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Given AABC. If the two angle bisectors are equal in length, then it is isosceles.
Method 1

Let BC=a,AC=b,AB =,

CD =t = angle bisector of [JBCA.
Draw a circle passes through AABC.
Produce CD at E on the circle.

Let DE=Yy
~» ABDC ~ AADE (equiangular)
|:| t’y = (C — x)x ......... (1)

OBCD = UECA = 0 (given CD = angle bisector)
UCBD = UCEA (U in the same segment)
U ACDB ~ ACEA (equiangular)
a _t
t+y - Z

ab=1 +1ty
f=ab-ty

:ab_(c—x)x by (1) ......... (2)

Draw BF // CD, produce AC to meet at F.
OCBF = [OBCD = 6 (alt. Us, BF // CD)
OBFC = U0ODCA = 8 (corr. s, BF // CD)

UACBF is isosceles.
UCF=CB=a
ACAD ~ AFAB (equiangular)
b _x
a+b ¢
bc
x= 7 T (3)

Sub. (3) into (2)
:2 :ab—[c— bc j be  _ (@+b+c)a+b-c)ab
atb)a+b (a+b)
Let u = another angle bisector such that r = u
(a +b+c)(a —b+c)ac
a+c)

t=u=[a®+d*b+c)+3abc+be(b+)b-c)=0

Similarly u* =

b —c =0 (" the other factor is positive)

b=c

The triangle is isosceles.
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Method 2
In the figure, let CD, BE be the angle bisectors and CD = BE .
Let OCBE = JABE =a, UBCD =[JACD =3
Suppose CD intersects BE at X. Join AX .

- the three angle bisectors are concurrent
[JAX is the angle bisector.

Let UBAX =0CAX =y, HADC =0

Copy 0 on BE so that BF = AD and JEBF =0
Join EF

Then AEBF LIACAD (S.A.S. by construction) --- (1)
OUOBFE =2y

Draw FY bisects UBFE

OYFE=0XAC =y
OFEY =[JACX =B (by construction)
AC=FE

O AFEY OAACX (A.S.A)
0 FY=AX (corr. sides of [As)  --- -« 2)
OBFE = [OBAE (by (1) AEBF IACAD)
U F, A, E, B are concyclic (converse, [Is in the same segment)
UFAB = UFEB (Us in the same segment)
=[ACD (by (1), AEBF L1ACAD)

O OFAX=B4Y - - oo (3)

UFYE = UFBY + UBFY (ext. 1 of ABFY)
= e+y ......... (4)

By considering the AAXD and AAXC
B+y+0+y=180°=P+0+2y=180°  -coereeernen (5)
(3) + (4) = UFAX + UFYE = 180° (by (5))
UA, X, Y, F are concyclic (opp. Us supp.) ~ =eeeeeeeeees 6)
Join AY. Given AX = FY (by (2))
UFAY = LAYX (equal arcs, equal angles)
UAF /] YX (alt. Us equal)
UFAB = UABE (alt. 0 AF /] YX)
=a
By (). B=a
UUOABC =UACB
AABC is isosceles.
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