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Theorem 1 Let P(x) ≡ anx
n + an–1x

n–1 + ⋯ + a1x + a0, where an ≠ 0 

If P(x) has more than n different roots, then P(x) ≡ 0 

Proof: Let r1, r2, ⋯ , rn, rn+1 be the distinct roots. 

then P(r1) = 0, P(r2) = 0, ⋯ , P(rn) = 0, P(rn+1) = 0 

By factor theorem, P(x) = an(x – r1)(x – r2) … (x – rn)(x – rn+1) 

If an ≠ 0, then deg(P(x)) = n + 1, which is a contradiction. 

∴ an = 0 and P(x) ≡ 0 

Theorem 2 Let P(x) ≡ anx
n + an–1x

n–1 + ⋯ + a1x + a0, where an ≠ 0 

and Q(x) ≡ bnx
n + bn–1x

n–1 + ⋯ + b1x + b0, where bn ≠ 0 

If r1, r2, ⋯ , rn, rn+1 are n + 1 distinct numbers such that P(rk) = Q(rk) for k = 1, 2, ⋯ , n, 

n + 1, then P(x) ≡ Q(x) 

Proof: Let R(x) = P(x) – Q(x), then deg(R(x)) ≤ n 

R(rk) = P(rk) – Q(rk) = 0 for k = 1, 2, ⋯ , n + 1 

Hence r1, r2, ⋯ , rn, rn+1 are the distinct roots of R(x). 

By theorem 1, R(x) ≡ 0 and hence P(x) ≡ Q(x). 

Exercises 

1. By expanding and comparing coefficients, find the values of A, B and C: 

5x ≡ (Ax + B)(x + 1) + C(x2 – 2) 

2. If x5 + 3x4 – 6x3 + 2x2 – 3x + 7 ≡ A(x + 2)5 + B(x + 2)4 + C(x + 2)3 + D(x + 2)2 + E(x + 2) + F 

By differentiating many times and put x = –2, find the values of A, B, C, D, E and F. 

3. If 4x4 + 2x3 + 4x2 + x + 6 ≡ P(x) (2x2 + 1)2 + Q(x) (2x2 + 1) + R(x) 

By dividing (2x2 + 1) many times, find the polynomials P(x), Q(x) and R(x). 

4. If 5x2 – 12x + 9 ≡ (Ax + B)(x – 1)3 + C1(x
2 – 2x – 1)(x – 1)2 + C2(x

2 –2x–1)(x–1) + C3(x
2–2x–1) 

By dividing (x – 1) many times and put x = 1, find the values of A, B, C1, C2 and C3. 

5. Let a, b, c be three distinct constants. It is given that 

( )( )( ) ( )( )( ) ( )( )( ) ( )( )( )xcxbxa

rxqxp

xcbcac

c

xbabcb

b

xacaba

a

+++
++≡

+−−
+

+−−
+

+−−

2222

 

where p, q r are constants, and s = 7p + 8q + 9r, find the value of s. 

6. If axy + bx + cy + d = 0 can be written in the form 
( )

qy

py

qx

px

−
−λ=

−
−

,  

prove that 
a

λ−1
=

b

qp −λ
=

c

pq −λ
=

( )
d

pq λ−1
,  

where λ satisfies the equation (ad – bc)(λ2 + 1) = (b2 + c2 – 2ad)λ. 

7. If the equation (x – 1)(x3 – 2x2 – 7x – 3) is written in the form: 

(x – 2)4 + p(x – 2)3 + q(x – 2)2 + r(x – 2) + s, find the value of p, q, r and s. 

