Complex Number Hard example
Created by Mr. Francis Hung Last updated: 16 November 2024

(a) Solvez’—1=0
(b) Hence, or otherwise, show that

G+1)Y-@p-1)7° 210[)/2 +cot? g)(yz +cot’ 2?71-)
(c) Hence, deduce that

(i)  csc® " +csc? 2% _ 4
5 5

(11) tan%—tanz?n = —\/10—2\/5

a) z2—-1=0
(a)
2> =cos 2kn + i sin 2kn, k=-2,-1,0, 1,2

z=cos%+isin25ﬂ, k=-2,-1,0,1,2

z=1, cos2—kn+isin%,k=—2,—l, 1,2
5 5
by -1
2 .. 2m 2 .. 2m 4 . . 4n 4 . . 4n
=(z-1) z—cos==+isin == | z—cos—— —isin—— | z—cos—— +isin— | z—cos— —isin —
[e-oos i 2|z -cos T ssn 2 2-cosF isin [ cos P -isin
=(z —l{z2 -2z cosz?njtlJ(zz -2z cos45—n+ 1) ------ (*)
5_
Divide both sides by z— 1: = 11 = (zz -2z coszs—n+ 1)(22 ~-2z cos4?n+ 1)
-

AR AL +Z+1:[22 —2ZCOS%+1)[22 —2ZCOS4?R+1)

Asz— 1: [1—2cos25—n+1)(1—20054?n+1J:1+1+1+1+1

4(1 —COS 2—RJ(1 —CoS 4_71) =5
5 5

(1—1+2$in2EJ(1—1+ZSin22—n)=§
5 5) 4

2 2
sin T sin Z—TC - i ...... (%)
5 5 16

y+1

5 2 2
R R P A Y | AR BEPIPARY PV | ALy AR PO L
y—1 y—1 y—1 y—1 5 y—1 y—1 5

Multiply both sides by (y — 1)°
G+r1y-@-1y

=(y+1_y+1)[(y+1)2 —2(y+1)(y—l)cos2?n+(y—l)z}{(y+l)2 _z(y+1)(y_1)cos4?“+(y_1)2}
=2[(y+ 1F +(y—1F —2(” —l)cosz?n}{(y 1Y +(y =17 - 2( —l)cos%l}

- 2[2 »* +2-2(y” ~1)cos %”'}[2 ¥ +2-2(y> = 1)cos 45—“}

Putz=

into (*)
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=8 l—cosz—7T y2+1+c052—n l—cos4—7T y2+l+cos4—7T
L 5 5 5 5

=8 (1—1+2sin2 gjyz +1+2cos2§—1}[(1—1—2sin2 Z?Rjyz +1+2c0522?n—1}

=32sin

=8 2yzsin =~ +2cos’ )(Zy sin 2n+2coszz—n)
5 5 5 5

2£~sin22—n ¥’ +eot? E y2+cot22—n
5 5 5 5

5 , 21
=32.— +cot’ = +cot’ == | by the result of (**
T (y SJ(y 5} y (**)

LD - -1y =10(y2 +cot2§J(y2 +c0t22?nJ

0 (1 1 O( y* +cot’ %)( y* +cot’ 25—n) = (+5)*101°+10y2+5y+1)-( -51*+10y°-10)*+5y-1)

(i)

10( »* +cot® g)( ¥ +cot? 2?“} 10y* +20)2 +2
. ) )T , 2T
Compare the coefficient of y*: 10| cot g+cot < =20
, T , 2T
cot” —+cot™—=2 ------ (D)
5 5
, T , 2T
I+cot"—+1+cot"—=4
5 5

T 27
csc? §+ cse’===4

5
, 2T

Compare the constant term: 10 cot” 5cot ?:2
cotEcotE—— 0<£2—R<E 0<cot£,cotﬁ)

5 [ 575 2 5 5
tanztanﬁ — \/g ...... (2)

