Ceva’s Theorem

Reference: Advanced Level Pure Mathematics by S.L.Green p. 130-131.
Created by Mr. Francis Hung on 1 July 2008

Last updated: 2021-09-02

In AABC, D, E, F are points on BC, CA and AB respectively. AD, BE and CF are concurrent at G.

Suppose that BD = a, DC = p, CE=b, EA=q, AF = ¢, FB=r. Then (£ =1

Proof:

p qr

Construct a line JAH parallel to BDC. Produce CF and BH to meet the parallel line.

MFJ ~NBFC= S=_AT .. (1)

r atp
+

MEH ~ ACEB = 2=97P ... )
q AH

AMJIG ~ ACDG = ﬂ:ﬂ ...... (3)
p GD

MNMHG ~ADBG = L:Q ...... (4)
AH AG

Hx@x3) x@) S ga - A g*pAG LD
rq p AH a+p AH GD AG

:ﬁEﬁGC—:l

p qr

The theorem is proved.
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Converse of Ceva’s Theorem
Created by Mr. Francis Hung on 1 July 2008

Suppose 4 Blz =1 , then AD, BE and CF are concurrent at a point G.
P qr

The proof is easy.
Suppose the three lines AD, BE and CF are not concurrent.

Let AD and BE intersect at G. Produce CG to meet AB at L.

Then by Ceva’s Theorem, 4 Blz D‘g =1 .
p q LB

Given that iBliDc—=1 .
P q r

) A c
Compare these two equations, we have E =—

r

which means that L = F and the three lines are concurrent.
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Another proof of Ceva’s Theorem and its converse

(a) Let h be the height of AABC with AB as its base.
Areaof AADC _5ADIh AD

Areaof ABDC 'DB[h, DB

Let h> be the height of AABO with AB as its base.
Areaof AADO 3 ADIh, AD

Areaof ABDO DB[h, DB
AD Areaof AADC  Areaof AADO C E

DB Areaof ABDC Areaof ABDO
Area of AADO — Area of NADC

B Area of ABDO — Area of ABDC
Area of AOAC

- Area of AOBC D
BE Areaof AABE _ Areaof AOBE

EC - Areaof AMACE  Area of AOCE
Area of AABE — Area of AOBE

- Area of AACE — Area of AOCE
Area of AOAB

- Area of AOAC
CF _Areaof ABFC _Areaof ACFO

FA Areaof ABFA Areaof AAFO
Area of ABFC + Area of ACFO

- Area of ABFA + Area of ANAFO
_ Area of AOBC

~ Area of AOAB
AD BE CF Areaof AOAC _Areaof AOAB _Areaof AOBC _
P

DB EC FA Areaof AOBC Areaof AOAC Areaof AOAB

by If —[—]B—BC— 1, choose a point F” such that A
DB EC FA

AE, BF’ produced and DC produced intersect at

a point O, as shown.

According to the result in (a),

AD EBE DCF -1

DB EC F'A

0 AD BE dF AD EBE DCF C E
DB EC FA DB EC F'A

CcF_cr

FA F'A

CF CF'

—+1l=—+1

FA F'A D

CF+FA CF'+F'A
FA F'A

AC_AC

FA F'A

OFA=FA

U F and F’ are the same point

Similarly,

Similarly,

U AE, BF produced and DC produced intersect at a point O .
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Ceva’s Theorem Example
Created by Mr. Francis Hung on 1 July 2008

1972 B EgEHREERE = Q7
P HER=AIY ABC & AC L—8h  #HUAPB Z51ARAC AB 2 K> OBPC Z i3
BCJY H -

@
(i)
®

(i)

s58H AH -~ BP ~ CK =#45LEL o
& P Ry AC ZHEL > 559 BP ¥y HK -

Suppose CK intersects BP at Q.
LetAK=a,KB=p,BH=b,HC=q,CP=c,PA=r
a r

In MKP, ——=——— ... (1)
sin® sinUJAKP

In ABKP, P =_ BP .. )
sin® sinOBKP

In ABHP, _b =— Bp 3)
sina sinBHP

macHp, 4 =— ¢ ... @)

sina sin JCHP
Note that sin JAKP = sin [JBKP, sin IBHP = sin JCHP and a + 0 = 90° (adj. [Is on st. line)
), a_r () b_BP