8. If a, b and c are distinct real numbers, prove the identity: 

( )( )
( )( )

( )( )
( )( )

( )( )
( )( )

2
222

x
bcac

bxaxc

abcb

axcxb

caba

cxbxa ≡
−−

−−+
−−

−−+
−−
−−

 

9. If a, b and c are unequal real numbers, prove the identity: 

( )
( )( )

( )
( )( )

( )
( )( ) cbax

bcac

cx

abcb

bx

caba

ax +++≡
−−

++
−−

++
−−

+
3

333
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10. If a, b, c and d are unequal real numbers, prove the identity:  

( )( )( )
( )( )( )

( )( )( )
( )( )( )

( )( )( )
( )( )( )

( )( )( )
( )( )( )

3111111111111
x

cdbdad

cxbxax

dcbcac

dxbxax

dbcbab

dxcxax

dacaba

dxcxbx ≡
−−−
−−−+

−−−
−−−+

−−−
−−−+

−−−
−−−

 

11. Given that p, q and r are distinct values of x which satisfy the equation: 

1=
γ−

+
β−

+
α− x

c

x

b

x

a
 

(a) Prove that, for all x other than x = α, x = β, x = γ ;  

( )( )( )
( )( )( )γ−β−α−

−−−−≡
γ−

+
β−

+
α− xxx

rxqxpx

x

c

x

b

x

a
1 . 

(b) Show that a =
( )( )( )

( )( )γ−αβ−α
α−α−α− rqp

, b =
( )( )( )

( )( )γ−βα−β
β−β−β− rqp

, c =
( )( )( )

( )( )β−γα−γ
γ−γ−γ− rqp

. 

(c) Prove that ( ) ( ) ( )
( )( )

( )( )( )γ−β−α−
−−≡

γ−
+

β−
+

α− ppp

rpqp

p

c

p

b

p

a
222

. 

12. (a) If ax2 + 2bx + c can be written in the form A(x – α)2 + B(x – β)2,  

prove that aαβ + b(α + β) + c = 0 

(b) Let u(x) = 16x2 + 12x + 39 and v(x) = 9x2 – 2x + 11. 

Find the values of λ for which u(x) + λ v(x) is a perfect square. 

(i) Show that u(x) and v(x) can be expressed in the following form: 

u(x) = A(x + α)2 + B(x + β)2 

v(x) = A'(x + α)2 + B'(x + β)2 

for some constants A, A', B, B', α and β. 

(ii) Using (b)(i) or otherwise, show that 
( )
( ) 4

2

3 ≤≤
xv

xu
 for all x . 

13. Prove that if a, b, c are the roots of the equation x3 – 3dx – p = 0,  

then x6 + px3 + d3 ≡ (x2 + ax + d)(x2 + bx + d)(x2 + cx + d). 

Hence express x6 – 20x3 + 343 as a product of 3 factors. 

 

End of Exercise 
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1. 5x ≡ (Ax + B)(x + 1) + C(x2 – 2) 

5x ≡ (A + C)x2 + (A + B)x + (B – 2C) 

Compare coefficients of both sides 

x2: A + C = 0 ⋯ (1) 

x : A + B = 5 ⋯ (2) 

1: B – 2C = 0 ⋯ (3) 

(2) – (3): A = 5 – 2C ⋯ (4) 

Sub. (4) into (1): 5 – 2C + C = 0 

C = 5, A = –5, B = 10 

2. x5 + 3x4 – 6x3 + 2x2 – 3x + 7 ≡ A(x + 2)5 + B(x + 2)4 + C(x + 2)3 + D(x + 2)2 + E(x + 2) + F 

Put x = –2  –32 + 48 + 48 + 8 + 6 + 7 = F  F = 85 

Differentiate once 5x4 + 12x3 –18x2 +4x – 3 ≡ 5A(x+2)4 + 4B(x+2)3 + 3C(x+2)2 + 2D(x+2) + E 

Put x = –2  80 – 96 – 72 – 8 – 3 = E  E = –99 

Differentiate twice 20x3 + 36x2 – 36x + 4 ≡ 20A(x + 2)3 + 12B(x + 2)2 + 6C(x + 2) + 2D 

