Bx(x + 2) + Cx(x + 1) 

Put x = 0  A =
2

1
 

Put x = –1  B = –1 

Put x = –2  C =
2

1
 

( )( )21

1

++ xxx
= ( )22

1

1

1

2

1

+
+

+
−

xxx
 

(b) ( )( )
=∞→ ++

n

k
n kkk1 21

1
lim = ( )

=∞→ 








+
+

+
−

n

k
n xxx1 22

1

1

1

2

1
lim . 

 = ( )
=∞→ 









+
+

+
−

n

k
n xxx1 22

1

1

1

2

1
lim  

 = ( )







+
+

+
− 

===∞→

n

k

n

k

n

k
n xxx 111 22

1

1

1

2

1
lim  

 = 







+− 

+

=

+

==∞→

2

3

1

21

1

2

111

2

1
lim

n

k

n

k

n

k
n xxx

 

 = 
















+
+

+
+








+
+−







 +
∞→ 2

1

1

1

2

1

1

1

2

1

2

1
1

2

1
lim

nnnn
=

4

1
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1991 Paper 1 Q2 

Let f(x) = ( )( )xx −− 21

1
. 

Express f(x) into partial fractions. Hence, or otherwise, determine a
k
 and b

k
 (k = 0, 1, 2, ⋯ ) such that 

f(x) =
∞

=0k

k
k xa  when |x| < 1 and f(x) =

∞

=0k
k

k

x

a
 when |x| > 2 . 

( )( )xx −− 21

1
=

xx −
+

− 2

1

1

1
 

When |x| < 1, f(x) =
xx −

+
− 2

1

1

1
 

 = ( ) 










−
⋅+

−
−

2
1

1

2

1

1

1
1

xx
 

 = ( ) 
∞

=

∞

=







+−
00 22

1
1

k

k

k

k x
x  

 =
∞

=
+ 







 −
0

1
1

2

1

k

k

k
x  

∴ a
k
 = 1

2

1
1

−+k
 

When |x| > 2, f(x) =
xx −

+
− 2

1

1

1
 

 = 













−
⋅−

−
⋅

xx
xx 21 1

11

1

11
 

 = 
∞

=

∞

=







−








00

2111

k

k

k

k

xxxx
 

 = 
∞

=
+

∞

=
+ −

0
1

0
1

21

k
k

k

k
k

xx
 

 = ( )
∞

=
+−

0
1

1
21

k
k

k

x
 

 = ( )
∞

=

−−
1

1 1
21

k
k

k

x
 

 =
∞

=









1

1

k
kk

x
b  

where b
k
 =




=−

=
−

⋯,2,121

00
1

k

k

k
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1991 Paper 1 Q4 

Let a1, a2, ⋯ , a
n
 be n distinct non-zero real numbers, where n ≥ 2 . 

(a) Define P(n) =
( ) ( )

( ) ( )n

n

aaaa

axax
a

−−
−−

121

2
1

⋯

⋯

+ ⋯ +
( ) ( )( ) ( )

( ) ( )( ) ( )niiiiii

nii
i

aaaaaaaa

axaxaxax
a

−−−−
−−−−

+−

+−

⋯⋯

⋯⋯

111

111  

 + ⋯ +
( ) ( )

( ) ( )111

11

−

−

−−
−−

nn

n
n

aaaa

axax
a

⋯

⋯

. 

(i) Evaluate P(a
i
) for i = 1, 2, ⋯ , n. 

(ii) Show that the equation P(x) – x = 0 has n distinct roots. 

(iii) Deduce that P(x) – x = 0 for all x ∈ℝ. 

(b) Prove that ( ) ( )naaaa −− 121

1

⋯

+ ⋯ + ( ) ( )( ) ( )niiiiii aaaaaaaa −−−− +− ⋯⋯ 111

1
 

 + ⋯ + ( ) ( )111

1

−−− nn aaaa ⋯

= 0. 

