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Example 1 1957 HKU O Level Pure Mathematics Paper 2 Q1(a)
(a) If M is the mid-point of the side BC of the triangle ABC ,
prove that AB + AC > 2AM .
(b) If M is a point of the side BC of the triangle ABC such that BM : MC=m : n ,
prove that nAB+mAC > AM .
m+n

(a) Produce AM to E such that AM = ME.

4 A
B M c B M C
E
BM =MC (given)
AM =ME (By construction)
ABEC is a //-gram (diagonal bisect each other)
UAB=CE (opp. sides //-gram)
In AACE,AC + CE > AE (triangle inequality)

O AB+AC > 2AM
A—M~:nﬁ+mﬁ'

m+n

(b)

_|nAB +mAC| |nAB + mAC]|
‘AMM]AM‘ - m+n:z m+n:z

(m +n)> AM?> =n’ H2+2nle§DXE'+mz AC

=n®> AB? + 2nm(AB)(AC) cosOBAC + m*AC?
< n? AB* + 2nm(AB)(AC) + m*AC? , (equality holds when JBAC = 0°)
=mAB + mAC)?

g MABYmAC 1 for OBAC # 0°

m+n
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Example 2
In AABC,AB = ¢, AC = b, P is a point inside AABC. BP = x, CP =y. prove thatb + ¢ > x + y.
Proof: A

B C

Product BP to Q on AC
In AABQ, ¢ + AQ > x + PQ (A inequality) ------ (1)
In ACPQ, PQ+ QC >y (Ainequality) ------ (2)
MH+QRQ)PO+AQ+Q00C)+c>x+y+ PO
Ob+c>x+y
Example 3
ABCD is a convex quadrilateral such that the diagonals are perpendicular which intersects at O and
OA > OC and OB > OD. To prove AD + BC > AB + CD.
Let the letters a, b, ¢, d, x, y be as shown.
Reflect AACD along the line AC to AACE.
**OD < OB OB > OF = E lies inside AABC.

By Example2, b +c>a+d ------ (D C

Apply Pythagoras’ Theorem on AAEO, ACEO, AABO, ACBO

OD* = - =y =2y =d® -

OB =bp - = -y =2 ==

P =d—d=b -

(a+d)a-d)=b+c)b-c)

b+c _a-d

a+d b-c
b+c

...... 2)

In (1) > 1

a
a—d
b-c
a-d>b-c
a+c>b+d
AD + BC > AB + CD. The result is proved.

= (2) > 1
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Example 4 1971 888 RE -5 " Qll
In the figure, ABCD is a square, ABE and DFE are straight B

lines. Prove that DE + DF > 2BD. /

D C

4. Let G be the mid point of EF, 0BDG =t, UFBG =y, B E
OBGF = x. (I
Then ODBG = 45° +y ¢

Use G as centre, F'G as radius to draw a semi-circle.

B lies on the semi-circle (converse, [ in semi-circle)

BG = FG (radii)

UGFB =y (base Us, isos. A)

x=180° -2y (s sum of A) .......... (D)

y =45° +t (ext. U of ABDF)

y > 45°

3y > 135°

45° +y> 180° -2y

45° +y > x (by (1))

ODBG > OBGD

DG > BD (bigger side opp. bigger [1)

Y2(DE + DF) > BD

DE + DF > 2BD

Method 2 A B & ¢

Draw a line FG // DB, cutting AE at G. /

Draw a line FI U FG, cutting DB at H. "

Then it can be easily shown that

AIBH [JABHF (ASA)

UIH = FH (corr. sides [A's)

IB = BG (intercept theorem)

FG =2BH (mid pt. theorem) ............ (D

In ADHF, DF > DH ........ 2)

In AEFG, EF > FG .......... (3)

DF + DE = DF + DF + EF =2DF + EF
>2DH + FG (by (2) and (3))
=2DH + 2BH = 2BD (by (1))
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Example 5 1957 HKU O Level Pure Mathematics Paper 2 Q1b