5 5

1 1

By (1): +— =2

2
tan 5 tan 5

tan2£+tan22—n=2ta tan22
5 5 5 5

tan’ % + tan’ 2?% = 2(\/5 )2 by the result of (2)

o T 21
— —2tan—tan—
5 5

(tan%— tan Z?TE] =10-2/5 by (3) and (2)

tan%—tan% = —\/10—2\/5 (- tang < tanz?n)
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Generalisation
(@ 2" 1=0=z=1,cis—2 k=—m, -m+ 1, 1,1, m—1 (where m €N)
2m+1
a 2km
b) Z"l_1= z—cis )
®) k_Hm( 2m+1
-1 m
:(Z—l) (z—czs 2km )H(z—czs 2km J
Pt 2m+1) 5 2m+1
= yis 2km 2kr . . 2km
=(z—1) Z —Cos - Z —COoS +isin
iy m+1 2m+1 2m+1 2m+1
=(z-1)- (zz—chos 2k +1J ------ ™)
i 2m+1
m 2m+l
(ZZ—ZZCOS 2kn +1j:Z 1222m+22’"71+- -+1
k=1 2m+ Z—l
m 2k
Asz—1: J]|2-2cos =2m+1
ol 2m+1
2'”-1_[[1—005 2k J=2m+l
il 2m+1
1_[(1—1+2s1n2 km J:2m+1
iy m+1 2"
2”"1_[(51112 km J=2m+1
i 2m+1 2"
2
H(Sm kn J _2m2+1 ______ (%)
iy 2m+1 2"
Putz=yle into (*)
y_
" 1 Wl (y+1) +1 2k
P = 2 2| -2 cos =41
y—1 y—1 | \y—1 y-1 2m+1
Multiply both sides by (y — 1)>"*!
0+ P 12 = 1=y DT | 41 =2 (7 ~1)-cos 200 —1)2}
k=1 2m +
2 2km
=2-11|2y>+2-2-(y* =1)-cos
H[ d (y ) 2m+l}
m 2km
=2m. *+1-(y*=1)-cos
Q_y b -1) 2m+1
) 2k kn
=2mt. 1-cos > +1+cos
1,:! ( 2m+1jy m+1}
=0 | [1-14 2sin® =57 )2 41420087
= 2m+1 m+1
a km km
22m+1. ZSiHZ +c SZ J
H(y 2m+1 m+1
—2m+l sin? kn y2+C0t2 kn
i 2m+1 m+1
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:22m+1 . H (Sinz

km J ’"( ) , km j
H Yy~ +cot
i m+1) 53 2m+1

_ e 2m+1 H(y + cot? km
2m+1

2m
2 P

J by the result of (**)

. +1 2m+l 1 2m+1 4 2). - t

(y+1) - 1D*" =(4m+2) H[y +co 2m+J
m m+1 2m+1

(C) (1) (4m + 2) H (yZ + COt jz C m+1y2m+l—k _ z (_ l)k Ck2m+ly2m+l—k
k=1 =0 k=0

(4m +2)-

Il
N

m
C2m+l 2m=2k
2k+1
k=0

[yz + cot’

(2m+1)-

—= T

m
2m+1 2m k 2m+l _ 2m 2m+l _ 2m-2 2m+1
2m+1j ZC2k+l =Gy + Gy +o+ Gy
k=0

km
2m-—. 2 2m+1
2 +l E cot? =C

" 2m+1 :

(yz +cot’

=~
Il

1

Compare coefficient of y

d 1 2m+1 2m 2m—1 m(2m—1)
. = = 1
Z L 2 3 3 W)

P 2m+l 2m+1

Zm:[ucot J=m+m(zm—1)=ZM(m+l)

1 3 3

2m+1
2m(m+1)
2m+1 3

HMS
~
&

m

(i) By (c)(i), (2m+l)-H(y2+cot

k=1

m
2m+l 2 m k
2k+1

k=

Compare the constant term, (2m +1)-[ [ cot? =Ccm
p ( ) lk_:! +1 2m+l1

- kY 1

Hcot =

el 2m+1 2m+1
ﬁtan LTI wears S 3) (v 0« T . g
L 2m+1 ' 2m+1 2 2m+1

(. km 2m+1

By (*%), sin

y ) {H[ 2m+lﬂ 2%

m . km \N2m+1
Hsm =X 4)

i 2m+1 2"
@):(3): [Jeos—F =L ... (5)