(a) (i) For i = 1 , 2 , ⋯ , n , 

P(a
i
) =

( ) ( )( ) ( )
( ) ( )( ) ( )niiiiii

niiiiii
i

aaaaaaaa

aaaaaaaa
a

−−−−
−−−−

+−

+−

⋯⋯

⋯⋯

111

111 = a
i
 

(ii) By (a)(i), a1, a2, ⋯ , a
n
 are n distinct roots of P(x) – x = 0 

(iii) Since deg(P(x) – x) ≤ n – 1 and P(x) – x = 0 has n distinct roots, ∴ P(x) – x ≡ 0 
(b) By (a) (iii), P(0) = 0 

 ( )( ) ( ) ( ) ( ) ( )( ) ( )



−−−−
++

−−
−

+−

−

niiiiiin

n

n
aaaaaaaaaaaa

aaa
⋯⋯

⋯

⋯

⋯

111121

1
21

11
1  

 ( ) ( )



−−
++

−111

1

nn aaaa ⋯

⋯ = 0 

 ( ) ( )naaaa −− 121

1

⋯

+⋯+ ( ) ( )( ) ( )niiiiii aaaaaaaa −−−− +− ⋯⋯ 111

1
+⋯+ ( ) ( )111

1

−−− nn aaaa ⋯

=0. 

(∵ a
i
 ≠ 0 ∀i) 
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1993 Paper 1 Q5 

Express 
23

4
2 ++

+
xx

x
 in partial fractions. Hence evaluate 

∞

= 







++
+−

−2
2 23

4

1

1

k kk

k

k
 

Let 
23

4
2 ++

+
xx

x
=

21 +
+

+ x

B

x

A
 

Then x + 4 ≡ A(x + 2) + B(x + 1) 
Put x = –1  A = 3 
Put x = –2  B = –2 

∴ 
23

4
2 ++

+
xx

x
=

2

2

1

3

+
−

+ xx
 


= 








++
+−

−

N

k kk

k

k2
2 23

4

1

1
=

= 







+
+

+
−

−

N

k kkk2 2

2

1

3

1

1
 

 = 
=== +

+
+

−
−

N

k

N

k

N

k kkk 222 2

1
2

1

1
3

1

1
 

 = 
+

=

+

=

−

=
+−

2

4

1

3

1

1

1
2

1
3

1 N

k

N

k

N

k kkk
 

 = 








+
+

+
++









+
++−







 ++
2

1

1

11
2

1

11

3

1
3

3

1

2

1
1

NNNNN
→ 

6

5
 as N → ∞ 
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1995 Paper 1 Q10 

Let α, β and γ be real and distinct and (x – α)(x – β)(x – γ) = x3 + px2 + qx + r. 

(a) Show that 

(i) 
rqxpxx

qpxx

xxx +++
++=

γ−
+

β−
+

α− 23

2 23111
; 

(ii) 3α2 + 2pα + q = (α – β)(α – γ). 

(b) Let f(x) be a real polynomial. Suppose Ax2 + Bx + C is the remainder when (3x2 + 2px + q)f(x) 

is divided by x3 + px2 + qx + r. 

(i) Prove that 
( ) ( ) ( ) 2

3 2

f f f Ax Bx C

x x x x px qx r

α β γ
α β γ

+ ++ + =
− − − + + +

. 

(ii) Express A, B and C in terms of α, β, γ, f(α), f(β) and f(γ). 

(a) (i) (x – α)(x – β)(x – γ) = x3 + px2 + qx + r for all x. 

Differentiating w.r.t. x on both sides, we have 

(x – α)(x – β) + (x – γ)(x – α) + (x – β)(x – γ) = 3x2 + 2px + q ⋯ (1) 

Hence 
( )( ) ( )( ) ( )( )

( )( )( )γ−β−α−
γ−β−+γ−α−+β−α−=

γ−
+

β−
+

α− xxx

xxxxxx

xxx

111
 

 =
rqxpxx

qpxx

+++
++

23

2 23
 

(ii) Put x = α into (1), we have 3α2 + 2pα + q = (α – β)(α – γ). 

(b) (i) Let (3x2 + 2px + q)f(x) = (x3 + px2 + qx + r)Q(x) + Ax2 + Bx + C 

 = (x – α)(x – β)(x – γ)Q(x) + Ax2 + Bx + C. 

