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Given a triangle ABC with each angle < 120°. Find a point P inside

AABC such that S = PA + PB + PC is a minimum. g
Express S in terms of a, b and c.

Rotate P anticlockwise by 60° about A to Q. Rotate B anticlockwise by

60° about A to F. Join PQ, QF, BF and CF.

By the property of rotation,

AP =AQ,AB=AF and UPAQ = 60°, 1BAF = 60°

AAPQ and AABF are equilateral triangles A ~C

OBAP = 60° - JBAQ = JFAQ
0 AABP JAAFQ (S.A.S)) F
S=PA+PB+PC
= PQ + FQ + PC (corr. sides, [1As)
> CF (the shortest distance between C and F is a straight line)
When § attains its minimum, P and Q must lie on CF. B

In this case, UAPC = 180° — 60° = 120° (adj. s on st. line) --- (*)

If we construct two more equilateral triangles BCD and ACE
outwards, then S = AD and S = BF
It can be proved easily that AABD LJAFBC (S.A.S.) )

0 FC = AD (corr. sides, [1As)
Also, ABCE OADCA (S.A.S.) A ~C
[0 BE = DA (corr. sides, L1As)

The minimum distance S = AD = BE = CF

Next, we shall prove that AD, BE and CF are concurrent at P.

Suppose AD and CF, which intersect at P. Join BP, PE.

Try to show that B, P, E are collinear.

UCPD = 60° (vert. opp. [s)

UCBD = 60° (property of equilateral A)

B, D, C, P are concyclic (converse, s in the same segment)
UBPF = IBDC (ext. U, cyclic quad.)

By the property (¥), UAPC = 120°

UAEC = 60° (property of equilateral A)

A, P, C, E are concyclic (opp. Us supp.)

UAPE = [JACE = 60° (Us in the same segment)

UBPF + LJAPQ + APE = 60° + 60° + 60° = 180°

B, P, E are collinear (converse, adj. [Is on st. line)

AD, BE, CF concurrent at P, HAPC = UBPC = UAPB = 120°
In AACF, CF? = b* + ¢* — 2bc cos(A + 60°)

CF? = b? + ¢® — be(cos A —+/3 sin A) (compound angle formula)

2, 2_ 2
—p 4> —bcd’%h@acsim
C

_a2 +b*+¢?

+2+/3w, where W is the area of AABC E

) a’+b*+¢?
The shortest sum of distances from P to each vertex = CF = # + 2\/§co
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Use ruler and compasses to draw the Fermat’s point of a triangle.

Suppose all interior angles of AABC < 120°

(1) Draw the equilateral triangles ABF and BCD
outwards.

(2) Join AD and CF, which intersect at P.

Then P is the Fermat’s point.

If one interior angle of AABC, say, [1B > 120°, then B will be the Fermat’s point.

Proof: The intersection point of P will lie outside AABC. F

UAPC =120° by (*)

UAEC = 60° (property of equilateral A)

UAPC + OAEC = 180°

A, P, C, E are concyclic (opp. Us supp.) D
UAPE = [JACE = 60° (Us in the same segment) P

UOCPE =120° - 60° = 60°

Let OCEB =10, then0° <06 <60°------ (*%)

(OCAP = OCEP = 0 (Us in the same segment) L
OBAP < OCAP=0 A ¢
OABP = 180° — (UAPB + [JBAP) (0 sum of A)

=180° - 60° — JBAP

=120° - LUBAP
> 120° — 60° = 60° by (**)
=UAPB

AP > AB (greater sides opp. greater angles)

In a similar manner, OCBP > OCPB = 60°

CP > CB (greater sides opp. greater angles)
S=BA+BB+BC=BA+BC<PA+PB+PC
U B is the Fermat’s point.
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Problem: A, B, C, D are 4 points lying on the corners of a square, length = 1.

D. .C
Build a road network connecting A, B, C and D so that the total length of the
network is shortest.

A B
First solution: D c
Join AB, BC and CA. Total length =3

A B
Second solution: D C
Join the diagonals AC and BD which intersect at M.
Total length = AC + BD =~/2 +/2=22=2.82
The second solution is shorter than the first one.

A B

Third solution

Join AC, BD which intersect at M.

Let P and Q be the Fermat’s point of AADM and ‘
ABCM respectively. l
The network joining AP, PD, PQ, BQ and CQ will i
have the shortest distance. >< ,,,,,,,,,,,,, L
Proof: By the property of Fermat’s point, i
S=PA+ PD + PM + OB + QC + QM is the least. }
PA =x, UAPB = BQC =120°, AP =DP =BQ = CQ |
UPAD = UPDA = 30°

1=AD =2xcos 3002\/§X:>_x:i

V3

) 1

PO=1-2APsin30°=1-x=1-—
[

Sl 14432273

S=4x+PQ=%+1—\/_ 5

This answer is smaller than that in the second solution.
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Problem 2: ABCD are vertices of a regular tetrahedron, length = 1. Build a network A
connecting A, B, C and D so that the total length of the network is the shortest.
AB=BC=CA=AD=CD=BD =1 and AABC, AACD, AABD, ABCD are equilateral.
Let M be the mid-points of BC, BM = MC = 0.5

Join DM, then ABDM L1IACDM (S.S.S.)

UBMD = UCMD = 90° (corr. s [As, adj. Us on st. line) g ?
DM = -0.5 =— (Pythagoras theorem) Y ©
DM is the median of ABCD

Let N be the centriod of ABCD

DN —% \/2_ £ (property of centriod)

Join AN. Then AN is the altitude of the tetrahedron (AN O ABCD)

AN =+ AD* - ND* = |1* - ( 3 J Vo (Pythagoras’ theorem)

Suppose O is the centre of the tetrahedron. Then O4 = OB = OC = OD = x and ON = AN — AO =g —X

In AOND, ON* + DN* = OD? (Pythagoras’ theorem)

V6_ Y (BY) .
3 3] °
£+21—2
3xx

+—=Xx

3

-3 V6
2J6 4

AOB, BOC, COD and DOA are 4 congruent triangles dividing

the tetrahedron into 4 equal parts. Let us consider ABOC.

If P is the Fermat’s point then P lies on OM and LJBPC = 120°

2
3

2 2
OM = ﬁ - (lj :Q (Pythagoras’ theorem)
4 2 4
UBPM =UCPM = 60°
PM = MC+ tan 60° = \/_
2 6
OP =OM - PM —£ —%

PC?=PM? + MC* (Pythagoras’ theorem)

oo (ﬁ} H 3

6 2 3
So the shortest sum of distances from P to O, B, C is v2 —ﬁ +& :Q ¥3 .
4 6 3 4 2
. . V2 3
Now, let O be the Fermat’s point of AAOD, then the shortest sum of distance ZT +7

\/_\/_J\/E

The shortest total length of network is 2[— +— = +4/3=2.439 <04 + OB+ OC + OD =+/6 = 2.449
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