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(a) Solve z5 – 1 = 0 
(b) Hence, or otherwise, show that 

(y + 1)5 – (y – 1)5 = 





 







 


5

2
cot

5
cot10 2222 yy  

(c) Hence, deduce that 

(i) 
5

2
csc

5
csc 22 




= 4 

(ii) 5210
5

2
tan

5
tan 





 

(a) z5 – 1 = 0 
z5 = cos 2k + i sin 2k, k = –2, –1, 0, 1, 2 

z =
5

2
sin

5

2
cos




 k
i

k
, k = –2, –1, 0, 1, 2 

z = 1, 
5

2
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5

2
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


 k
i

k
, k = –2, –1, 1, 2 

(b) z5 – 1  

=   


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
 
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
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
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
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
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5

4
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5

4
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5

4
sin

5

4
cos

5

2
sin

5

2
cos

5

2
sin

5

2
cos1 izizizizz  

=   





 









 


 1

5

4
cos21

5

2
cos21 22 zzzzz   (*) 

Divide both sides by z – 1: 





 









 


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
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2
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





 









 


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5

4
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5

2
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As z  1: 111111
5

4
cos211

5

2
cos21 






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
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5
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
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



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 
  

4

5

5
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5
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

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
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
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  (**) 

Put z =
1

1




y

y
 into (*) 
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
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Multiply both sides by (y – 1)5 
(y + 1)5 – (y – 1)5  

=                 



 


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= 






 

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
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= 
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
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
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5

2
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5
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5
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= 





 










 


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5

2
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5

2
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5
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5
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= 





 







 





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5

2
cot

5
cot

5

2
sin

5
sin32 222222 yy  

= 





 







 


5

2
cot

5
cot

16

5
32 2222 yy  by the result of (**) 

 (y + 1)5 – (y – 1)5 = 





 







 


5

2
cot

5
cot10 2222 yy  

(c) (i) 





 







 


5

2
cot

5
cot10 2222 yy = (y5+5y4+10y3+10y2+5y+1)–(y5–5y4+10y3–10y2+5y–1) 







 







 


5

2
cot

5
cot10 2222 yy = 10y4 + 20y2 + 2 

Compare the coefficient of y2: 20
5

2
cot

5
cot10 22 






 




 

5

2
cot

5
cot 22 




= 2  (1) 

5

2
cot1

5
cot1 22 




 = 4 

5

2
csc

5
csc 22 




= 4 

(ii) Compare the constant term: 2
5

2
cot

5
cot10 22 


 

5

1

5

2
cot

5
cot 


 ( 
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2
,

5
0





   

5

2
cot,

5
cot0


 ) 

5
5

2
tan

5
tan 


  (2) 

By (1): 2
tan

1

tan

1

5
22

5
2


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5

2
tan

5
tan2

5

2
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5
tan 2222 







 

 222 52
5

2
tan

5
tan 





 by the result of (2) 

5

2
tan

5
tan 22 




= 10  (3) 

2

5

2
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5
tan 






 




=
5

2
tan

5
tan2

5

2
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5
tan 22 







 

2

5

2
tan

5
tan 






 




= 5210   by (3) and (2) 

5210
5

2
tan

5
tan 





  ( 

5

2
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5
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



) 
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Generalisation 

(a) z2m+1 – 1 = 0  z = 1, cis
12

2




m

k
, k = –m, –m + 1,  , –1, 1,  , m – 1 (where m N) 

(b) z2m+1 – 1 =














m

mk m

k
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2
 

 =   




























m
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k
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m

k
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1

1
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2
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2
1  

 =   









































m

k m

k
i

m

k
z

m

k
i

m

k
zz

1 12

2
sin

12

2
cos

12

2
sin

12

2
cos1  

 =   








 





m

k m

k
zzz

1

2 1
12

2
cos21   (*) 

1
1

1
1

12

2
cos2 122

12

1

2 









 




