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Theorem 1 Let P(x) = a,x" + an X" + -+ + a1x + ao, where a, 2 0
If P(x) has more than n different roots, then P(x) =0
Proof: Let r1, ra, --- , ra, Ine1 be the distinct roots.
then P(r1) =0, P(r2) =0, ---, P(r,) =0, P(rn+1) =0

By factor theorem, P(x) = an(x — r1)(x — 12) ... (x — Fp)(X — Fs1)
If a, # 0, then deg(P(x)) = n + 1, which is a contradiction.
U a,=0and P(x) =0

Theorem 2 Let P(x) = anxX" + an1x' + -+ + a1x + ao, where a, Z 0

and Q(x) = buX" + by X" + -+ + bix + bo, where b, 2 0

If r1, 72, -+, ru, rae1 are n + 1 distinct numbers such that P(rx) = Q(rx) fork=1, 2, --- , n,

n + 1, then P(x) = O(x)
Proof: Let R(x) = P(x) — Q(x), then deg(R(x)) < n
R(ri) =P(ri) —Q(ri) =0fork=1,2,--- ,n+1

Hence r1, 2, -+, 1, ras1 are the distinct roots of R(x).
By theorem 1, R(x) = 0 and hence P(x) = Q(x).
Exercises

1. By expanding and comparing coefficients, find the values of A, B and C:
5x=Ax+B)(x+ 1)+ C(x* = 2)

2. KX +3x* -6 +2%-3x+7=Ax+2  +Bx+2* + C(x+ 2 + D(x + 2> + Ex +2) + F
By differentiating many times and put x = -2, find the values of A, B, C, D, E and F.

3. If 4x* + 20 + 4% + x + 6 = P(x) 2% + 1)* + Q(x) 2x* + 1) + R(x)
By dividing (2x* + 1) many times, find the polynomials P(x), Q(x) and R(x).

4. If5x°-12x+9=(Ax+ B)(x— 1)’ + C1(x* = 2x = )(x = 1)> + C2(x* 2x=1)(x=1) + C3(x>2x—1)
By dividing (x — 1) many times and put x = 1, find the values of A, B, Ci, C> and Cs.

5. Let a, b, c be three distinct constants. It is given that

a’ + b® N c’ __ ptgx+ rx’
(a-bla-cfa+x) (b-cfo-a)o+x) (c-alc-blc+x) (a+x)o+x)c+x)

where p, g r are constants, and s = 7p + 8¢ + 9r, find the value of s.

6. Ifaxy + bx + cy + d =0 can be written in the form P :)\(y—p),

X—q y—q
srove that LA PA=a _ AP _ pa(i=2)
a b c d

where A satisfies the equation (ad — bc)(A? + 1) = (b* + ¢ — 2ad).
7. If the equation (x — 1)(x* — 2x* — 7x — 3) is written in the form:

(x =2+ p(x = 2)* + g(x = 2)* + r(x — 2) + s, find the value of p, g, r and s.
8. If a, b and c are distinct real numbers, prove the identity:

az(x—b)(x—c) 4 bz(x —c)(x—a) + cz(x—a)(x—b) _

(@b)a-c)  (-cfb-a) (c-afc-b)
9. Ifa, b and c are unequal real numbers, prove the identity:
(x+a)3 + (x+b)3 + (X+C)3 =3x+a+b+c
(a-bfa=c) (b-c)o-a) (c-a)lc-b)
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10. If a, b, c and d are unequal real numbers, prove the identity:
(1 - bx)(l - cx)(l - dx) + (1 - ax)(l - cx)(l - dx) + (1 - ax)(l - bx)(l - dx) + (1 - ax)(l - bx)(l - cx)
(a-bfa=cla=d)  (p-a)b-c)o-d)  (c-a)lc-blc-d) (d-a)ld-b)d-c)

11. Given that p, g and r are distinct values of x which satisfy the equation:

a b c
+ + =1
x—a x—-fB x-y

(a) Prove that, for all x other thanx=d,x=B,x=VY;

a b, c _ _(x=pfx-g)x-r)

x—a x-p x-y o (r-a)x-pla-y)
) Show thata =2 =Na=a)r=a) ,'_(p-Bla-B)r=B) ._(p—yllg-v)r-v)

(a-B)a-y) B-o)B-y) (y-a)y-B)

that a_ . b c  _ ( - )( —r)
© Pt (o=allo-8p-)

(r-aF  (r=BF " (r-VF
12. (a) Ifax®+ 2bx + c can be written in the form A(x — a)? + B(x — B)?,
prove that aaf + b +B)+c=0
(b) Let u(x) = 16x* + 12x + 39 and v(x) = 9x*> — 2x + 11.