Put x = –2  –160 + 144 + 72 + 4 = 2D  60 = 2D  D = 30 

Differentiate trice 60x2 + 72x – 36 ≡ 60A(x + 2)2 + 24B(x + 2) + 6C 

Put x = –2  240 – 144 – 36 = 6C  60 = 6C  C = 10 

Differentiate 4 times 120x + 72 ≡ 120A(x + 2) + 24B 

Put x = –2  –240 + 72 = 24B  –10 + 3 = B  B = –7 

Differentiate 5 times 120 ≡ 120A  A = 1 

3. 4x4 + 2x3 + 4x2 + x + 6 ≡ P(x) (2x2 + 1)2 + Q(x) (2x2 + 1) + R(x) 

5         

       1     2)
     6     2 

                                  

               2)                 
6  2 2                    

2         4)

    

1   2

6424   12

2

2

3

23

24

2

2342

+−
+

+−
+++

+−

++
+++++

x
x

xx
xxx

xx

xx

xxxxx

x

x

xxx

                

1      2)        
    

1

1212

2

22

+−

+++
 2x2 + x + 1 ≡ (2x2 + 1) + x 

∴ 4x4 + 2x3 + 4x2 + x + 6 ≡ (2x2 + 1)(2x2 + x + 1) + 5 

≡ (2x2 + 1)2 + x(2x2 + 1) + 5; P(x) = 1, Q(x) = x, R(x) = 5 

4. 5x2–12x+9 ≡ (Ax + B)(x–1)3 + C1(x
2–2x–1)(x–1)2 + C2(x

2–2x–1)(x–1) + C3(x
2–2x–1) … (1) 

Put x = 1, 2 = –2C3  C3 = –1 

(1) becomes 5x2–12x+9 ≡ (Ax + B)(x–1)3 + C1(x
2–2x–1)(x–1)2 + C2(x

2–2x–1)(x–1) – (x2–2x–1) 

 5x2– 12x + 9 + (x2 – 2x – 1) ≡ (Ax + B)(x–1)3 + C1(x
2–2x–1)(x – 1)2 + C2(x

2 – 2x – 1)(x – 1) 

 6x2 – 14x + 8 ≡ (Ax + B)(x – 1)3 + C1(x
2 – 2x – 1)(x – 1)2 + C2(x

2 – 2x – 1)(x – 1) 

 2(x – 1)(3x + 4) ≡ (Ax + B)(x – 1)3 + C1(x
2 – 2x – 1)(x – 1)2 + C2(x

2 – 2x – 1)(x – 1) 

Divide by (x – 1)  6x – 8 ≡ (Ax + B)(x – 1)2 + C1(x
2 – 2x – 1)(x – 1) + C2(x

2 – 2x – 1) … (2) 

Put x = 1  –2 = –2C2  C2 = 1 
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(2) becomes 6x – 8 ≡ (Ax + B)(x – 1)2 + C1(x
2 – 2x – 1)(x – 1) + (x2 – 2x – 1) 

6x – 8 – x2 + 2x + 1 ≡ (Ax + B)(x – 1)2 + C1(x
2 – 2x – 1)(x – 1) 

 –x2 + 8x – 7 ≡ (Ax + B)(x – 1)2 + C1(x
2 – 2x – 1)(x – 1) 

 –(x – 1)(x – 7) ≡ (Ax + B)(x – 1)2 + C1(x
2 – 2x – 1)(x – 1) 

Divide by (x – 1)  –x + 7 ≡ (Ax + B)(x – 1) + C1(x
2 – 2x – 1) … (3) 

Put x = 1  6 = C1(–2)  C1 = –3 

(3) becomes –x + 7 ≡ (Ax + B)(x – 1) – 3(x2 – 2x – 1) 

–x + 7 + 3(x2 – 2x – 1) ≡ (Ax + B)(x – 1) 

3x2 – 7x + 4 ≡ (Ax + B)(x – 1) 

(3x – 4)(x – 1) ≡ (Ax + B)(x – 1) 

3x – 4 ≡ Ax + B  A = 3, B = –4 

5. ( )( )( ) ( )( )( ) ( )( )( ) ( )( )( )xcxbxa

rxqxp

xcbcac

c

xbabcb

b

xacaba

a

+++
++≡

+−−
+

+−−
+

+−−

2222

 

Rewrite it as 
( )( )

( )
( )( )

( )
( )( )

( ) ( )( )( )xcxbxa

rxqxp
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c

xb
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b
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+++
++≡

+
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+
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+
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222

 

Taking the common denominator, and equating the numerator of both sides. 