@ p B8P 4) ¢

Multiply these two equations together:

0 2=
p qr
By the converse of Ceva’s Theorem, AH, BP, CK are concurrent at a point.
If P is the mid point of AC, then ¢ = r. Suppose KH intersects BP at R.
a_g9q N £+1=g+1 N a+p:q+b:>BA =BC
p b p b p b BK BH

f=r
q c

SIS

By the above result, a4 di =1 =
P q

[0 ABHK ~ ABCA

= UBHK = IBCA (corr. s ~ A's)

= KH // AC (corr. Us eq.)

= ABKR ~ ABAP and ABHR ~ ABCP (equiangular)

KR _ BR _ RH . .
——=—— =" (ratio of sides, ~A's)
AP BP PC

- AP = PC

U KR=RH, i.e. BP bisects HK at R .
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Ceva’s Theorem Example Created by Mr. Francis Hung

1973 X EGETSREESE T Q8(i) 1968 FHE T N HEEE SREEHSE . Q3(iii)
(i) H=AF ABC z%]ﬁﬁiifiLé‘I: BEAR AA', BB' & CC'; % A'~B' J C' {fF—&
Bl= g, =i BC -~ CA~ AB {KZXAH D~ E~ F o k% AD -~ BE ~ CF =433L9k o

(i) LetAF =a, FC' b,C'B=c,BA'=d,A'D=¢,DC A
=f,CB'=g,BE=h,EA=1i a
\ tbhd 8 _ F
By Ceva's Theorem, E H=—=1... (1)

c et+tf h+i
By intersecting chords theorem,
ala+b)=i(h+i) ... 2) b
cb+c)y=dd+e)...(3)

fle+fH=glg+h)..4 B’
+ j '

From (2): a b =L ¢ g

h+i a c

+

From (3): 4=2%¢

c d+te B d A" e D C
From (4): & - S

etf g+h

+ | b+
Multiply these 3 equations: atb E d e - =Ld7—c EIL
c e+tf h+i a d+e g+h
+

By (1) 1=-2*eg /S

a d+e g+h

+ +
o -2 54 e "

b+c
By the converse of Ceva's Theorem, AD, BE and CF are concurrent at a point.
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Menelaus’s Theorem

Reference: Advanced Level Pure Mathematics by S.L.Green p. 132-133.

Created by Francis Hung on 3 July 2008 Last updated: : 02 September 2021

In AABC, suppose a line cuts BC at P, AC at Q and AB at R, then ﬁ Q D‘ﬁ =-1
PC QA RB

B

C B

Let L, M, N are points on the line POR produced such that AL, BM, CN [J PQOR.

ABMR ~ MLR = ﬁ:ﬂ ...... (1)

BR BM
ACNQ ~ DMLQ = Q:ﬂ ...... )

AQ AL
ABMP ~ ACNP = BP =% ...... (3)

C CN
(Hx2)x3)=> EEI%D&=1

CP AQ BR
Remark: If we consider the direction, ﬁ EIC2 Efﬁ =-1.
PC QA RB

Exercise: Investigate the follow case and verify Menelaus’s Theorem:

A
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Converse of Menelaus’s Theorem
Created by Francis Hung on 3 July 2008 Last updated: 02 September 2021

) ) ) BP R
If points P, Q, R on the sides BC, CA, AB respectively are such that 5 Elj—g Dg—R =1, then P, Q,

R are collinear.

B C P B C P
Join PQ, and produce it to meet AB at F.