Then (3α2 + 2pα + q)f(α) = Aα2 + Bα + C ⋯⋯ (2) 

Let 
rqxpxx

CBxAx

+++
++

23

2

=
γ−

+
β−

+
α− x

k

x

k

x

k 321 . 

Then Ax2 + Bx + C = k1(x – β)(x – γ) + k2(x – γ)(x – α) + k3(x – α)(x – β). 

Put x = α, we have Aα2 + Bα + C = k1(α – β)(α – γ) 

By (2), (3α2 + 2pα + q)f(α) = k1(α – β)(α – γ) 

By (a) (ii), k1 = f(α) 

Similarly, k2 = f(β) and k3 = f(γ). 

Hence 
( ) ( ) ( ) 2

3 2

f f f Ax Bx C

x x x x px qx r

α β γ
α β γ

+ ++ + =
− − − + + +

. 

(ii) From (b)(i), Ax2 + Bx + C = f(α)(x – β)(x – γ) + f(β)(x – γ)(x – α) + f(γ)(x – α)(x – β) 

Equating the coefficients of x2, x and the constant terms, we have 

A = f(α) + f(β) + f(γ) 

B = –[(β + γ)f(α) + (γ + α)f(β) + (α + β)f(γ)] 

C = β γf(α) + γ αf(β) + α βf(γ) 
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2000 Paper 1 Q12 

(a) Resolve 
( )22

23

1

23

−
+−−

xx

xxx
 into partial fractions. 

(b) Let P(x) = m(x – α1)(x – α2)(x – α3)(x – α4) where m, α1, α2, α3, α4 ∈R and m ≠ 0. Prove that 

(i) 
( )
( )xP

xP

xi i

'14

1

=
α−

=
, and 

(ii) 
( )

( )[ ] ( ) ( )
( )[ ]2

24

1
2

"'1

xP

xPxPxP

xi i

−=
α−


=

. 

(c) Let f(x) = ax4 – bx2 + a where ab > 0 and b2 > 4a2. 
(i) Show that the four roots of f(x) = 0 are real and none of them is equal to 0 or 1 . 
(ii) Denote the roots of f(x) = 0 by β1, β2, β3 and β4 . 

Find 
( )

= −ββ
+β−β−β4

1
22

23

1

23

i ii

iii  in terms of a and b . 

(a) Let 
( )22

23

1

23

−
+−−

xx

xxx ≡
( )22

11 −
+

−
++

x

D

x

C

x

B

x

A
, then 

Ax(x – 1)2 + B(x – 1)2 + Cx2(x – 1) + Dx2 ≡ x3 – x2 – 3x + 2 
Put x = 0  B = 2; put x = 1  D = –1 
Compare coefficient of x3: A + C = 1 
Differentiate once and put x = 0: A(–1)2 + 2B(–1) = –3 
 A – 4 = –3  A = 1, C = 0 

∴ 
( )22

23

1

23

−
+−−

xx

xxx ≡
( )22 1

121

−
−+

xxx
 

(b) (i) P(x) = m(x – α1)(x – α2)(x – α3)(x – α4) 

P'(x) = m[(x – α2)(x – α3)(x – α4) + (x – α1)(x – α3)(x – α4) + (x – α1)(x – α2)(x – α4) 

 + (x – α1)(x – α2)(x – α3)] 

∴ 
( )
( ) 

= α−
=

4

1

1'

i ixxP

xP
 

(ii) From (b)(i), 
( )
( )xP

xP

xi i

'14

1

=
α−

=
 

Differentiate both sides w.r.t. x. 

( )
( ) ( ) ( )[ ]

( )[ ]2

24

1
2

'"1

xP

xPxPxP

xi i

−=
α−

−
=

 

( )
( )[ ] ( ) ( )

( )[ ]2

24

1
2

"'1

xP

xPxPxP

xi i

−=
α−


=

 

(c) (i) Solve f(x) = 0, we have x2 =
a

abb

2

4 22 −±
 

∵ b2 > 4a2 and a ≠ 0, ∴ |b| > 22 4ab − > 0 

∵ ab > 0, ∴ (a > 0 and b > 0) or (a < 0 and b < 0) 

If b > 0, then b > 22 4ab − > 0 and a > 0. 