 



 mm

mm

k

zz
z

z

m

k
zz  

As z  1: 














m

k m

k

1 12

2
cos22 = 2m + 1 
















m

k

m

m

k

1 12

2
cos12 = 2m + 1 

m

m

k

m

m

k

2

12

12
sin211

1

2 















 

m

m

k

m m

m

k

2

12

12
sin2

1

2 















 

m

m

k

m

m

k
2

2

1 2

12

12
sin
























  (**) 

Put z =
1

1




y

y
 into (*) 

12

1

1













m

y

y
– 1 = 

 









































 m

k m

k

y

y

y

y

y

y

1

2

1
12

2
cos

1

1
2

1

1
1

1

1
 

Multiply both sides by (y – 1)2m+1 

(y + 1)2m+1 – (y – 1)2m+1 =        






 





m

k

y
m

k
yyyy

1

222 1
12

2
cos12111  

 =  












m

k m

k
yy

1

22

12

2
cos12222  

 =  













m

k

m

m

k
yy

1

221

12

2
cos112  

 = 


























m

k

m

m

k
y

m

k

1

21

12

2
cos1

12

2
cos12  

 = 




























m

k

m

m

k
y

m

k

1

2221 1
12

cos21
12

sin2112  

 = 


 















m

k

m

m

k

m

k
y

1

22212

12
cos

12
sin2  

 = 



























m

k

m

m

k
y

m

k

1

22212

12
cot

12
sin2  
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 = 


 






















m

k

m

k

m

m

k
y

m

k

1

22

1

212

12
cot

12
sin2  

 = 


 














m

k
m

m

m

k
y

m

1

22
2

12

12
cot

2

12
2  by the result of (**) 

 (y + 1)2m+1 – (y – 1)2m+1 =   














m

k m

k
ym

1

22

12
cot24  

(c) (i)   














m

k m

k
ym

1

22

12
cot24 =  










 
12

0

1212
12

0

1212 1
m

k

kmm
k

k
m

k

kmm
k yCyC  

  














m

k m

k
ym

1

22

12
cot24 = 






m

k

kmm
k yC

0

2212
122  

  














m

k m

k
ym

1

22

12
cot12 =  






m

k

kmm
k yC

0

212
12 = 12

12
2212

3
212

1



  m
m

mmmm CyCyC   

Compare coefficient of y2m–2:   12
3

1

2

12
cot12 







  m
m

k

C
m

k
m  


 

m

k m

k

1

2

12
cot =

3

12

2

2

1

12

12

1 






mmm

m
=

 
3

12 mm
  (1) 
















m

k m

k

1

2

12
cot1 =

 
3

12 


mm
m =

 
3

12 mm
 


 

m

k m

k

1

2

12
csc =

 
3

12 mm
  (2) 

(ii) By (c)(i),   














m

k m

k
ym

1

22

12
cot12 =  






m

k

kmm
k yC

0

212
12  

Compare the constant term,   12
12

1

2

12
cot12 








  m
m

m

k

C
m

k
m  

12

1

12
cot

2

1 












 mm

km

k

 

12
12

tan
1







m
m

km

k

  (3)  ( 
212

0







m

k
  

12
tan0





m

k
) 

By (**), 
m

m

k

m

m

k
2

2

1 2

12

12
sin
























  

m

m

k

m

m

k

2

12

12
sin

1









  (4) 

(4)(3): 
m

m

k m

k

2

1

12
cos

1







  (5) 

  














m

k m

k
ym

1

22

12
cotlog12log =  















m

p

pmm
p yC

0

212
12log  

Differentiate w.r.t. y:  


 



m

k m
ky

y

1 12
22 cot

2
=

 

 















m

k

pmm
p

m

k

kmm
k

yC

yCkm

0

212
12

1

0

12212
1222

=
 

12
12

2212
3

212
1

12
12

3212
3

1212
1 2222














m
m

mmmm

m
m

mmmm

CyCyC

yCyCmymC



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 
 







m

k m
k

m
k

y

y

1 12
22

12
2

tan1

tan2
=  





 























m

k j

j

m

k
y

m

k
y

1 0

222

12
tan

12
tan2  

 =   





















m

k j

jjj y
m

k

1 0

1222

12
tan12  

 =   








 