Find the values of A for which u(x) + A v(x) is a perfect square.

(1)  Show that u(x) and v(x) can be expressed in the following form:
u(x) = A(x + a)? + B(x + B)?
v(x) =A'(x + 0)? + B'(x + B)?

for some constants A, A', B, B', o and [3.

(i) Using (b)(i) or otherwise, show that % < M <4 forall x.

v{x)
13. Prove that if a, b, ¢ are the roots of the equation x> = 3dx - p=0,
then x° + px° + d® = (& + ax + d)(? + bx + A)(X* + cx + d).
Hence express x° — 20x° + 343 as a product of 3 factors.

End of Exercise
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. Sx=(Ax+B)(x+1)+C(x*-2)
5x=E(A+Ox*+(A+B)x+(B-20)
Compare coefficients of both sides
¥ A+C=0--(1)
x:A+B=5--(2)
1:B-2C=0---(3)
2)-3):A=5-2C---(4)
Sub. (4)into (1): 5-2C+C=0
C=5A=-5B=10
2. 43 -6 +2%-3x+T7=AG+2’ +Bx+ 2+ C(x+ 2 +D(x + 2+ E(x+2) + F
Putx=-2=-32+48+48+8+6+7=F=F=285
Differentiate once 5x* + 12x° —18x? +4x — 3 = 5A(x+2)* + 4B(x+2)* + 3C(x+2)*> + 2D(x+2) + E
Putx=-2=80-96-72-8-3=E=E=-99
Differentiate twice 20x> + 36x> — 36x + 4 = 20A(x + 2)° + 12B(x + 2)> + 6C(x + 2) + 2D
Putx=-2=-160+144+72+4=2D = 60=2D = D =30
Differentiate trice 60x% + 72x — 36 = 60A(x + 2)> + 24B(x + 2) + 6C
Putx=-2=240-144-36=6C=60=6C= C=10
Differentiate 4 times 120x + 72 = 120A(x + 2) + 24B
Putx=-2—=-240+72=24B=-10+3=B=B=-7
Differentiate 5 times 120 = 1204 = A =1
3. A2 +4° +x+6=P(x) 2% + 12 + 0(x) 2x* + 1) + R(x)

2x* +x+1
2x% +1 ) 4x*+2x3 +4x +x+6

1

-)4x* + 2x° 0?4 W
x°+ x +x+
2x° +2x° +x+6 s 2% +x+1=Qx%+ 1) +x
-2x°+  x 2x"+ 1
2x*+ 6 X
-2x*+ 1
5

O4x*+28° +4°% +x+6 =22+ D% +x+ 1) +5
=2+ 1) +x2+ 1)+ 5, Px)=1,0(x)=x, R(x) =5

4. 5x%-12x49 = (Ax + B)(x—1)? + C1(>2x-1)(x=1)* + C2(x*-2x-1)(x—1) + C3(x*2x—1) ... (1)
Putx=1,2=-2C3 = C3=-1
(1) becomes 5x’—12x+9 = (Ax + B)(x—1)> + C1(x*2x-1)(x—=1)* + C2(x*2x—1)(x—1) — (x*2x—1)
=5 12x+9+(x*-2x—- 1) = (Ax + B)(x=1)> + C1(x®>2x-D(x - 1)> + Co(x* = 2x - D(x = 1)
=6 - 14x+8=Ax+B(x -1+ i -2x-Dx- 1>+ Co(x* = 2x - D(x - 1)
=2-DBx+4) =Ax+B)(x -1+ Ci(x* = 2x - D(x = 1> + Co(x* = 2x - D(x = 1)
Divideby (x— 1) = 6x-8=(Ax+B)(x— 1>+ Ci(x* = 2x— D(x - 1) + C2(x* =2x - 1) ... (2)
Putx=1=-2=-2C=C=1
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(2) becomes 6x—8 = (Ax + B)(x— 1)+ C1(x* = 2x— D(x -1 + (x> =2x—1)
6x—8 - +2x+1=Ax+B)(x- 1)+ C1(x* = 2x - 1)(x - 1)
=X +8-T=Ax+B)x -1 +Ci(x@*-2x-D(x-1)