( )( )
( )( )

( )( )
( )( )

( )( )
( )( )

2
222

rxqxp
bcac

xbxac

abcb

xcxab

caba

xcxba ++≡
−−

+++
−−

+++
−−
++

 

Put x = –a, –b, –c respectively. 









+−=
+−=
+−=

22

22

22

rcqcpc

rbqbpb

raqapa

 

( )
( )
( )








=−−−
=−−−
=−−−

01

01

01

2

2

2

pqcrc

pqbrb

pqara

 

∴a, b and c are three distinct roots of (r − 1)x2 − qx − p = 0 

By the above theorem, p = 0, q = 0, r = 1. 

s = 7p + 8q + 9r = 9 

6. axy + bx + cy + d = 0 ⋯ (1) 

( )
qy

py

qx

px

−
−λ=

−
−

 

(x – p)(y – q) = λ(x – q)(y – p) 

xy – py – qx + pq = λxy – λqy – λpx + pqλ 

(1 – λ)xy + (pλ – q)x + (qλ – p)y + pq(1 – λ) = 0 … (2) 

Compare (1) and (2)  
a

λ−1
=

b

qp −λ
=

c

pq −λ
=

( )
d

pq λ−1
 

Let a = (1 – λ)t, b = (pλ – q)t, c = (qλ – p)t, d = pq(1 – λ)t 

To show that (ad – bc)(λ2 + 1) = (b2 + c2 – 2ad)λ. 

LHS = (ad – bc)(λ2 + 1) 

 = [(1 – λ)tpq(1 – λ)t – (pλ – q)t(qλ – p)t](λ2 + 1) 

 = [(1 – λ)2pq – (pλ – q)(qλ – p)](λ2 + 1)t2 
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 = [pq – 2pqλ + pqλ2 – (pqλ2 – q2λ – p2λ + pq)](λ2 + 1)t2 

 = λ(p2 – 2pq + q2)(λ2 + 1)t2 

 = λ(λ2 + 1)(p – q)2 t2 

RHS = (b2 + c2 – 2ad)λ 

 = [(pλ – q)2 t2 + (qλ – p)2 t2 – 2(1 – λ)tpq(1 – λ)t]λ 

 = λ[(pλ – q)2 + (qλ – p)2 – 2pq(1 – λ)2]t2 

 = λ(p2λ2 – 2pqλ + q2 + q2λ2 – 2pqλ + p2 – 2pq + 4pqλ – 2pqλ2) t2 

 = λ(p2λ2 – 2pqλ2 + q2λ2 + p2 – 2pq + q2) t2 

 = λ[λ2 (p – q)2 + (p – q)2] t2 

 = λ(λ2 + 1)(p – q)2 t2 

∴ LHS = RHS 

7. (x – 1)(x3 – 2x2 – 7x – 3) = x4 – 3x3 – 5x2 + 4x + 3 

x4–3x3–5x2+4x+3 ≡(x–2)4+p(x–2)3+q(x–2)2+r(x–2)+s 

Put x = 2: (2 – 1)(8 – 8 – 14 – 3) = s  s = –17 

Differentiate once: 

4x3 – 9x2 – 10x + 4 ≡ 4(x–2)3 + 3p(x–2)2 + 2q(x–2)+r 
34531

3721

3721

11)

3721

−−
−

−−−
−×
−−−

 