By Menelaus’ Theorem, BP E—)CE E-T£ =1
CP AQ BF
Compare with BP EIC2 Dﬁ =1 (given)
CP AQ BR
AR AF
we have —=——
R BF

So R = F and R coincides with F and that the 3 points P, Q, R are collinear.
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Menelaus’s Theorem Example
Created by Francis Hung on 3 July 2008 Last updated: 02 September 2021

1973 43243&12%%&&%&&%%_ Q8(i)

®

®

s — A ABC :z-i BC~CA F. AB ZWBiKXE D~E F. FeAD 1 EF > M>
CM Bl AB Ty N - Kg& : AB=3AN -
Let P be the mid point of CD.
Join EP and FP. Suppose NC intersects EP at J, FP intersects AD at K.

FE// BC and FE :%BC (mid point theorem)

It is easy to show that AAFM ~ AABD and AAEM ~ AACD (equiangular)

M —A—F _E (ratio of sides, ~ A's) = FM = %BD

BD AB

ME —ﬂ —l (ratio of sides, ~ A's) = ME —lCD
DC AC 2 2
“*BD=DCU FM =ME

- P is the mid point of CD

U CP=PD=FM=ME
U MEPD and CMFP are //-grams (opp. sides are eq. and parallel)
U AD /I EP and NC /! FP (property of //-grams)

NF:FB=CP: PB 4
NF:LAB=LcD: 8D +DP)
2 2 N

ONF : AB = CD : 2(BD +%CD) F E

] 3
2NF : AB=—BC:2x—BC

2 4
2NF :AB=1:3

B D P C

NF=1AB
6

AN=AF—NF=1AB—1AB =1AB
2 6 3

UAB =3AN

Method 2

Regard the line NMC as an intercept of AABD.

Apply Menelaus’ Theorem, AN EBC EPM =-1
NB CD MA

A2
NB -11
U NB =2AN
AB =3AN
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Menulau’s Theorem Example Created by Mr. Francis Hung

1970 FEAFXHEEESHEESAE " Q8
() Bl K (Menelaus) & 3 57 v w3 o (RNEEESHE)

(i) # ABCD B—E I -L~M~N~P {kX{F AB~BC~CD~DA > H PM//AB } LN/l BC-

4 LM ~ PN ZJEGRECTY K > 5la8 K ME AC Z IR | -

(i) Menelaus's theorem A
In AABC, suppose a line cuts BC at P, AC at Q and

QAR _

AB at R, then — -1 R
PC QA RB
Q

B
Converse of Menelaus's theorem A
If points P, Q, R on the sides BC, CA, AB

R
respectively are such that BP EIC— Ef‘— -1, then
PC QA RB

P, O, R are collinear.

B C

(i1)) Extend DA to cut RL produced at Q.
Extend DC to cut QK at R. K—)’-)K—d p2'D
AD=x,AQ=y,DC=7,CR=t,NC=c,DP=d Q- $
Consider the intercept RNK on ADQR. L & 7 ¢
bP EIQ—K B@ =-1 (Menelaus's theorem) ¢
PO KR ND B
+
d__ K+t _

x—d+y KR z-c

OK__z-cg=d+y (1)

KR c+t d
It is easy to show that AQAL ~ AQPM ~ AMCR ~ ALNR
T2 LMk (cor sides, ~As) oo (2)

y x+y d d X
Consider the points A, C, K on ADQR.
+
DAEQKERC _XF cdc d yEf_ by (1)
AQ KR CD y c+t
= O Cﬁ+y‘ﬁi

c+t Z

=—— Gl— = —
kEkkEk 1 by ()

[J By the converse if Menelaus's theorem, A, C, K are collinear.
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Theorem on a triangle
By Mr. Francis Hung Last updated: 21 April 2011
In AABC, AD, BF and CE are concurrent at G.
By Ceva's theorem, @ BCE ETE =1
DC EA FB
LetBD :DC=k:n,CF:FP=m:k,AE :EB=n:m
LetAG:GD=1-p:p,BG:GE=1-¢q:q,CG:GF=1-r:r
Thenp+g+r=1