= -(x-Dx-7=Ax+B)(x-1)2+Ci(x*-2x-1(x—-1)
Divideby (x— 1) => x+7=Ax+B)(x - 1)+ Ci(x* = 2x—-1) ... (3)
Putx=1=6=Ci(-2) = Ci=-3

(3) becomes —x + 7= (Ax + B)(x — 1) = 3(x* - 2x - 1)
x+T7+30%2-2x-1)=Ax+B)(x-1)
3x°-Tx+4=Ax+B)(x-1)

Bx—-4dHx-1)=EAx+B)(x-1)

3x-4=Ax+B=>A=3,B=-4

5. a’ + b* 4 c’ _ p+agx+rx’
la-bla-cla+tx) (b-cfo-a)o+x) lc-afc-blc+x) (a+x)o+x)c+as)
a’ b* c’
Rewrite it as (a - b)(a - c) + (b - c)(b - a) N (c - a)(c - b) - prgx+ rx’
(a+) (b+x) (c+x)  (a+a)b+x)c+x)

Taking the common denominator, and equating the numerator of both sides.
az(b+x)(c+x) + bz(a+x)(c+x) 4 cz(a +x)(b+x) =p+gxtm’
(a - b)(a - c) (b - c)(b - a) (c - a)(c - b)

Put x = —a, —b, —c respectively.

a’=p-qa+ra’ az(r—l)—qa—pZO
b =p-gb+rb*= Jb*(r-1)-gb-p=0
c*=p-gc+rc’ cz(r—l)—qc—p=0

Oa, b and c are three distinct roots of (r — 1)x*> —gx —p =0
By the above theorem, p=0,g=0,r=1.
s=Tp+8q+9r=9
6. axy+bx+cy+d=0---(1)
x=p _My-p)
xX—q y—dq
(x=p)O-q@)=Ax-q@)(y~-p)
Xy —py — qx + pq = Axy — Agy — Apx + pgA
(I=Mxy + (A —@)x + (gA=p)y +pg(1 -N) =0 ... (2)
1-A _pA=q_qr=p_pq(l-1)
b c d
Leta=(1-Mt,b=(pA-q)t,c=(gA-p)t,d=pg(l =Nt
To show that (ad — bc)(A? + 1) = (b* + ¢ — 2ad)A.
LHS = (ad — be)(A2 + 1)
= [(1 = Mipg(1 = Nyt = (pA = )i(gA — p)t](A* + 1)
= [(1=N)’pg — (pA = g)(g\ — p)IN* + D

Compare (1) and (2) =
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= [pq —2pg\ + pgh* = (g’ — ¢\ = p*A + p)I(A* + Dr?
=ANp* = 2pq + ¢ )N + D
=AA2+ D(p-9g)* P
RHS = (b* + ¢* - 2ad)\
=[(pA - q@)* £ + (gh — p)* £ = 2(1 = Nipg(1 = D]\
= M(PA - g)* + (gA — p)* = 2pq(1 — N1¢
= ANp*\> = 2pg\ + ¢ + ¢°N* = 2pg\ + p* — 2pq + 4pgh — 2pg\?) 1
= ANp*N> = 2pg\* + ¢*N> + p* = 2pq + @) 1*
=AN -9+ (-9’17
=ANN2+ D(p—g)P P

[0 LHS =RHS
7. -DE =22 =Tx=3)=x*-3° -5 +4x + 3 1 -2 -7 -3
X352+ 4x+3 =(x-2)*+p(x=2)3+q(x=2)*+r(x=2)+s x) 1 -1
Putx=2:2-1)8-8-14-3)=s=>s5s=-17 1 -2 -7 -3
Differentiate once:
3 2 — 3 2 -1 2 7
4x" —9x" — 10x + 4 =4(x-2)° + 3p(x=2)" + 2g(x—2)+r " ; < 4 3

Putx=2:32-36-20+4=r=r=-20
Differentiate twice: 12x* — 18x — 10 = 12(x — 2)* + 6p(x — 2) + 2¢
Putx=2:48-36-10=2g=¢g=1

Differentiate trice: 24x — 18 =24(x — 2) + 6p
Putx=2:48-18=6p=>p=5

az(x—b)(x—c) 4 bz(x —c)(x—a) + cz(x—a)(x—b)