ABCD is a quadrilateral. M, N are the mid-points of the opposite sides AB, CD.
Prove that AD + BC 2 2MN. If AD + BC = 2MN, show that AD is parallel to BC.
Join BD. Let O the mid-point of BD. Join OM, ON. A

OM + ON = MN (triangle inequality)

AD =20M, BC = 20N (mid-point theorem)

U AD + BC=20M + 20N =2 2MN M

o

B

To prove the second part. Suppose AD + BC = 2MN
Then OM + ON = MN
M, O, N are collinear.
AD [/ MO I/l MN, BC // ON // MN (mid-point theorem)
U AD /I BC (transitive property of parallel lines)
Method 2 A
Produce BN to K so that BN = NK.
CN=ND (N = mid-point) D
UBNC = UDNK (vert. opp. Us) M
BN = NK (by construction) N
0 ABNC OOADNK (SAS) B

AD + DK = AK (ADK triangle inequality)
AD + BC 22MN (mid-point theorem)
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Example 6 1965 Paper I1 Q11
If P is any point inside a triangle ABC, prove that

BC+CA+AB>PA+ PB+PC >%(BC+ CA + AB).

1965 Paper 11 Q11
Theorem Let P be any point inside A
AABC. Then AB + AC > PB + PC.

B c
Proof: Join BP and produce it to cut AC at Q.
In AABQ,AB+AQ >BP+PQ  ......... (1) (A inequality)
In ACPQ, PO +QC>PC  ......... (2) (A inequality)
(H+®2)AB+(AQ+QC)+ PQ>BP+ PC+ PQ
0AB+AC>PB+PC ......... 3)
The theorem is proved.
In a similar manner, BA + BC> PA + PC ......... 4)
and CA+CB>PA+PB ......... 4)
B)+@)+(5):2(AB+BC+ CA)>2(PA+ PB+ PC)
=BC+CA+AB>PA+PB+PC......... ©)
Next, in AABP, PA+ PB>AB  ......... (6) (A inequality)
In ABCP, PB+PC>BC  ......... (7) (A inequality)
In AMCP,PA+ PC>AC  ......... (8) (A inequality)

MD+@®)+9):2(PA+ PB+PC)>AB+BC+CA
DPA+PB+PC>%(BC+CA+AB) ......... (**)

Combine (*) and (**),BC + CA + AB > PA + PB + PC > % (BC + CA + AB).

Example 7 —fINCEFRXHESE ZHEFEAE_F_F

TEVUE, ABCD 1 > 410A B—E 1y > k3% AB<(CD + BC) -

—NATCEFHEGE JHBERAE " FE

EVUER, ABCD > 410A B—HF » Ki§& AB<(CD+BC) -
C

A D

In ABCD, CD + BC > BD (triangle inequality)

In AABD, BD =~ AB*> + AD* (Pythagoras’ theorem)
> AB
JAB < (CD + BC)
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Example 8 1969 Syllabus A Paper 3 Q16
Reference: 1957 HKU O level Pure Mathematics Paper 2 Q1
(@) InAABC, AB > AC and AD is a median. By producing AD to E such that AD = DE, prove that

OCAD > OBAD.

(b) In Figure 8, AD is a chord of circle O. AB = BC = CD. Using the result of (a),
or by any other method, prove that arc EF > arc AE.

1969 Syllabus A Paper 3 Q16

A A
X
y
7y
B D c
B D C
E
(a) BD=DC (Definition of median AD)
AD = DE (By construction)
ABEC is a //-gram (diagonal bisect each other)
UAB=CE (opp. sides //-gram)

““AB>ACU CE>CA
OCAE > OAEC (greater sides, greater [1s)
.+ UAEC = UBAD (alt. s, AB // CE)

0 OCAD > OOBAD
(b) InAOAC, radius = OA > OC (C lies inside the circle)

Also, AB=BC (given)
0O OBOC > UAOE By the result of (a)
arc EF > arc AE (eq. Us eq. arcs)
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Example 9 1971 Syllabus A Paper 3 Q15 (a)
APB is a circle. Q is a point inside the circle and R is a point outside the circle. P, Q and R are on the
same side of AB. Prove that LUIAQB > LUAPB > [1ARB.