Put x = 2: 32 – 36 – 20 + 4 = r  r = –20 

Differentiate twice: 12x2 – 18x – 10 ≡ 12(x – 2)2 + 6p(x – 2) + 2q 

Put x = 2: 48 – 36 – 10 = 2q  q = 1 

Differentiate trice: 24x – 18 ≡ 24(x – 2) + 6p 

Put x = 2: 48 – 18 = 6p  p = 5 

8. 
( )( )

( )( )
( )( )

( )( )
( )( )

( )( )
2

222

x
bcac

bxaxc

abcb

axcxb

caba

cxbxa ≡
−−

−−+
−−

−−+
−−
−−

 

Put x = a, LHS = a2, RHS = a2 

Put x = b, LHS = b2, RHS = b2 

Put x = c, LHS = c2, RHS = c2 

∵LHS is a polynomial in x with degree 2, so is RHS. 

∴ LHS ≡ RHS 

9. 
( )

( )( )
( )

( )( )
( )

( )( ) cbax
bcac

cx

abcb

bx

caba

ax +++≡
−−

++
−−

++
−−

+
3

333

 

Put x = –a, LHS =
( )
( )

( )
( )bc

ac

cb

ab

−
−+

−
− 22

;    RHS = –3a + a + b + c = –2a + b + c 

 =
( ) ( )

cb

acab

−
−−− 22

 

 =
( )( )

cb

acabacab

−
+−−−+−

 

 =
( )( )

cb

cbacb

−
−−+ 2

 

 = b + c – 2a = RHS 

∵ The expression are cyclic in a, b and c. ∴ When x = –b or –c, LHS = RHS 

Compare coefficient of x3: 

LHS = ( )( ) ( )( ) ( )( )bcacabcbcaba −−
+

−−
+

−−
111

; RHS = 0 

 = ( )( )( )accbba

abcabc

−−−
−+−+−

= 0 = RHS 
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LHS is a polynomial in x of degree < 3, RHS is a polynomial of degree 1. 

∴ LHS ≡ RHS 

10. 
( )( )( )
( )( )( )

( )( )( )
( )( )( )

( )( )( )
( )( )( )

( )( )( )
( )( )( )

3111111111111
x

cdbdad

cxbxax

dcbcac

dxbxax

dbcbab

dxcxax

dacaba

dxcxbx ≡
−−−
−−−+

−−−
−−−+

−−−
−−−+

−−−
−−−

 

If a, b, c, d ≠ 0, put x =
a

1
, LHS =

( )( )( )
( )( )( )dacaba

dacaba

a −−−
−−−

3

1
=

3

1

a
= RHS 

Similarly, put x =
b

1
, 

c

1
, 

d

1
; LHS = RHS 

LHS is a polynomial in x of degree 3, so is RHS. 

∴ LHS = RHS 

If a = 0, then b, c, d ≠ 0, 

LHS =
( )( )( ) ( )( )

( )( )
( )( )

( )( )
( )( )
( )( )cdbdd

cxbx

dcbcc

dxbx

dbcbb

dxcx

bcd

dxcxbx

−−
−−+

−−
−−+

−−
−−+

−
−−− 111111111

 

Put x =
b

1
, LHS =

3

1

b
= RHS 

Similarly, put x =
c

1
, 

d

1
, LHS = RHS. 

Compare the coefficient of x3: LHS = 1 = RHS 

∴ LHS ≡ RHS 

11. 1=
γ−

+
β−

+
α− x

c

x

b

x

a
, roots: p, q and r. 

a(x – β)(x – γ) + b(x – α)(x – γ) + c(x – α)(x – β) = (x – α)(x – β)(x – γ) … (1) 

Put x = p  a(p – β)(p – γ) + b(p – α)(p – γ) + c(p – α)(p – β) = (p – α)(p – β)(p – γ) … (2) 

(a) To prove that 
( )( )( )
( )( )( )γ−β−α−

−−−−≡
γ−

+
β−

+
α− xxx

rxqxpx

x

c

x

b

x

a
1  … (3) 

