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Theorem 1 (Intersecting chords theorem) AB and CD are two chords
intersecting at a point K inside the circle.
IfAK=a,BK=b, CK =c, DK =d, then ab = cd.
Proof: [IKAC = LUKDB (U in the same segment)
LUKCA = UKBD ([J in the same segment)
UAKC = UDKB (vert. opp. angles)
AAKC ~ ADKB (equiangular)

2 =S (corr. of sides, ~As)
d b
ab = cd

Hence results follow.

Note that its converse is also true.

Theorem 2 (Intersecting chords theorem) AB and CD are

two chords intersecting at a point K outside the circle.
IfAK =a,BK=b, CK =c, DK =d, then ab = cd.
Proof: [1KAD = 1KCB (ext. U, cyclic quad.)

UKDA = [IKBC (ext. L, cyclic quad.)

UAKD = LUCKB (common [])

AAKD ~ ACKB (equiangular)

a_d (corr. sides, ~As)
c b
ab = cd

Hence results follow.

Note that its converse is also true.

Theorem 3 (Intersecting chords theorem)
Chord AB produced and the tangent at C intersect at a point K.
If AK = a, BK = b, CK = ¢, then ab = ¢*.
Proof: [1IBCK = LICAK (U in alt. seg.)
UOBKC = OCKA (common [])
UOCBK = UACK (U sum of A)
ACKB ~ AAKC (equiangular)

a-¢ (corr. sides, ~As)
c b

ab = ¢*

Hence results follow.

Note that its converse is also true.
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Theorem 4 Let AC and BD be two equal arcs. Then AB// CD. A
Proof: Join AD.

UADC = UBAD (eq. arcs eq. Ls)

AB /] CD (alt. U eq.)
Note that its converse is also true.

Theorem 5 In AABC, M is the mid point of AB. CM meets the
circumcircle ABC at D. Then AC [AD = BC [(BD

C
Proof: Let F be the foot of perpendicular drawn from A onto CD. \
Let E be the foot of perpendicular drawn from B onto CD. A
AM = MB (given) B
UAFM = UBEM =90° (by construction)
UAMF = UBME (vert. opp. Us)
AAFM DABEM (A.A.S)
D

AF = BE (corr. sides [1As)

Area of AACD = %AC [(ADsinUCAD

= lCD LAF
2

= lCD (BE
2

= Area of ABCD

=%BC [(BDsin U1CBD

U %AC LADsin DCAD:%BC (BDsin UICBD

-+ sin UCAD = sin(180° — LUCBD) = sin LICBD (opp. Us, cyclic quad.)
0 ACUIAD =BC [BD

Theorem 6 In AABC, the angle bisector of [JA cuts BC at D and A

also the circumcircle ABC at E. Prove that AB[AC = AD [AE

Proof: Let 1BAE =0=[CAE (O bisector) oo
UACD =a = AEB (Us in the same seg.) B D N
UABE = UADC (O sum of A)
AABE ~ AMADC (equiangular) o
AB _AD

40 Al (corr. sides, ~As)
AE AC

= ABAC=AD[AE
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A
Theorem 7 Given an equilateral AABC. P is a point outside AABC

such that L1BPC = 120°.
Prove that(a) AP =BP+ PC
1 1

) 1
(b) IfAP intersects BC at D,then —+—=——.
PB PC PD
Remark: the theorem is extracted from

1972 ARG WEBE WG Q8

Proof: we have several methods in proving (a). A
Method 1 “.-[1BAC = 60°, UBPC = 120°

OBAC +00BPC = 60° + 120° = 180°
ABPC is a cyclic quad.  (opp. Us supp.)
Construct the circumcircle ABPC.
Produce PC to E so that BP = CE
AB=AC (sides of an equilateral &) D
UOABP =UACE (ext. [, cyclic quad.) \Mc
UOAABP LUAACE (S.A.S)
AP =AE (corr. sides [As)
OPAE =UOPAC + UCAE
=[PAC + UBAP (corr. Ls, [As)
= [BAC = 60°
UAAPE is an equilateral A.
PE=PA (sides of an equilateral A)
PC+CE=PA
PB + PC = PA by construction
Method 2 As in method 1, draw the circumcircle ABPC.
UAPC = UAPB (eq. chords. eq. Us)

_120° o
2
Let Q be a point on AP such that HACQ = 0 = OBCP
0QCP =0QCB + 8 = ACB = 60°

[0 AQCP is an equilateral A.

PC=0C (sides of an equilateral A)
AC=BC (sides of an equilateral A)
OACQ =06 =0BCP

0 AACQ UOABCP (S.A.S)

AQ =BP (corr. sides, [As)

PA=AQ+ QP=PB+CP
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Method 3 As in method 2, draw the circumcircle ABPC. A
Let UABP =a, UACP =3, UBAP =0, ICAP =60° -0

o + 3= 180° (opp. s, cyclic quad.) = sina =sin B --- (1)
0+6+60° = 180° (Us sum of AABP) = o =90°+30° -0 ---(2)
Apply sine formula on AABP and AACD.

,PA = {DB = PB= .PA sin® --- (3)
sina  sin® sind
PA _ PC o pe=LA Ginls0 -0) -4
sinf3 s1n(60 —9) sinf3
(3)+ (4): PB+ PC=—2in 0+ 2 sin(60° -0)
sind sin3

Sin“; [sin6-+sin(60" -8)] by (1)
B PA
~sin(90° +30° -0

=£(§;§——9)[COS(3OO - 9)]
=PA
To prove (b): By (a), PB+ PC=PA

)[2sin 30" cos(30° -6)]

(PB+PO)PD=PD[PA ------ (1)

- PA is the 0 bisector of BPC.

By theorem 6, PB [PC = PD [PA

Sub. into (1), (PB + PC)IPD = PB [PC
1 1 1
+ =

PB PC PD’
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