2

8. =
(@-oYa-c) = (-b-a) (c=afc-b)
Put x = a, LHS = % RHS = &*
Put x = b, LHS = b%, RHS = b*
Put x = ¢, LHS = ¢?, RHS = ¢?
~*LHS is a polynomial in x with degree 2, so is RHS.
0 LHS =RHS
9. (x+a)3 (x+b)3 (X+C)3 =3x+a+b+c

(a=D)a=0) B-c)o=a) " (c=alle=)
(b-a) ,(c-a)
(b=c)  (c-b)’
(b-a) ~(c-af
b-c
(b—a+c—a)(b—a—c+a)
b-c

_(b+c—2a)(b—c)

- b-c

=b+c—2a=RHS
*. The expression are cyclic in a, b and c¢. [ When x =—-b or —c, LHS = RHS

Put x = —a, LHS =

Compare coefficient of x°:

1 1 1
M =) To=ao-a) (e=a)e-0)

=c—b+a—c+b—a=0=RHS

(a=b)p=c)c=a)

;RHS =0
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LHS is a polynomial in x of degree < 3, RHS is a polynomial of degree 1.
[J LHS =RHS

10, (1 - bx)(l - cx)(l - dx) 4 (1 ax)(l cx)(l dx) + (1 ax)( )(1 dx) 4 (1 - ax)(l - bx)(l - cx) =,
(a=bfa=cfa=d) ~ (p-afb-c)o-d) (- ¥ ale=be=d) ~ (d-a)d-b)d~c)

Ifa,b,c,d#0, putx—l LHS = 1( b)( ) ——RHS

a a’ (a=ba-c)la-d) a

Similarly, put x :l , l , l; LHS = RHS

b ¢ d
LHS is a polynomial in x of degree 3, so is RHS.
0J LHS =RHS

Ifa=0,then b, c,d %0,
LHS < (1-bx)l=cx)i-dx) , (1=cx)1-dx) , (1=bx)(1-dx), (1-bx)(1-cx)
—bed b(b-c)b-d) clc-b)c-d) d(d-b)d-c)

Put x =l , LHS =i3= RHS
b b

Similarly, put x :l , %, LHS = RHS.
c

Compare the coefficient of x*: LHS = 1 = RHS
[0 LHS =RHS

11. L b +-C =1, roots: p, g and r.

x—a x—-fB x-y

a(x—PB)x—y) + b(x — 0)(x —Y) + c(x — a)(x - B) = (x — O (x = B)x~y) ... (1)

Putx=p=ap-P)p-Y)+bp-)p-Y)+cp-Dp-P=@-D)p-PPE-y) ... 2)
PRI 9 (0 S

(a) To prove that xila+x—[3+x—y§1 =a)e=p)oy)
 ale By bl a)ley)eels-aks—B)  (e-a)le-Bsy) (- pleals=r)
(x—a)(x-B)(x-v) (x—a)(x-B)(x-v)
Putx:p,LHS:a(p—B)(p v)+b(p-a)(p-y)+c(p-a)(p-p)

)
(p-o)p-Bp-v)
E g%% E Y)_ 1 by @)

)
Xp-v)
rus <2 =a)p=B)r-v)
(p=a)p-B)r-v)
Similarly, put x = g and x = r, LHS = RHS
Numerator of LHS of (4) is a polynomial of degree 2.
Numerator of RHS of (4) is also a polynomial of degree 2.
[J LHS =RHS
(b) Compare the numerator of (4):
a(x = B)x—y) + blx — a)(x —y) + c(x — 0)(x = ) = (x — A)(x = P)(x =Y) — (=p)(x—q) (x—7)
Putx=a = a(a - )@ -y) =—(a - p)(@a - g) (A -7)
p-a)g-a)ir-a

”U
“w
”U

”U
“w“w
'@'UO'UO

”U

1; OLHS = RHS

=a=

¢ _([3 )(GB_)(V ) B)(r-B) (p=v)lg=vy)r-v)