0

12

1

22

12
tan12

j

j
m

k

jj y
m

k
 

RHS =
 

12
12

212
12

2212
3

212
1

1

0

12212
1222



















m
m

m
m

mmmm

m

k

kmm
k

CyCyCyC

yCkm


 

 =
 

 





























1

0

212
12

1

0

12212
12

1

2

m

p

pmm
p

m

k

kmm
k

yC

yCkm
 

 =     
















 










0

1

0

212
12

1

0

12212
122

q

q
m

p

pmm
p

m

k

kmm
k yCyCkm  

  








 











0

12

1

22

12
tan1

j

j
m

k

jj y
m

k
=     

















 










0

1

0

212
12

1

0

12212
12

q

q
m

p

pmm
p

m

k

kmm
k yCyCkm  

Compare coefficients of y: 
 

m

k m

k

1

2

12
tan = 12

12



m
mC = m(2m + 1)  (6) 

Compare coefficients of y3:  


 




m

k m

k

1

4

12
tan =   12

32

212
12 2 



  m

m
m
m CC  

 =       
4321

2212212
212 22





mmmm

mm  

 =      12112
3

1
12 22  mmmmmm  

 =   mmmmmm 3613212
3

1 22   

 =   16412
3

1 2  mmmm  


 

m

k m

k

1

4

12
tan =   16412

3

1 2  mmmm   (7) 

(d) tan  >  > sin   cot2  < 2

1


< csc2  

12
csc

12

12
cot 2

2
2



















m

k

k

m

m

k
 


 
















 n

k

n

k

n

k m

k

k

m

m

k

1

2

1

2

1

2

12
csc

12

12
cot  

     
3

12112

3

12

1
22

2 






 



mm

k

mmm m

k

 by the result of (1) and (2). 
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









































 

 12

22

12

2

6

1

12

12

12

2

6

2

1
2

2

m

m

m

m

km

m

m

m m

k

 

















































 12

22

12

2
lim

6

1
lim

12

12

12

2
lim

6

2

1
2

2

m

m

m

m

km

m

m

m
m

m

k
mm

 

61

1

1

1
lim

6

1
lim

1

1

1

1
lim

66

2

2
1

2
2

2
1

2

1
2

2
1

2
1

2
1

22 




















































 

m

m

m
m

m

k
m

m

m

m
m k

 

By squeezing principle, 




m

k
m k1

2

1
lim =

6

2
  (8) 

By (c)(i),   














m

k m

k
ym

1

22

12
cot12 =  






m

k

kmm
k yC

0

212
12  

Compare coefficient of y2(m–2):   12
5

22

12
cot

12
cot12 










  m

qp

C
m

q

m

p
m  

     
54321

322212212

12

1

12
cot

12
cot 22
















mmmmm

mm

q

m

p

qp

 


 





qp m

q

m

p

12
cot

12
cot 22 =     12321

30

1
 mmmm   (9) 

2

1

2

12
cot 













m

k m

k
=

 
m

k m

k

1

4

12
cot + 

 





qp m

q

m

p

12
cot

12
cot2 22  

  2

3

12




 mm

=
 

m

k m

k

1

4

12
cot +     12321

15

1
 mmmm  by (1) and (9) 


 

m

k m

k

1

4

12
cot =

 
9

12 22 mm
–     12321

15

1
 mmmm  

 =        321312512
45

1
 mmmmmm  

 =   915651012
45

1 22  mmmmmm  


 

m

k m

k

1

4

12
cot =   910412

45

1 2  mmmm   (10) 










 


m

k m

k

1

2
2 1

12
csc =   910412

45

1 2  mmmm  

m
m

k

m

k m

k

m

k







 

 1

2

1

4

12
csc2

12
csc =   910412

45

1 2  mmmm  


 

m

k m

k

1

4

12
csc =    mmmmm

m

km

k







910412
45

1

12
csc2 2

1

2  

 =
     mmmmm
mm




 910412
45

1

3

12
2 2  by (2) 