⇔ 
( )( ) ( )( ) ( )( )

( )( )( )
( )( )( ) ( )( )( )

( )( )( )γ−β−α−
−−−−γ−β−α−≡

γ−β−α−
β−α−+γ−α−+γ−β−

xxx

rxqxpxxxx

xxx

xxcxxbxxa … (4) 

Put x = p, LHS =
( )( ) ( )( ) ( )( )

( )( )( )γ−β−α−
β−α−+γ−α−+γ−β−

ppp

ppcppbppa
 

 =
( )( )( )
( )( )( )γ−β−α−

γ−β−α−
ppp

ppp
= 1 (by (2)) 

 RHS =
( )( )( )
( )( )( )γ−β−α−

γ−β−α−
ppp

ppp
= 1; ∴LHS = RHS 

Similarly, put x = q and x = r, LHS = RHS 

Numerator of LHS of (4) is a polynomial of degree 2. 

Numerator of RHS of (4) is also a polynomial of degree 2. 

∴ LHS ≡ RHS 

(b) Compare the numerator of (4): 

a(x – β)(x – γ) + b(x – α)(x – γ) + c(x – α)(x – β) ≡ (x – α)(x – β)(x –γ) – (x–p)(x–q)(x–r) 

Put x = α  a(α – β)(α – γ) = –(α – p)(α – q)(α – r) 

  a =
( )( )( )

( )( )γ−αβ−α
α−α−α− rqp

 

Similarly, put x = β, b =
( )( )( )

( )( )γ−βα−β
β−β−β− rqp

; put x = γ, c =
( )( )( )

( )( )β−γα−γ
γ−γ−γ− rqp

. 

(c) Differentiate (3): 
( )( )( )
( )( )( )γ−β−α−

−−−−≡
γ−

+
β−

+
α− xxx

rxqxpx

x

c

x

b

x

a
1  
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( ) ( ) ( )
( )( )( )
( )( )( )







γ−β−α−
−−−−≡

γ−
−

β−
−

α−
−

xxx

rxqxpx

dx

d

x

c

x

b

x

a
222

 …… (5) 

Let y =
( )( )( )
( )( )( )γ−β−α−

−−−
xxx

rxqxpx
 

ln y = ln(x – p) + ln(x – q) + ln(x – r) – ln(x – α) – ln(x – β) – ln(x – γ) 

γ−
−

β−
−

α−
−

−
+

−
+

−
=

xxxrxqxpxdx

dy

y

1111111
 










γ−
−

β−
−

α−
−

−
+

−
+

−
=

xxxrxqxpx
y

dx

dy 111111
 

 =
( )( )

( )( )( )
( )( )( )
( )( )( ) 









γ−
−

β−
−

α−
−

−
+

−γ−β−α−
−−−+

γ−β−α−
−−

xxxrxqxxxx

rxqxpx

xxx

rxqx 11111
 

Sub. into (5): 

( ) ( ) ( )
( )( )

( )( )( )
( )( )( )
( )( )( ) 









γ−
−

β−
−

α−
−

−
+

−γ−β−α−
−−−−

γ−β−α−
−−−≡

γ−
−

β−
−

α−
−

xxxrxqxxxx

rxqxpx

xxx

rxqx

x

c

x

b

x

a 11111
222

 

Put x = p and multiply by –1, ( ) ( ) ( )
( )( )

( )( )( )γ−β−α−
−−≡

γ−
+

β−
+

α− ppp

rpqp

p

c

p

b

p

a
222

. 