1971 Syllabus A Paper 3 Q15 (a)

Produce AQ to cut the circle at C. AR cut the circle at D. R

Then UAPB = LJADB = LUACB (Us in the same seg.)

**AR>AD

U UABR > UABD (greater sides opp. greater [s)
UARB = 180° — UDAB — UABR (s sum of AABR)
<180° - UDAB - UABD
= UADB (Us sum of AABD)
0 OARB < UADB = UJAPB

 AC> AQ

U UABC > ABQ (greater sides opp. greater [s)

LUAQB = 180° — UQAB — UABQ (s sum of AABQ)
> 180° - UQAB - LUABC
=[UACB (s sum of AABC)

0 UAQB > UACB =IAPB

0 OAQB > UAPB > [JARB

If the line segment AR does not cut the circle, let RA produced to cut the

circle at D.

Let JAPB =0, JARB = a. Join BD.

ADB = 180° — 0 (opp. Us cyclic quad.)

ODBR = 180° — (180° — 0) — a (s sum of A)
=0-a

- ODBR=6-0>0

06>a

= OAPB > UARB
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1971 EEBERE—FHEZ Qll

#£18/\ ABCD #—TEJi)F  ABE - DFEXRES - , ; i
k3% DB <%(DE+DF) o /
F
D C

Let G be the mid point of EF, UIBDG =t, UFBG =y, IBGF = x.
Then LUDBG =45° +y

Use G as centre, F'G as radius to draw a semi-circle.

B lies on the semi-circle (converse, [ in semi-circle)

BG = FG (radii) A B
UGFB =y (base Us, isos. A)
x=180° -2y (1 sum of A) ------ (1) e

y =45° + t (ext. O of ABDF) F
y > 45°

3y > 135°

45° +y > 180° -2y
45° +y> x (by (1)) g
ODBG > OBGD

DG > BD (bigger side opp. bigger L) 5

%(DE+DF)> BD

Method 2 A | B G
Draw a line FG // DB, cutting AE at G.

Draw a line FI U FG, cutting DB at H. H /
Then it can be easily shown that F

AIBH L1ABHF (ASA)

IH = FH (corr. sides [As)

IB = BG (intercept theorem)

FG =2BH (mid pt. theorem) ------ ()

In ADHF, DF > DH ------ (2)

In AEFG, EF > FG -+ 3) o c

DF + DE = DF + DF + EF = 2DF + EF
> 2DH + FG (by (2) and (3))
=2DH + 2BH = 2BD (by (1))

%(DE+DF)> BD
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1973 FAT L PEGHELBEEERE—HEZ Q6
[ — BT Z 25 &R B KA P IR AR IR R EE B S BAg ol - {E&RES
AB ~ AD ~ AC ~ BD ~ DC 11 > Ji—fiRicts > H—MREedd 2

UABD = 180° —91° —44° =45° (U sum of AABD)

UBAD < UABD < UADB

BD<AD<AB :----- (1) (greater sides opp. greater [Is)
UCAD =180° — 89° —44° =47° (U sum of AACD)

UACD < JCAD < UADC

AD<CD<AC :----- 2) (greater sides opp. greater [s)
In AABC, UBAC =44° + 47° =91°

UACB < UABC < IBAC

AB<AC<K<BC -:---- 3) (greater sides opp. greater [Is)
Combine (1), (2) and (3):

BD <AD <AB,CD <AC<BC

The longest side = AC, the shortest side = BD .
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