 =  459281686060
45

23  mmmm
m

 

 =  2432168
45

23  mmm
m

 


 

m

k m

k

1

4

12
csc =  342

45

8 23  mmm
m

=   31
45

8 2  mmm
m

  (11) 
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Similarly, tan  >  > sin   cot4  <
4

1


< csc4  

12
csc

12

12
cot 4

4
4



















m

k

k

m

m

k
 


 
















 n

k

n

k

n

k m

k

k

m

m

k

1

4

1

4

1

4

12
csc

12

12
cot  

       31
45

8112
910412

45

1 2

1
44

4
2 




 


mmm
m

k

m
mmmm

m

k

 by (10) and (11). 

    

































































 


2

24

1
42

24

12

1244

12

22

12

2

90

1

12

9104

12

12

12

2

90 m

mm

m

m

m

m

km

mm

m

m

m

m m

k

 

Take limit m  , 




m

k
m k1

4

1
lim =

90

4
  (12) 
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Variation 

(a) z2m – 1 = 0  z = 1, –1, cis
m

k

2

2 
 (i.e. cis

m

k
), k = –m + 1,  , –1, 1,  , m – 1 (where m N) 

(b) z2m – 1 =    





 










 




 


 m

k
i

m

k
z

m

k
i

m

k
zzz

m

k

sincossincos11
1

1

 

 =   









 




1

1

22 1cos21
m

k m

k
zzz   (*) 

1
1

1
1cos2 4222

2

21

1

2 









 


 




 mm

mm

k

zz
z

z

m

k
zz  

As z  1: 









 


1

1

cos22
m

k m

k
= m 






 





 


1

1

1 cos12
m

k

m

m

k
= m 

1

1

1

2

22
sin211 











 

 m

m

k

m

m

k
 

1

1

1

21

22
sin2 





 





 

 m

m

k

m m

m

k
 

 12

21

1 22
sin 



















  m

m

k

m

m

k
  (**) 

Put z =
1

1




y

y
 into (*) 

m

y

y
2

1

1











– 1 = 


 


















































 1

1

22

1cos
1

1
2

1

1
1

1

1 m

k m

k

y

y

y

y

y

y
 

Multiply both sides by (y – 1)2m 

(y + 1)2m – (y – 1)2m =        







 




1

1

22222 1cos1211212
m

k

y
m

k
yyyyyy  

 =  







 


1

1

22 cos12224
m

k m

k
yyy  

 =  









 


1

1

221 cos112
m

k

m

m

k
yyy  

 = 












 







 


1

1

21 cos1cos12
m

k

m

m

k
y

m

k
y  

 = 























 


1

1

2221 1
2

cos21
2

sin2112
m

k

m

m

k
y

m

k
y  

 = 









 





1

1

2222

2
cos

2
sin2

m

k

m

m

k

m

k
yy = 


















 





1

1

2222

2
cot

2
sin2

m

k

m

m

k
y

m

k
y  

 = 













 







 


1

1

22
1

1

22

2
cot

2
sin2

m

k

m

k

m

m

k
y

m

k
y  

 =   



 






 


1

1

22
12

2

2
cot

2
2

m

k
m

m

m

k
y

m
y  by the result of (**) 

 (y + 1)2m – (y – 1)2m = 









 


1

1

22

2
cot4

m

k m

k
ymy  
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(c) (i) 









 


1

1

22

2
cot4

m

k m

k
ymy =  







 
m

k

kmm
k

k
m

k

kmm
k yCyC

2

0

22
2

0

22 1  











 


1

1

22

2
cot4

m

k m

k
ymy = 








1

0

1222
122

m

k

kmm
k yC  











 


1

1

22

2
cot2

m

k m

k
ym =








1

0

2222
12

m

k

kmm
k yC = m

m
mmmm CyCyC 2

12
422

3
222

1 
    

Compare coefficient of y2m–4: m
m

k

C
m

k
m 2

3

1

1

2

2
cot2 








 