Proof: method 1 (vector method)

=  k

Let BC=¢, BA=d. BD= ¢
k+n

E:pa+(l—p)ﬁzpﬁ+—(l_p)kg
k+n

- a+kc
BE:ma kc
m+k

—_— s —

- BG I/ BE, BG=sBE
(1 - p)kE _ sma N skc
k+n m+k m+k
Compare coefficients,
sm

pa+

pk+pn=m—mp
plk+m+n)=m
m

p_k+m+n

n B k
k+m+n,r_k+m+n
Up+g+r=1
Method 2
Draw AH, GK L1 BC
Spsce _ »BCLGK _ GK _ GD

Swse LBCOAH AH AD . E

similarly g =

Smee ~GE )
SAABC BE

SAA;GB :@ ......... 3)
Spape CF

M+ +0) minl
v

similarly

and

Sapoc *Smcc +Smcp - GD GE  GF B
S MmBe AD BE CF

GD_|_GE_'_GF=SAABC=

AD BE CF Sppe

Up+g+r=1
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Theorem on a triangle Created by Mr. Francis Hung

Discussion:

In AABC, AD, BF and CE are concurrent at O.
AO:OD=1-p:p;BO:0OE=1-q:gq;
CO:0OF=1-r:r;BD:DC=k:1-k;
AF:FB=n:1-n,AE:EC=1-m:m
Given the ratio of any two sections, we can find
the ratio of the other sections.

Example 1

In the figure, AF : FB=2:3,BD: DC=4:5
Find AO : OD and CO : OF.
LetAO:0D=1-p:p,CO:0OF=1-r:r
Apply Menelaus’ theorem

+
4+s x_P xg =1 (intercept COF on AABD)
5 1-p 3
AO _1-p _6
oD p 5
4 1-r_ 2 .
—Xx——x——=1 (intercept AOD on ABCF)
S r 243
€O _1=r_25
OF r 8
Example 2

In the figure, BO: OE=3:2,BD: DC=5:4

A
Find AO : OD and AE : EC.
LetAO:0D=1-p:p,AE.EC=1-m:m
Apply Menelaus’ theorem
I «3%2 21 (intercept AOD on ABCE) l'm
I-m 4 3
E
l—m:—:>m:g D m
ﬂ—_l_m—5 i opo4c
EC m
1_p>< > x M= (intercept BOE on AACD)
p S5+4 1-m
1_px§xl:1
p 95
ﬂ:l__ng
oD p
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Theorem on a triangle Created by Mr. Francis Hung

Example 3

In the figure, BO : OE=3:2,AE: EC=4:5
Find AO : OD and BD : DC.
LetAO:0D=1-p:p,BD:DC=k:1-k
Apply Menelaus’ theorem

3 x 1k X 4 =1 (intercept AOD on ABCE)

27 k445
1

I-p

- x% =1 (intercept BOE on AACD)

I~

=1

» k
1

P, 5 1
p 9 5
AO _1-p _
oD~ p
Example 4
In the figure, BO: OE=3:2,A0: 0D =5 :4
Find AE : EC and BD : DC.
LetAE:EC=1-m:m,BD:DC=k:1-k
Apply Menelaus’ theorem

=9

%xl;ck xlT’" =1 --- (1) (intercept AOD on ABCE)
5 k m .
—X—X -+ (2) (intercept BOE on AACD)
41 1-m
(H)x(2): —x(1 k)Xm—I:(l—k)m—% - (3)
(1) can be simplified to %xl_k_l(j_k)m 1 - (4)
k= 2 T 2 7-15 _2 7-15k
Sub. 3)into (4): — 13 =215 -~ =2 =2=7 - 15k = 10k
k 3 k3 15k 3 5k

k=%:>BD:DC=k:1—k=7:18

Sub. k=— into 3): [1--= jm=>
25 25)" 15
20

=>m=—
27

AE  EC=1-m:m=7:20
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