. _ _\P~PNg PN\ ~DP). _ _\P=YN—YNr Y

Similarly, putx =3, b = B-a)B-v) ;putx=Vy, c= boaly-g)
(c) Differentiate (3): a , b, ¢ 51_(x_p)(x_9)(x_’”)

x—a x-B x-y (x=a)(x-B)(x-y)
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__a___ b ¢ d[(x=p)x—g)x-r) s
e | J
(x=p)(x—g)(x-r)
(r-o)(x=B)(x-v)
Iny=In(x-p) +In(x—gq) + In(x—r) — In(x — a) — In(x = B) — In(x - y)

tdy_ 1 1 1 1 1 1

ydx x—-p x—q x-r x—O(_x—B_x—y

dy_[ 1 .1 1 111

d_z_y{x—p x—-q x-r x—-oa x—f x—y}
_ (r=g)x-r) +(x—p)(x—q)(x—r)( (S B U S J
(r=a)x=B)x-v)  (x-o)x=B)x-v)

X—q x-r x—C(_x—B x=y
Sub. into (5):

Lety=

(x-a)’

12.

(a)

(b)

b (x—q)(x—r) (x—p)(x—q)(x—r)( 1 + 1 1 1 1 j
()C_B)2 (x—y)2 (x—O()(x—B)(x—y) (x—O()(x—B)(x—y) x—q x-r x—-d x—-B x-y
a . b ¢ (p-a)p-r)
(p-a)f (p-8) (p-v) (p-a)p-B)r-v)

ax’ + 2bx + c =A(x — a)* + B(x - B)?
Putx =0 = a0? +2bd + c =B — B)* --+--- (1)

Putx=B=af?>+2bB+c=AB-a)* --- (2)

Put x = p and multiply by —1,

Compare coefficientof x> a=A+B - (3)

(D) + (2): a(@® + B> + 2b(a + B) + 2c = (A + B)(a — B)?

By (3): a(0 + B?) + 2b(at + B) + 2¢ = a(0? — 20 + B?)

= 2a(0f) + 2b(a + B) + 2¢ = 0

= adfB+b@+PB)+c=0

u(x) = 16x* + 12x + 39, v(x) = 9x*> — 2x + 11.

u(x) + A v(x) = 16x% + 12x + 39 + A(Ox? = 2x + 11)
=16+ 9N)x? + (12 =2M)x + 39 + 11A

For u(x) + A v(x) to be a perfect square, u(x) + A v(x) = 0 has a double root = A =0

A=(12-20)? =416 +9N)3B9 + 11A) =0

A[(6 =N = (16 +9N)(3B9 + 11N =0

36 — 12X + A2 =624 — 351X = 176A =99\ =0

—98A2 - 539\ - 588 =0

A2+ 1A +12=0

A+4)2A+3)=0

:>)\=—40r)\=—%

(i)  When A =—4, u(x) — 4 v(x) = —20x> + 20x — 5 =— 20(}( —%) e (4)

When)\=—§,u(x)—§v(x)=§x2 +§x+£=§(x+3)2 .
2 2 2 2 2 2

(5) - (4): (4 —%)v(x) = 20(x —%J +%(x +3)°

2
= %v(x)= ZO(x—%j +%(x+3)2

.. (5)
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:v(x)zf{x-%j +()c+3)2 ... (6)
Sub. (6) into (4): u(x) = 4 v(x) - 20(x —%)
1Y ) 1Y
=32(x——j +4(x+3) —ZO(x——j
2 2
=12(x—%j +4(x+3)

(i) 18 ) IZ(x_;jj e
8(x—;j +(x+3)

From (4): u(x) — 4 v(x) =— ZO(x —%) <0

From (5): u(x) —%v(x) =0

O _3 < M <4
2 v(x)
13. x*-3dx-p=0,roots: a, b, ¢
By the relation between the roots and coefficients:
a+b+c=0,ab+ bc+ca=-3d,abc=p
To prove that x° + px® + &> = (x> + ax + d)(x* + bx + d)(¥* + cx + d).
Let t = x> + d, RHS = (t + ax)(t + bx)(t + ¢x)
=+ (a+b+)xt* + (ab + be + ca)x’t + abex’
=1 - 3dx’t + px°
= + d)® = 3dx*(x* + d) + px°
= x5+ 3dx* + 3x°d? + & - 3dx* - 3d*%* + px°
=x5+px® + & =LHS
Compare x° — 20x> + 343 with x° + px* + @°:
p=-20,d°=343=>d=17

By guess,a=1,b=4,c=-5

Sub.into (1): 1+4-5=0

Sub. into (2): 4 -20-5=-21

Sub. into (3): 1(4)(-5) =-20

O x%—20x° +343 = (% +x + )P + dx + 7)(x* = 5x + 7)
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