L am1 27
log(2m +1)+ Z log[y2 +cot” . J=log Z szl',”ﬂlyz(m »)
= 2m+1 P
Differentiate w.r.t. y:
m—1
2 — 2 YO 2m-2k
i 2y _ ;( m ) 2k+1 y _ 2mC12m+1y2m—1 + (2m 2)C2m+1 2m—3 -t 2C22’rnn_+ll A y
=i y +C0t 2m+1 iczz;nﬁyz(m p) C12m+ly2m C2m+l 2m— 2 C;:::—ll
k=0
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k=1

2 2y tan’ Shn _ m [ , kmn "”(_ s o km jj
Z1—(—y e DI EL v iDL

tan 2m+1

RHS =—
Cl

m+l_ 2m 2m+1 _ 2m-2 2m+l 2 2m+1
yr+CG"y +o4 Gy + G

m—l1

2

(k)i

1 _ [_ &« C22m+11y2(mp)J
P+

pASY
=0
Compare

Compare

- Z tan*

m

k=1

s km
Ztan m

m-1 m-1 1
— 2m+l | 2m=2k-1 2m+1 2 m p
2 (m k )C2k+1 Z G, pr1 Y
p=0

m—1 0 m—1 1
(Zta 2j+2 2m+1j 2j+ _ z m— k 022]:;:1 2m=2k-1 z{_ C221:r:+-11y2(m—p):|
k=0

q=0 p=0

coefficients of y: Z:tan2 ZniT:-I =C;" =mQ2m A1) - (6)

k=1
coefﬁcients of y*:

2m+1 2m+1
- (C2m—1 ) + 2C2m73

2m+1
2m +1)2m)2m—1)2m—2)
1.2-3-4

=—m*(2m +1y +%m(2m +1)m—1)2m—1)

——m*(2m+1)° +2-

~m(2m+1)2m> = 3m+1-6m> - 3m)
=—%m(2m +1)4m> +6m—1)

=~ m(2m+1)Ydm® +6m—1) o (7)

(d) tan6>9>s1n9:>cot26<e1 <csc’ 0

, km

cot
2m+1

km

2m+1Y , kn
< < CSC
km 2m+1

k=1

Zn:co‘[2 <i(2m+ljz<icscz fer
2m+1 km 2m+1

k=1 k=1

3
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7:_2( 2m j(zm—1j< ’"i<n_2( 2m j(zmuj
6 2m+1)2m+1) Sk 6 2m+1 )\ 2m+1
2 _ m 2
n_hm( 2m j(2m 1j<1m %<_lm( 2m j(zmmj
6 mo=\2m+1)\2m+1) m>'Tk 6 moo\ 2m+1 N\ 2m+1

2 2 l—i m 2 1 2 2
LR B S i 3 Shmzizgn_hm L B
6 6 mon\ 1+ \1+5 ) moeiT k 6 moe| 140 1455 6

m 2

By squeezing principle, lim zk—lz =% ------ 8)
m—>o0 1
By (¢)@ 2m+1 . 2 + cot? mC2m+1 2(m—k)
y ()0, H[y 2m+lj 2. Cil
Compare coefficient of 122 (2m +1)-Y cot> L= cot> L& = ¢2m+!
P Y ( ) ; 2m+1 2m+1

3 cot? 2 _cot? T _ 1 (2m+1)2m)2m—1)2m—2)2m -3)
g 2m+1 2m+1 2m+1 1-2-3-4-5

1
3 cot? T cot? T = (m—1)m(2m—3)2m~1) - (9)

2m+1 2m+1 30

p<q

< pr 2 _dm
(;cot Y J kz;ct o1 +22cot cot

g 2m+1 2m+1

{m(2m—1)} zgcoﬁ%+%.(m_1)m(zm_3)(zm_1) by (1) and (9)

b kn mP(2m-1) 1
= ——(m-1)m2m-3)2m -1
;COt 2m+1 9 15 ( pl X )