1

1

2

2
cot

m

k m

k
=

3

22

2

12

1

2

2

1 





mmm

m
=
  

3

121  mm
  (1) 











 


1

1

2

2
cot1

m

k m

k
=

  
3

121
1




mm
m =

  
3

112  mm
 






1

1

2

2
csc

m

k m

k
=

  
3

112  mm
  (2) 

(ii) By (c)(i), 









 


1

1

22

2
cot2

m

k m

k
ym =








1

0

2222
12

m

k

kmm
k yC  

Compare the constant term, m
m

m

k

C
m

k
m 2

12

1

1

2

2
cot2 








  

1
2

cot
21

1








 




m

k m

k
 

1
2

tan
1

1








m

k m

k
  (3)  ( 

22
0







m

k
  

m

k

2
tan0


 ) 

By (**),  12

21

1 22
sin 



















  m

m

k

m

m

k
  

1

1

1 22
sin 






 m

m

k

m

m

k
  (4) 

(4)(3): 
1

1

1 22
cos 






 m

m

k

m

m

k
  (5) 











 


1

1

22

2
cotlog2log

m

k m

k
ym = 















1

0

2222
12log

m

k

kmm
k yC  

Differentiate w.r.t. y:  







1

1 2
22 cot

2m

k m
ky

y
=

 


















1

0

2222
12

2

0

3222
12222

m

p

pmm
p

m

k

kmm
k

yC

yCkm
 







1

1 2
22 cot

2m

k m
ky

y
=
   

m
m

mmmm

m
m

mmmm

CyCyC

yCyCmyCm
2

12
422

3
222

1

2
32

522
3

322
1 24222













 

L.H.S. =





1

1 2
22 cot

2m

k m
ky

y
=  










1

1 2
22

2
2

tan1

tan2m

k m
k

m
k

y

y
=  







 
















 


1

1 0

222

2
tan

2
tan2

m

k j

j

m

k
y

m

k
y  

 =   






















1

1 0

1222

2
tan12

m

k j

jjj y
m

k
=   










 






 


0

12
1

1

22

2
tan12

j

j
m

k

jj y
m

k
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R.H.S. =
   

m
m

mmmm

m
m

mmmm

CyCyC

yCyCmyCm
2

12
422

3
222

1

2
32

522
3

322
1 24222













 

 =
 









































2

0

2222
12

2

0

3222
12

2

1
12

12

m

p

pmm
p

m

k

kmm
k

yC
m

m

yCkm
 

 =    
















 










0

2

0

2222
12

2

0

3222
12 2

1
1

1

q

q
m

p

pmm
p

m

k

kmm
k yC

m
yCkm

m
 

  









 






 


0

12
1

1

22

2
tan12

j

j
m

k

jj y
m

k
=    

















 










0

2

0

2222
12

2

0

3222
12 2

1
1

1

q

q
m

p

pmm
p

m

k

kmm
k yC

m
yCkm

m
 

Compare coefficients of y: 




1

1

2

2
tan2

m

k m

k
= m

mC
m

2
32

1
 =

   
321

221221





mmm

m
 






1

1

2

2
tan

m

k m

k
=
  

3

121  mm
  (6) 

In particular, put m = 90. 

tan2 1 + tan2 2 +  + tan2 89 =
  

3

1180190 
=

3

15931
= 5310.333 

Compare coefficients of y3:  









1

1

4

2
tan2

m

k m

k
=   



  

m
m

m
m CC

mm
2

52

22
32 2

2

11
 






1

1

4

2
tan

m

k m

k
=

         

























54321

423222122
2

321

22122

2

1

2

1
2

mmmmmmmm

mm
 

 =
          








 





15

2321122

9

1212

2

1 22 mmmmmmmm

m
 

 =
         23231215

45

121



mmmm

mm
 

 =
       67231325

45

121 22 


mmmm
mm

 




m

k m

k

1

4

2
tan =

    1364
45

121 2 


mm
mm

  (7) 