If b < 0, then –b > 22 4ab − > 0 and a < 0. 

Both sides imply x2 > 0. 
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Hence all roots of f(x) = 0 are real. 

Besides, f(0) = a ≠ 0 and f(1) = 2a – b ≠ 0 (∵ b2 > 4a2 ∴ (b + 2a)(b – 2a) > 0) 

∴ Both 0 and 1 are not the roots of f(x) = 0 . 

(ii) 
( )

= −ββ
+β−β−β4

1
22

23

1

23

i ii

iii =
( )

=== −β
−

β
+

β

4

1
2

4

1
2

4

1 1

11
2

1

i ii ii i

 (by (a)) 

 = ( ) ( ) ( )
=== β−

−
β−

+
β−

−
4

1
2

4

1
2

4

1 1

1

0

1
2

0

1

i ii ii i

 

 =
( )
( )

f ' 0

f 0
− +

( ) ( ) ( )
( )

2

2

f ' 0 f 0 f " 0
2

f 0

−  

  

–
( ) ( ) ( )

( )

2

2

f ' 1 f 1 f " 1

f 1

−  

  

 by (b)(i)&(ii) 

∵ f(x) = ax4 – bx2 + a, f '(x) = 4ax3 – 2bx and f "(x) = 12ax2 – 2b 

∴ f(0) = a, f '(0) = 0, f "(0) = –2b and 
f(1) = 2a – b, f '(1) = 2(2a – b), f "(1) = 2(6a – b) 

Hence 
( )

= −ββ
+β−β−β4

1
22

23

1

23

i ii

iii = 0 +
( )
2

2 20
2

a

ba −−
–

( )[ ] ( ) ( )
( )2

2

2

62222

ba

bababa

−
−−−−

 

 =
ba

ba

a

b

−
−−−

2

244
 

 = ( )baa

baba

−
−+

2

4104 22

 

2001 Paper 1 Q1 

(a) Resolve ( )( )22

8

+− xxx
 into partial fractions. 

(b) Show that ( )( )
= +−

2001

3 22

8

r rrr
<

12

11
. 

(a) Let ( )( )22

8

+− xxx
=

22 +
++

− x

C

x

B

x

A
, then 

Ax(x + 2) + B(x – 2)(x + 2) + Cx(x – 2) = 8 
Put x = 0  B = –2; put x = 2  A = 1; put x = –2  C = 1 

∴ ( )( )22

8

+− xxx
=

2

12

2

1

+
+−

− xxx
 

(b) ( )( )
= +−

2001

3 22

8

r rrr
=

=









+
+−

−

2001

3 2

12

2

1

r rrr
 

 = 






 +++++






 ++++−






 ++++
2003

1

7

1

6

1

5

1

2001

1

5

1

4

1

3

1
2

1999

1

3

1

2

1
1 ⋯⋯⋯  

 = 
2003

1

2002

1

2001

1

2000

1

4

1

3

1

2

1
1 ++−−−−+  

 < 
4

1

3

1

2

1
1 −−+ =

12

11
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2003 Paper 1 Q3 

(a) Resolve ( )( )31

35

++
−

xxx

x
 into partial fractions. 

(b) (i) Prove that ( )( )
= ++

−n

k kkk

k

1 31

35
<

2

3
 for any positive integer n. 

(ii) Evaluate ( )( )
∞

= ++
−

1 31

35

k kkk

k
. 

(a) Let ( )( )31

35

++
−

xxx

x
=

31 +
+

+
+

x

C

x

B

x

A
. 

5x – 3 ≡ A(x + 1)(x + 3) + Bx(x + 3) + Cx(x + 1) 
Put x = 0  A = –1; put x = –1  B = 4; put x = –3  C = –3 

∴ ( )( )31

35

++
−

xxx

x
=

3

3

1

41

+
−

+
+−

xxx
. 