-m(2m —1)5m(2m —1)-3(m —1)2m - 3)]
.m(2m =1)10m* = 5m —6m> +15m —9)
(

m(2m —1)dm> +10m—9) ------ (10)

4 kn 1

, km ' 2
(csc —1j =— - m(2m—1)4m> +10m —9)

Zm:csc4 i —22”1:csc2 i +m=4is-m(2m—l)(4m2+10m—9)
pm

= 2m+1 ! 2m+1
m 4 ch m ) kTE 1 2
=) — -m(2m—1)\4 10m—-9)-
Hcsc Y ;csc 51t s m(2m )( m” +10m )
:2-—2m(’;1+1)+i-m(2m—1)(4m2+10m—9)—m by (2)
=4ﬁ5 (60m + 60 +8m* +16m> — 28m +9 - 45)
=" (8m* +16m* +32m +24)
45
L s km :8_’71_ 3 2 :8_’"_ 2022 .
kzz;csc il 45 (m +2m +4m+3) 25 (m+1)(m +m+3) (11)
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Similarly, tan 6 > 0 > sin 8 = cot* 0 <$< csct 0

4+ km (2m+1j4 s km
cot < < CSC
2m+1 km 2m+1
n n 4 n
> cot h <Z(2m+lj <> esct
o 2m+1 =\ knm o 2m+1
4 m
i-m(zm—l)(4m2+10m—9)<w2%<8—m-(m+1)(m2+m+3) by (10) and (11).
45 Skt 45
n_4[ 2m j(Zm—lj 4m* +10m -9 <ii<n_4( 2m j(2m+2j 4m* +4m +12
90\ 2m+1\2m+1)| (2m+1y Skt 90\ 2m+1\2m+1)  (2m+1)
m 4
Take limit m —> oo, 1imzi4=“— ------ (12)
m~>ook:1k 90
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Variation
om . 2km . . km
@ z"-1=0=z=1,-1,cis— (.e.cis— ), k=-m+1,---,—-1,1, -, m—1 (where m eN)
2m m
m—1
(b) sz—l:(Z-I-IXZ—I)H(Z—COSk—n—i—iSink—nJ(Z cos@—zsmk—n)
k=1 m m m m
5 m—1 5 kﬂ:
Z(z —l)- (z —22005—+1) ------ *)
k=1 m

m—1 k 2m
g z7" -1 _ -
22 =2zcos—+1|="5—=z"2 42" 4 41
k=1 m z _1

m—1
Asz— 1: H[2—2cosk—n)=m

k=1 m

m—1
2m H(l - COSEJ: m

k=1 m
m—1
H(l 1+ 2sin’ k—ng m_l
iy 2m) 2"
ol km m
2ml San_ —
lk__!( ZmJ 2m

2m 2 - 2
by [yl 1] yHIy o, 4l R
y-1 y-1 |\l y-1 m

Multiply both sides by (y — 1)*”

m—1

G+ D= -1 = + 2y +1- 5 +2y—1)H[(y+1)2—2-(y2—1)-cosk—“+(y—1)2

k=1

m-1[
=2'”+1y'H (l—cosk—njy2 +1+cosk—n}

m m

km km
="y, 1-1+2sin®> — |y* +1+2cos* — —1
4 H ( ZmJy 2m

|
[\®)
[3°]
3
<
3
Lo
VR
‘<
cn
[l
b
+
o
o
@,
¥_/
N
N
S

m—1 m—1
=2""y. (sinzk—n)-n[yz +cot2ﬁJ
k=1 2

, km
=g, M . +cot> == | by the result of (**
y H(y ZmJ y (**)

m—1
L )P (= 12" =dmy - (yz +c0t2§—n)
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© G 4my- ﬁ(y + ot _)

