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Theorem: The three medians of a triangle are concurrent at a point.
In AABC, let D, E and F be the mid points of A
BC, CA and AB respectively.
F E

The theorem says that the medians AD, BE

and CF meet at a point G.

G is called the centroid of the triangle.

Proof: Suppose the medians BE and CF intersects at G.

To show that the line AG produced cuts BC at D is a median.

Join AG, and produce it to K, so that AG = GK .

Suppose AGK cuts BC at D. Join BK, CK..

(o8]
(@)

~» AG = GK (by construction)

AE = EC (E is the mid point) A
: 1

By mid point theorem, GE :E KC, GE // KC

F
"> AG = GK (by construction) !‘

AF = FB (F is the mid point)

%
\

By mid point theorem, GF :% KB, GF // KB

.+ GE // KC and GF // KB

.. BKCG is a parallelogram.
BD = DC (diagonals of a parallelogram.)

Therefore, the theorem is proved.

Furthermore, GE =% KC =% BG

soBG:GE=CG:GF=2:1.
Similarly we can prove that AG: GD=2:1.

The centriod divides each median in the ratio 2 : 1.
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Method 2 To prove that the 3 medians are concurrent at the centroid. A I
Suppose the medians BE and CF intersects at G.
Try to show that the line AG produced cuts BC at D is a median.

Draw a line JAI // BC, cutting BE produced at |, and CF produced at J. % E
ZIAE = Z/BCE (alt. Zs, JI // BC)
AE=EC (given that E is a mid-point) B C
ZAEl = ZCEB (vert. opp. £s)

. AAEl = ACEB (A.S.A)
Al=BC...... (1) (corr. sides, = As)

BE=EI .. (2) (corr. sides, = As)
ZJAF = ZCBF (alt. Zs, JI // BC)
AF=FB (given that F is a mid-point)
ZARJ = /ZBFC (vert. opp. £5s)

. AAFJ = ABFC (A.S.A)
JA=BC:---- 3) (corr. sides, = As)
CF=FJ------ 4) (corr. sides, = As)
By (1) and (3),JI=2BC ------ (5)
ZJIG = ZCBG (alt. Zs, JI // BC)
Z1GJ = ZBGC (vert. opp. £5s)
Z10G = £ZBCG (alt. Zs, JI // BC)

. AGIJ ~AGBC (Equiangular)

Gl G U

= = =2 ---(6 corr. sides, ~ As) and by (5

5G G BC (6) ( ) y (3)

2BE _ Bl _ BG +Gl 1+ Gl _142=3 by (2)and (6)

BG BG BG BG
- B3 BOCE 3 G 3 S 1l scicE-2:1-07)

BG 2 BG 2 BG 2 BG 2

2CF _C)_CG+8I | B | » s i and(6)

CG CG CG CG
o, CF_3  CGrGR 3 BF 3 6F l  ceiar=2:18)
CG 2 CG 2 CG 2 CG 2
Join AG and produce AG to cut BC at D. J A |
ZIAG = ZBDG (alt. Zs, JI // BC)
/ZAGIl = #DGB (vert. opp. £s)
ZAIG = ZDBG (alt. Zs, JI// BC) % E
.. AAGI ~ ADGB (Equiangular)
B D C
BD = GD = BG (corr. sides ~ As)
Al AG Gl
2 2 2
BG 3 BE 3 BE 31
Gl GE+El lBE+BE ‘3‘ 2

AG:GD=2:1andBD=%GI =%BC

.. AD 1s a median
The 3 medians are concurrent at the centroid G.
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Method 3 To prove that the 3 medians are concurrent at the centroid.

Suppose the medians BE and CF intersects at G. A
Try to show that the line AG produced cuts BC at D is a median.
Join FE.
AR = 1 = AE (" E, F are the mid-points) F E
AB 2 AC
/ZEAF = ZCAB (common £s) G
.. AAEF ~ AACB (2 sides proportional, included ) ¢ %
ZAFE = ZABC (corr. Zs, ~ As) B C
FE/BC:----. (1) (corr. Zs eq.)
FE = AR = LI (2) (corr. sides, ~ As)
BC AB 2
ZGEF = ZGBC (alt. Zs, FE // BC)
/EGF = ZBGC (vert. opp. £s)
/GFE = ZGCB (alt. Zs, FE // BC)
.. AGEF ~AGBC (equiangular)

FG_EG_FE 1
GC GB BC 2
Join AG and produce AG to cut BC at D.

...... (3)  (corr. sides, ~ As) and by (2)

Through E draw a line parallel to AD cutting BC at H. A
/DAC = ZHEC (corr. Zs, AD // EH)
/ACD = ZECH (common £s)

Z/ADC = ZEHC (corr. Zs, AD // EH) F E
.. AACD ~ AECH (Equiangular)

AD = cb = AC =2 e (4)  (corr. sides ~As, E is the mid-point)

EH CH EC

= CD=2CH ------ (5) B D H C
In ABDG and ABHE

/BGD = Z/BEH (corr. Zs, AD // EH)

/GBD = ZEBH (common /s)

/BDG = ZBHE (corr. Zs, AD // EH)

.. ABGD ~ ABEH (Equiangular)

BD GD BG 2
= = =— e 6 corr. sides ~As, E is the mid-point) and by (3
BH - EH _BE 3 ©) ( point) y (3)
GD AD 2
6)+(4) —+—=—=+2
©)+(4) EH EH 3
:>G—D:l =AG:GD=2:1"----- (7)
AD 3
2 2

From (6), BD =§ BH ZE(BD+ DH)

= %BDz%DH:BDZZDH ------ (8)

By (4),CD=2CH ------ 9)
(8)+(9)BC=BD+CD=2(DH + CH)=2CD
= D is the mid-point of BC

—> AD is the median
=> The 3 medians are concurrent at the centroid G.

c:\users\twhung.clsmss.002\dropbox\data\mathsdata\f3\geometry\notes\centroid.docx Page 3



Centroid

Created by Mr. Francis Hung

Introduce a rectangular coordinates system as shown. Let the coordinates of A(X1, Y1), B(X2, y2) and
C(x3, y3) respectively. Express the coordinates of the centroid G in terms of X1, X2, X3, Y1, Y2 and Y.

AX15Y1) Ay

C(X3,Y3)

B(X2,Y2)

»- X

o)

D(xo, o) is the mid-point of BC. D =[ % ; % Y ; Ys ]

G(X, y) is the centroid. AG: GD =2 : 1.
G- X +2X%, Y, +2Y,
241 7 2+1

X, + X

X, +2 y

b

1+2'y2+y3
2

3 3

= X1+X2+X3,y]+y2+y3]

3 3
Example Let the coordinates of A, B and C be (-2, 8), (2, 2), (9, 5).
-2+249 8+2+5

Then the coordinates of the centroid :( , j= (3,9).

3 3
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