(b) (i) ( )( )
= ++

−n

k kkk

k

1 31

35
=

=









+
−

+
+−

n

k kkk1 3

3

1

41
 

 = 
= =










+
−

+
+








+
+−

n

k

n

k kkkk1 1 3

1

1

1
3

1

11
 

 = 








+
−

+
−++−

+ 3

1

2

1

3

1

2

1
31

1

1

nnn
 

 =
3

3

2

3

1

1

2

3

+
−

+
−

+
+

nnn
 

 < 
2

3

1

1

2

3

+
−

+
+

nn
 (∵

3

3

+n
 > 0) 

 = ( )( )21

12

2

3

++
+−
nn

n
< 

2

3
 

(ii) ( )( )
∞

= ++
−

1 31

35

k kkk

k
= 









+
−

+
−

+
+

→∞ 3

3

2

3

1

1
lim

2

3

nnnn
=

2

3
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2009 Paper 1 Q2 

(a) Resolve ( )( )( )321212

1

++− xxx
 into partial fractions. 

(b) Evaluate ( )( )( )
∞

= ++−1 321212

1

k kkk
. 

(c) Find the greatest positive integer m such that ( )( )( ) 4000

1

321212

1 >
++−

∞

=mk kkk
. 

(a) Let f(x) = 






 +






 +






 −
2

3

2

1

2

1
xxx  

f’(x) = 






 +






 ++






 +






 −+






 +






 −
2

3

2

1

2

3

2

1

2

1

2

1
xxxxxx  

1
f '

2

 
 
 

= 2; 
1

f '
2

 − 
 

= –1; 
3

f '
2

 − 
 

= 2 

( )( )( )321212

1

++− xxx
= ( )( )( )2

3
2
1

2
1

1

8

1

++−
⋅

xxx
 

 =
( ) ( ) ( )( ) ( )( )3 31 1 1 1

2 2 2 2 2 2

1 1 1 1

8 f ' f ' f 'x x x

 
+ + − − + − +  

 

 = ( ) ( ) ( )







+
+

+
−

− 2
3

2
1

2
1 2

11

2

1

8

1

xxx
 

 = ( ) ( ) ( )328

1

124

1

128

1

+
+

+
−

− xxx
 

(b) ( )( )( )
∞

= ++−1 321212

1

k kkk
= ( ) ( ) ( )

∞

=









+
+

+
−

−1 328

1

124

1

128

1

k kkk
 

 = 
∞

=

∞

=

∞

= +
+

+
−

− 111 32

1

8

1

12

2

8

1

12

1

8

1

kkk kkk
 

 = 
∞

=

∞

=

∞

= +
+








+
+−









−
++

123 32

1

8

1

12

2

3

2

8

1

12

1

3

1
1

8

1

kkk kkk
 

 = 
∞

= +
+−+⋅

1 32

121

8

1

3

2

8

1

k k
=

12

1
 

(c) When m = 3, ( )( )( ) 4000

1

140

1

753

1

531

1

12

1

321212

1

2

>=
××

−
××

−=
++−

∞

=k kkk
 

For m > 3, ( )( )( ) 4000

1

321212

1 >
++−

∞

=mk kkk
 

( )( )( ) ( )( )( ) 4000

1

321212

1

321212

1 1

11

>
++−

−
++− 

−

=

∞

=

m

kk kkkkkk
 

( ) ( ) ( ) 4000

1

312

1

322

1

112

2

8

1

12

1

12

1 >
















+−
+

+−
+

+−
−−

mmm
 

4000

1

12

1

12

1

12

2

8

1 >








+
−

−
−

− mmm


500

1

14

2
2

>
−m

 250.25 > m2 

m < 15.8 
The greatest positive integral m is 15 . 
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2010 Paper 1 Q2 

(a) Resolve ( )( )41 22 −− xx

x
 into partial fractions. 

(b) By differentiating ( )( )41 22 −− xx

x
 , or otherwise, resolve ( ) ( )2222

24

41

453

−−
−−

xx

xx
  into partial 

fractions. 

