Pappus’s theorem
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A, B and C are three points on a line L1, D, E and E are three points on another line L.

AE and BD intersect at G, AF and CD intersect at H, BF and CE intersect at /.

Prove that G, H and I are collinear.

Proof: Suppose AE is not parallel to BF. They intersect at P. CD intersect AE and BF at Q and R.
Apply Menelaus’ theorem on APQOR.

Transversal ~ Productratio  Equation

PAOC RB _

ABC 10 CR BP_—l ...... (1)
PG OD RB __

BGD G_QE?;—R%_ 1 ...... (2)
PA H F__ ......

AHE oV =
PE QC RI _

CIE E_Q%%_ 1 ...... (4)
PE D F__ ......

o ERE

PG 0D KB pA (01 T (PE OC
(2)x(3)%(4) GO DR BP AQ HR FP EQ CR IP _ _
()x(s) ~ PAQCRBPE QD RF _

AQ CR BP EQ DR FP

LAy LR AR

GO HR IP
By the converse of Menelaus’ theorem, G, H, I are collinear.
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If AE is parallel to BF, but BD is not parallel to CE. They intersect at P. AF intersects BD and CE at
Q and R. Apply Menelaus’ theorem on APQR.
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Transversal Product ratio Equation
PB A C =] cieee
PB QF RI __
BIF B_Q%%_ 1 ...... (2)
PG A E__ ......
AGE o= O
PD QH RC _
CHD D_Q%%_ 1 ...... (4)
PD F E__ ......
DEF g U T =
P (OF (1 PG OA (KE P 01 fC
(2)x(3)%(4) BQ FR IP GQ AR EP DQ HR CP __
()x(s) ~ PB QA RC PD QF RE
BQ AR CP DQ FR EP
PG OH RI__,
GO HR IP

By the converse of Menelaus’ theorem, G, H, I are collinear.
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If AE is parallel to BF and BD is parallel to CE. Suppose AF intersects BD and CE at P and S,
CD intersects BF and AE at Q and R.
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We can use the properties of similar triangles and the ratio of the corresponding sides to derive the
results:

Similar triangles Ratios of corresponding sides Equation
GR _ DR

ADGR ~ ADBQ B_Q = D_Q """ (D)
ER _ DR

ADER ~ ADFQ ¥ po ()
BQ _ CQ

ACBQ ~ ACAR “R_CcR T (3)
10 _CQ

ACIQ ~ ACER R_CcrR “

ANAHR ~ AFQH RH_AR L. )
HQ FQ

ER JO DR £Q
(2)x(4)  FQ ER _ DO CR _
(1)x(3) "~ GR Bo " DR £0 -
BQ AR DQ CR

ﬁ Blg = ljﬂ = @ ...... (6)

FQ GR FQ 10

Compare (5) and (6), we have R = @
HQ IQ

UGRH = UIQH (alt. Os AE // BF)

U AGRH ~ AIQH (2 sides proportional, included [s)

UGHR =UIHQ (corr. Us, ~As)

U G, H, I are collinear (vert. opp. Us equal and QHR is a st. line)
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If L1 // L, and AE is not parallel to BF, then the proof is similar and so is omitted.

If L1 /] Lr, and AE // BF, but BD is not parallel to CE, then the proof is similar and so is omitted.
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Pascal’s theorem

A, B, C, D, E, F are six points in order on the circumference of a circle.
AE and BD intersect at G, AF and CD intersect at H, BF and CE intersect at /.
Prove that G, H and I are collinear.

Proof: Suppose BD is not parallel to CE. They intersect at P. AF intersects BD and CE at Q and R.

By intersecting chords theorem,

pBxPD = cPxEP LB P -1 . )
CP EP
BOxDQ = QAXQF :% E@ =1.0un.. (2)
BQ DO
ARXFR = RCXRE :)R_Clﬁ =1 ... 3)
AR FR

Apply Menelaus’ theorem on APQR:
Transversal Product ratio Equation
PB QOF RI

BIF BQ R 1P = —1 ...... (4)
PG A E =1 .eec..

AGE g
PD H C =] ......

CHD D_Q D?—I_R % =-1 (6)

PE QF (I PG A (RE (D D (R

(4)x(5)x(6) . BQ FR IP GQ AR EP DQ HR CP __

(1)%(2)x(3) PB A RC PD OF RE

CP BQ AR EP DQ FR

PG o 1,

GQ HR IP
By the converse of Menelaus’ theorem, G, H, I are collinear.
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If BD is parallel to CE, but AE is not parallel to BF'. They intersect
at P. CD intersects AE and BF at Q and R.
By intersecting chords theorem,

B

C

PAXPE=PB><PF:>E D_i .. (1)

CP EP
BRXFR = CRXDR :%5@21 ------ (2)

BQ DQ

RC _RE
AOXOE = COXOD = — =1 e 3
oxe oxQ AR FR ©)

Apply Menelaus’ theorem on APQR.
Transversal Product ratio Equation
PI D@C dzE _

= 1 e
CE R co EP @
PA_E]Q_H QR_F R
AR 40 “HF FP ®
_PG j‘Q_D ]R_B =—=1 ......
BGD 5o bR BP ©

PIRC OF PA OH (i (PG 0D B

(4)x(5)x(6) IR cO EP AQ HF FP GQ DR BP __

(1)x(2)x(3)° PB QA RC PD QF RE )
CP BQ AR EP DQ FR

By the converse of Menelaus’ theorem, G, H, I are collinear.
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