= k=0

m-1
4my - H(y + cot —jz
k=1

-1

2m
2k+l

k=0

2m 2m

z m 2m—k Z (_ l)k C]fmyZm—k

k=0

2m—2k—1

Created by Mr. Francis Hung

2mH yZ + C0t2 ;(_::Z)zzcjlﬁlyZm—Zk—Z =C12my2m—2 + C32my2m—4 4ot C22rr:_1
k=1 k=0
m—1
Compare coefficient of y*"*: 2m- )" cot’ — kn _ =C"
k=1
e kL 2m 2m-] 2m—2=(m—1)(2m—1) ...... n
= 2m 2m 1 2 3 3
m—1 _ _ —
Z(Hcotzk—“j:m—u (m—1)2m=1) _2(m—1)}m+1)
Py 2m 3 3
“ 2(m—1 1
esc? km _2Am=m+1)
k=1 2m 3
.. . =, 2 k& o amekn
(i) By (c)(), ZmH y? +cot’ — |=) C y™"
2m) o
Compare the constant term, 27 - l_Icot2 k. _ =C;",
k=1
m—1 2
[ cotk—nj =1
k=1 2m
m—1
tank_ﬂ:—l ...... (3) ( 0 E<E O<tanﬂ)
iy 2m 2m
L | m
By (*%), sin— || =
y ( ) |:]]::1[( 2m j:| 22(m—1)
m—1
sin KT _ \/%1 ...... (4)
i 2m 2"
m— \/E
4)+(3 cos ------ 5
(41:0: H =IO
log2m + z log[y2 +cot” ;c_n) =10g(2 Czkﬂyz'”"z""zj
k=1 m k=0
Differentiate w.r.t. y:
m—2
. > @m—2k-2)C3p "
Z — k=0
+cot2 i E om amap
= S cipyr
p=
w2y _(2m=2)C" " + 2m—4)C Yy 42050y
= y2 +C0t2 2/(; C12my2m—2 + C32my2m—4 + +C22:nn_1
m—1 m—1 21t 2 kn m—1 0 J
L.HS. = 5 2y T =Z 4 ?n 2—=2 ytanzk—n Z(—yz tan’ —j
oy~ +cot” - kzll—(—y tan ﬁ) P m ‘= m
m—1 0 kTC 0 m—1 ch
=9 (_ 1)] tan2/t? 20 2 =0 (_ 1)1 ( tan 2/+2 _j 2j+1
k=1 |:§ 2m jZQ k=1 2m
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(2m —2)C" y*3 + (2m —4)CI" ™™ -+ 2C2" -y

R.H.S. =
C12my2m—2 + C32my2m—4 Feee gt C22;::_1

)

B 1 m= =2
2m 1 - C2m+1 2m-2p-2
2m =

m=2 m=2 4
N e
=

0 q=0

q

22(_1)} '(itan”*z ;‘_Tfj 2+ :_mz: m k- 1 C221:n+1 2m-2k-3 z{ mzc2p+] Im-2p2
. Z,

m s

L kn 1 1 (2m)(2m—1)(2m—2)
C fficients of y: 2) tan’ —=—Cyr ,=—.
ompare coc icients o y: kzl: an om m 2m-3 m 1-2.3
mita 2 kn M ...... (6)

3
In partlcular, put m = 90.
(90-1)180-1) 15931

tan? 1° + tan® 2° + --- + tan? 89° = 3 =5310.333
Compare coefficients of y*:
LS < U I R .
- 2; tan* ﬁ =;[— o (. f + 2C22m_5}
St m_ 1 1L [(2m)(2m —1)2m - 2)}2 Y 2m)2m —1)2m —2)2m —3)2m —4)
= 2m 2m | 2m 1.2-3 1.2-3-4-5
_ 1 @m)m-1)2m-1)  (2m)2m—1)m—1)2m-3)m-2)
2m 9 15
_(m _ll(im ) [5(m =1)2m —1)=3(2m —3)m - 2)]
(m = li(im -1) [5(2m* = 3m +1)-3(2m> = 7m +6)|
o ykn (m=1)2m-1) (, ,
A 4 6 13) -----. 7
;ta = s (4m? + 6m —13) (7)
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