(c) Evaluate ( ) ( )
∞

= −−
−−

3
2222

24

41

453

k kk

kk
. 

(a) Let ( )( )41 22 −− xx

x ≡
2211 +

+
−

+
+

+
− x

D

x

C

x

B

x

A
 

x ≡ A(x + 1)(x –2)(x + 2)+ B(x – 1)(x –2)(x + 2)+ C(x – 1)(x + 1)(x + 2)+ D(x – 1)(x + 1)(x – 2) 

Put x = 1 = –6A  A =
6

1−  

Put x = –1 = 6B  B =
6

1−  

Put x = 2 = 12C  C =
6

1
 

Put x = –2 = –12D  D =
6

1
 

( )( )41 22 −− xx

x ≡ 








+
+

−
+

+
−

−
−

2

1

2

1

1

1

1

1

6

1

xxxx
 

(b) Differentiate w.r.t. x 

( )( ) ( ) ( )[ ]
( ) ( )2222

2222

41

421241

−−
−+−−−−

xx

xxxxxxx ≡ ( ) ( ) ( ) ( ) 







+
−

−
−

+
+

− 2222
2

1

2

1

1

1

1

1

6

1

xxxx
 

( )
( ) ( )2222

324

41

10445

−−
−−+−

xx

xxxxx ≡ ( ) ( ) ( ) ( ) 







+
−

−
−

+
+

− 2222
2

1

2

1

1

1

1

1

6

1

xxxx
 

( ) ( )2222

24

41

453

−−
++−

xx

xx ≡ ( ) ( ) ( ) ( ) 







+
−

−
−

+
+

− 2222
2

1

2

1

1

1

1

1

6

1

xxxx
 

( ) ( )2222

24

41

453

−−
−−

xx

xx ≡ ( ) ( ) ( ) ( ) 







+
+

−
+

+
−

−
−

2222
2

1

2

1

1

1

1

1

6

1

xxxx
 

(c) ( ) ( )
∞

= −−
−−

3
2222

24

41

453

k kk

kk
= ( ) ( ) ( ) ( )

=∞→ 








+
+

−
+

+
−

−
−

n

k
n kkkk3

2222
2

1

2

1

1

1

1

1
lim

6

1
 

 = ( ) ( ) ( ) ( ) 
















+
−

+
+








−
−

− 
==∞→

n

k

n

k
n kkkk 3

22
3

22
1

1

2

1

6

1

1

1

2

1
lim

6

1
 

 = ( ) ( ) 







−

+
+

−
−

∞→ 16

1

2

1

1

1
1lim

6

1
22

nnn
 

 =
16

15

6

1 ⋅  

 =
32

5
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2011 Paper 1 Q3 

(a) Resolve ( )( )42

1

++ xxx
 into partial fractions. 

(b) Let n be a positive integer. 

(i) Express ( )( )
= ++

n

k kkk1 42

1
 in the form 

4321 +
+

+
+

+
+

+
+

n

E

n

D

n

C

n

B
A , where A, B , 

C, D and E are constants. 

(ii) Find ( )( )
∞

+= ++1 42

1

nk kkk
. 

(a) Let ( )( )42

1

++ xxx
≡

42 +
+

+
+

x

C

x

B

x

A
 

1 ≡ A(x + 2)(x + 4) + Bx(x + 4) + Cx(x + 2) 

Put x = 0: 8A = 1  A =
8

1
 

Put x = –2: –4B = 1  B =
4

1−  

Put x = –4: 8C = 1  C =
8

1
 

( )( )42

1

++ xxx
≡ ( ) ( )48

1

24

1

8

1

+
+

+
−

xxx
 

(b) (i)  ( )( )
= ++

n

k kkk1 42

1
 

= ( ) ( )
=










+
+

+
−

n

k kkk1 48

1

24

1

8

1
 

= 
=










+
+

+
−

n

k kkk1 4

1

2

21

8

1
 

= 








+
+

+
− 

===

n

k

n

k

n

k kkk 111 4

1

2

21

8

1
 

=














+
+

+
+

+
+

+
+

+
+














+
+

+
+

+
++−














++++ 

−

=

−
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