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Factorization of " — 2a"7" cos n0 + &, a is a real number and n > 1.
Let f(z) =z*" — 2d"2" cos nO + a*”"; consider the roots of f(z) = 0
(")’ — (2d" cos n0)z" + a*" = 0, this is a quadratic equation in 2.
_n_ 2a" cosnb+ Vacos® noa™ — 4a’"
2

z" = a" cosnd + cos® nba* — a*"

z" = a”(cosn@ ++/cos’ nd — 1)
z"=a" (cosn@ ++4/-sin’ n@)

a" (cos 1B + sin nG\/—_l)

Zn

z" =a"(cosnd +isin nB), where i=+/—1.

z"=a" (cos no +isin nG), or ' =a" [cos(— n@) +i sin(— n@)]
" =a" [cos(nG + 2km)+i sin (18 + 2kn)] or a” [cos(— 17 — 2km)+i sin(— 10 — 2kn)]
where k=0,1,2,3, ..., (n—1).

no+2kn . n6+2knj [ —no-2kn . —n6—2knj
+isin or z=al cos———— +isin —————
n n n n

2kmy . 2km 2km . 2km
z= c{cos[e + —j +isin [6 + —ﬂ or z= c{cos[@ + —j —1 s1n[6 + —ﬂ
n n n n

.. Factors of f(z) are: (fork=0,1,2,3, ..., (n—-1).)

z-— c{cos[@ + %j +i sin[G + %ﬂ and z-— c{cos[@ + %j —i sin[G + @ﬂ
n n n n

Quadratic factors are: (for k=0,1,2,3, ..., (n—1).)

{z - a{cos[e + @j +1i sin[@ + %ﬂ}{z - c{cos[@ + @j —i sin[@ + @ﬂ}
n n n n
=\|z—-a cos{@ + @j —ia sin[@ + %ﬂ{z —-a cos[G + %j +ia sin[@ + %ﬂ
| n n n n

r 2 2
= |z- acos{e + @ﬂ - {ia sin[G + %ﬂ
| n n
2km

= z? _2az cos[@ + @j +a’ cosz[G + @j +a’ sinz[G + —j

n n n

z= Cl[COS

2k
= 7’ —2azcos[6+—nj+a2; fork=0,1,2,3, ..., (n-1).
n

22" 247" cos nQ + a*"

Z(z2 - 2az COSG-’-CIZ#:ZZ —2azcos[6 +2—nj+a2]--{zz - 2az cos{Ger} +a2}
n

n
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Factorization

Special Cases
1) 6=0,a=1

n n

Mr. Francis Hung

22+ 1 = (22 _2Z+1{Zz —22cos2—n+lj---{z2 —22cos—2(n_1)7c +l}

(z — 1)2 n n

2 4
(1+Z+22 +---+Z’H)2 Z[zz —22cos—n+lj[z2 —22cos—n+lj---{z2

n n

2 4 2{ln-1
Asz—> 1, n’ :[2—ZCOS—nj[z—ZCOS—nj"'|:2—ZCOSM:|

n n n

2 4 2ln—-1
n*=2"" [l — cos—nj[l — cos—nj---{l — cos M}
n n n

2

2 n-1

n n
2 2
rfz—l = 2"{sin T sin 2%, -+sin M}
2 n n n
2 2
[ n j { T . 2m . (n—l)n}
— | =|sin —sin —---sin ~———
2 n n n
: : ~ - .k
s1n£s1n2—n---s1nM: Zl , s1n—n>0fork: 1,2, ... ,(n—l)
n n n 2 n
. (n—k)n . km
e SiIn———— =S8In—
n n
2
When n =2m, sinisinz_n...sin (m ~1)m _ 22’7:
2m 2m 2m ok
o . 2n . (m-1n om m
Sin —sin ——---Sin = — =
2Zm  2m 2m 2 2
2
Whenn=2m+1, |sin T sin 2n ogin T :2m2+1
2m+1  2m+1 2m+1 2
T g 2R T \/2m+1 J2m+1
sin sin ---sin = — = -
2m+1  Zm+1 2m +1 2 2
n=5S—>m=2-= sin36°sin72°:g .1

n=15=m=7= sin 12" sin 24° sin 36" sin 48" sin 60° sin 72° sin 84° =

N

(2) = (1) sin12° sin 24° sin 48° sin 60° sin 84° = oy
ﬁ sin 12° sin 24° sin 48° sin 84° = ﬁ