12. (a) ax2 + 2bx + c ≡ A(x – α)2 + B(x – β)2 

Put x = α  aα2 + 2bα + c ≡ B(α – β)2 ⋯⋯ (1) 

Put x = β  aβ2 + 2bβ + c ≡ A(β – α)2 ⋯ (2) 

Compare coefficient of x2: a = A + B  ⋯ (3) 

(1) + (2): a(α2 + β2) + 2b(α + β) + 2c = (A + B)(α – β)2 

By (3): a(α2 + β2) + 2b(α + β) + 2c = a(α2 – 2αβ + β2) 

 2a(αβ) + 2b(α + β) + 2c = 0 

 aαβ + b(α + β) + c = 0 

(b) u(x) = 16x2 + 12x + 39, v(x) = 9x2 – 2x + 11. 

u(x) + λ v(x) = 16x2 + 12x + 39 + λ(9x2 – 2x + 11) 

 = (16 + 9λ)x2 + (12 – 2λ)x + 39 + 11λ 

For u(x) + λ v(x) to be a perfect square, u(x) + λ v(x) = 0 has a double root  ∆ = 0 

∆ = (12 – 2λ)2 – 4(16 + 9λ)(39 + 11λ) = 0 

4[(6 – λ)2 – (16 + 9λ)(39 + 11λ)] = 0 

36 – 12λ + λ2 – 624 – 351λ – 176λ – 99λ2 = 0 

–98λ2 – 539λ – 588 = 0 

2λ2 + 11λ + 12 = 0 

(λ + 4)(2λ + 3) = 0 

 λ = –4 or λ =
2

3−  

(i) When λ = –4, u(x) – 4 v(x) = –20x2 + 20x – 5 =

2

2

1
20 







 −− x  … (4) 

When λ =
2

3− , u(x)
2

3− v(x) =
2

45

2

30

2

5 2 ++ xx = ( )2
3

2

5 +x  … (5) 

(5) – (4): ( ) ( )2

2

3
2

5

2

1
20

2

3
4 ++







 −=






 − xxxv  

 ( ) ( )2

2

3
2

5

2

1
20

2

5 ++






 −= xxxv  
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 v(x) = ( )2

2

3
2

1
8 ++







 − xx  … (6) 

Sub. (6) into (4): u(x) = 4 v(x)

2

2

1
20 







 −− x  

 = ( )
2

2

2

2

1
2034

2

1
32 







 −−++






 − xxx  

 = ( )2

2

34
2

1
12 ++







 − xx  

(ii) 
( )
( )xv

xu
=

( )

( )2

2

2

2

3
2

1
8

34
2

1
12

++






 −

++






 −

xx

xx

 

From (4): u(x) – 4 v(x) =

2

2

1
20 







 −− x ≤ 0 

From (5): u(x)
2

3− v(x) ≥ 0 

∴ 
( )
( ) 4

2

3 ≤≤−
xv

xu
 

13. x3 – 3dx – p = 0, roots: a, b, c 

By the relation between the roots and coefficients: 

a + b + c = 0, ab + bc + ca = –3d, abc = p 

To prove that x6 + px3 + d3 ≡ (x2 + ax + d)(x2 + bx + d)(x2 + cx + d). 

Let t = x2 + d, RHS = (t + ax)(t + bx)(t + cx) 

 = t3 + (a + b + c)xt2 + (ab + bc + ca)x2t + abcx3 

 = t3 – 3dx2t + px3 

 = (x2 + d)3 – 3dx2(x2 + d) + px3 

 = x6 + 3dx4 + 3x2d2 + d3 – 3dx4 – 3d2x2 + px3 

 = x6 + px3 + d3 = LHS 

Compare x6 – 20x3 + 343 with x6 + px3 + d3: 

p = –20, d3 = 343  d = 7 

( )
( )
( )








−=
−=++

=++

3 20

2  21

1      0

⋯⋯

⋯⋯

⋯⋯

abc

cabcab

cba

 

By guess, a = 1, b = 4, c = –5 

Sub. into (1): 1 + 4 – 5 = 0 

Sub. into (2): 4 – 20 – 5 = –21 

Sub. into (3): 1(4)(–5) = –20 

∴ x6 – 20x3 + 343 ≡ (x2 + x + 7)(x2 + 4x + 7)(x2 – 5x + 7) 


