Problem on a 10°, 10°, 40° triangle
Created by Mr. Frasncis Hung on 20230620. Last updated: 2023-07-18.

In the figure, ADB is a straight line. The line segment CED 1. AB. ZDAE = ZCAE = 10°. ZBCD = 40°.

Find «DBE.

Solution: Let Z/ABE = 6. Reflect AAEB along AB to AAFB.

AAEB = AAFB

BE = BF

Z/ABE = ZABF =0
/BAF = ZBAE = 10°

(by definition)
(corr. sides, =As)
(corr. Zs, =As)
(corr. £s, =As)

AF = AE (corr. sides, =As)

AD = AD (common sides)

AADE = AADF (S.AS.)

DE = DF (corr. sides, =As)

ZACD =70°, Z/AFD = 80° (£ sum of AACD and AADF)

Construct the circumscribed circle passing through ACF  (by using perpendicular bisectors)
AB cuts the circle again at H. Join CH and FH.

/CAF + ZCHF = 180°

(opp. Zs, cyclic quad.)

Z/CHF =180° - 30° = 150° ------ Q)
Extend AE to cut the circle at G and BC at I. Suppose CH intersects Al at J.

/FCH = /FAH = 10°
Z/GCH = /GAH = 10°
/GCl = /BCD - /DCH

(Zs in the same segment)
(s in the same segment)

— ZGCH =40° -10° - 10° = 20°

ZCAH + Z/ACH + ZAHC = 180° (£ sum of AACH)
ZAHC = 180° — (10° + 10°) — (70° + 10°) = 80°

- ZACJ = ZAHJ = 80°
ZCAJ = ZBAJ = 10°
AJ=AJ

- AACJ = AABJ

ZAJC = ZAJH

ZAJC + ZAJH = 180°
- ZAJC = ZAJH = 90°

ClJ=HJ
=1
- ACI = AHI

ZIHI = ZICJ=30° ------

(given)

(common side)
(A.AS)

(corr. Zs, =As)
(adj. Zs on st. line)

(corr. sides, =As)
(common side)
(S.AS)

(2) (corr. £s, =As)
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ZCHF + ZIHJ = 150° + 30° = 180° (by (1) and (2))
- I, H, F are collinear
ZCBD = 180° — 90° — 40° = 50° (£ sum of ABCD)
ZAIC =180° — 10° — (70° + 40°) = 60° (£ sum of AACI)
Z/CFl = Z/CFH = ZCAH = 20° (Zs in the same segment)
ZCIF =180° - 20° — 40° = 120° (£ sum of ACFI)
ZEIF = ZCIF — ZAIC = 120° — 60° = 60°
/BIE = 180° — 60° = 120° (adj. Zs on st. line)
/BIF =180° — 120° = 60° (adj. Zs on st. line)
Locate a point K on IF such that IK = IB. Then, by definition, AIKB is an isosceles A.
ZIKB = ZIBK (base s, is0s. A)
:M (£ sum of ABIK)
=60°

.. ABIK is an equilateral triangle
BI=BK------ 3) (property of equilateral triangle)
BE=BF ------ 4) (proved, AAFB is the reflected image of AAEB)
/BKF =180° - 60° = 120° (adj. Zson st. line)

_ BF =— BK = — BF = — BK__ ... (5) (sine rule on ABFK)
sin ZBKF sin ZBFK  sin120° sin ZBFK

_ BE _ - B = — BE _ - Bl .. (6) (sine rule on ABEI)
sinZBIE sin ZBEIl  sin120° sin ZBEl

sin ZBFK

5)+(6): 1=—"— by (3) and (4
G)(6):1=— =" (by (3) and (4))
.. Z/BFK = ZBEI (- ZBIE = ZBKF = 120° > 90°)
. B, I, E, F are concylic (converse, Zs in the same segment)
ZEBF = ZEIF (s in the same segment)
20 = 60°
6 =30°

Method 2 (provided by Maths De Mon in Facebook)
Let AD =x, /DBE =6

In AACD, CD = x tan 20°; in AADE, DE = x tan 10°

In ABCD, BD = CD tan 40° = x tan 20° tan 40°

In ABDE, tan g =DE = Xtani0 tan10
BD xtan20 tan40" tan(30"-10")tan(30"+10°)
tan10° tan10° tan10°
tan 0 = B

tan30 —tan10° tan30°+tanl0°  tan’30 -tan’10" [ 1 Y’ o
1+tan30 tan10 1—tan30 tanl0’ 1-tan?30 tan’10° | 3| &

J3
1 2
1-| — | tan®10°
(ﬁj

_tan10°(3-tan”10') 3tan10’ —tan10°
© 1-3tn’10  1-3tan’10

tan10° (1—:13 tan? 10°j

1 tan?10°
3

= tan 30°

0 =30°
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