2 32
sin 12° sin 24° sin 48° sin 84° = %

sin 12° sin 24° sin 48" sin 96" = % *» sin 84° = sin 96°

http://www.hkedcity.net/ihouse/th7878/

2
n_l 2 4 2 _l
(Z ) :[z2 —22cos—n+lj[z2 —22cos—n+lj---{z2 —ZZcos—(n )T[ +1},Z¢ 1
n

—2ZCOSM+1:|
n

. .22 . -1 . . . .
A [2 sin” EJ[Z sin” —RJ{Z sin” u} , using the identity 1 — cos 6 = 2 s1n22
n

J15
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Factorization Mr. Francis Hung

2)

)

z=cosp+ising,a=1

1 1
thenz +— =2cos ¢; 2" +— =2 cos nd
z z

2" 27 cosnd + 1
2 2ln —1
= (22 —2zcosO+ l{z2 —ZZCOS[G + —nj +l:|"'{Z2 -2z cos[G +M} +l}
n n
Divide both sides by z"

1
Z"—2cosnb + —
z

= [z—2cos6+lj{z—2cos[6+2—nj+l}-{z—2cos{6+ 2(n—l)n}rl}
z n z n z

2 cos nd — 2 cos no

= (2cosdp— 2cos6){2cos¢ - 2cos[6 +2n—nﬂ...{zcos¢ _ zcos{e n M}

n

cos np —cosnd = 2" (coscl) - cosG){cosd) - cos[e + %cﬂ .. -{cosd) _ cos{e n 2(”; 1)75}

z=a=1,0=2pwith 0<p<>,
n

1-2cos2np + 1= (l—2cos2B+l){l—2cos[2[3+2—nj+l}---{l—2cos{2ﬁ+m}+l}
n

n

2(1 - cos 2nB) = 2"(1-cos ZB){I - cos[2B + %H N {1 B COS{ZB i @}
2*sin’ = (2 sin® B[B—j[sg}
n

n
sin 1 = £2" " sin sin[B ¥ Ej .e-sin {B 4 M}
n

n
k . D ..

AsO<nf<mand 0<f + 5T 7, sin nf3 > 0 and each factor on the right is positive. Hence
n

the ambiguous sign * is positive.

sin nf3 = 27 gin Bsin[B +Ej...sin{8 n (n —l)n}
n

n
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Factorization Mr. Francis Hung
(4) De Moivre’s Property of Circle.
The figure shows a circle with centre O and radius R. Py, P,, ... P, are points on the circle
dividing the circle into equal arcs with P; lies on the horizontal axis. Q is a point such that
0OQ =rand £LP,00 =6.
By cosine formula,

PO= \/R2 —2RrcosO +r? P, P, .
PZQ:\/R2 —2chos(2—n—9j+r2 '

n b on
P3Q=\/R2 —2chos(47n—9j+r2 © i
............................................. [
PnQZ\/RZ—Zchos{ ( - )n—G}rrz g

n n

PO-PO---PO= \/(RZ —2chos9+r2{R2 —2chos(2—n—6j+r2]--{R2 —2chos{2(n_l)7E —e}rrz}

:\/(R2 —2RrcosO + FZ{RZ - 2chos(9 + 2_th + rz}---{Rz - 2chos{9 + M} + rz}
n n
: COS{M— 6} = cos(e + 2_nj cos(z—TE - ej = cos{e + 2(n — l)n}
n n n n

By putting z = R, a = r into the original factorization,
PO-PQ---PQO= VR —2R"" cosnd + 2"
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