Area of a cyclic quadrilateral
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Reference: Additional Pure Mathematics A Modern Course Fourth Edition Volume 1 (1994)
by W. K. Chow, P.F. So, K.Y. Tam, W.K. Mui: p.166 Q19

ABCD is a quadrilateral where AB =a, BC=b, CD =c and DA =d.

(a)
(b)

(©
(d)

(a)

(b)

(©)

Express the area K of ABCD in terms of a, b, ¢, d and the angles A and C.

Using the cosine law, express the length of BD in two ways in terms of a, b, ¢, d and the
angles A and C.

Show that 16K? + (a* + d* — b* — ?)? = 4(a*d* + b*c?) — 8abed cos(A + O).

If the four sides of a quadrilateral are fixed in length but the shape of the quadrilateral varies,
show that the area is a maximum when it is cyclic.

Hence find the maximum area in terms of a, b, ¢, d.

K =area of ABCD A
=area of AABD + areaof ACBD D

= %ad sin A +lbcsinC

By cosine law, BD:\/a2 +d?* —2ad cos A ¢

BD =\/b2 +¢? = 2bccosC
By (a), 2K =ad sin A + bc sin C

(2[()2 = (ad sin A+bcsin C)2

4K? =a’d? sin? A+b>c? sin? C+2abcdsin AsinC «-+v---- (1)

By (b), BD? =a* +d* —2ad cos A=b* +¢* =2bccosC
a’+d* -b*-c? =2(adcosA—bccosC)
(a2 +a%=p? -2f = 4{ad cos A=becos C vovvvenn )

40)+@): 16K> +(a® +a? =p? =2

=4a’d* sin® A+4b*c? sin® C +8abcd sin Asin C +4(ad cos A —bc cos C)°

= 44°d*[sin® A+cos® A)+4b%¢(sin® C +cos® C)+8abed sin Asin C ~8abed cos Acos C
=4a’d* +4b*c* -8abcd(cos A cos C —sin Asin C)

=4{a’d> +b7¢? )-8abed cos(A+C)
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(d) —8abcd cos(A +C ) <8abcd , equality holds when A+ C =180°

16K* + (a2 +d* -b* - c2)2 < 4(azd2 + b2c2)+ 8abcd , equality holds when ABCD is a cyclic
quadrilateral.

Maximum area = K2 = [4 242 +b2c? )+ 8abed - (a? +d* - b? —02)2}

[4a2d2 +4b%c? +8abed)-(a® +d* =b? —cz)z}

(2ad +2b¢)* ~(a? +a* - —cz)z}

(2ad+2bc+a +d* -b* ~c )[ﬁzad+2bc—a2 ~d* +b’ +c2)

(a +2ad +d* =b* +2bc~c )[ﬁbz+2bc+c2—a2+2ad—d2)

(a+df --c) o+ ~(a-a)]

( +d+b-c)a+d+c-b)a+b+c—d)b+c+d-a)

= ox|~ ox|~ ox|~ 5|H 5|*‘ 5|"

—

Let s :%(a +b+c+d), half of the perimeter. Then
2s=2a=b+c+d—-a2s—-2b=a+c+d—-b2s—2c=a+b+d—-c2s—-2d =a+b+c—d

K*= % (25 -2a)(2s - 2b)(2s —2¢)(2s - 2d)
K* = (s —a)(s—b)(s —c)(s —d)
K =\(s=a)is=b)s=c)s-d)

Note:

When d = 0, the cyclic quadrilateral ABCD becomes a triangle ABC, the area reduces to Heron’s
formula.
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Method 2
(a) In the figure, ABCD is a convex quadrilateral, JA = x,
UC =y, show that d_y - ad S.lnx
dx bcsiny

(b) Using area formula, show that when the area of
quadrilateral ABCD is a maximum, then ABCD is a cyclic
quadrilateral.

(c) Show that when A, B, C, D are concyclic,
a’+d’-b’-c’
2(bc +ad )

(d) Using (c) to show that the area of a cyclic quadrilateral is \/ (s—a)s-b)s—c)s-d),

COS X =

» SABcD =%(ad +bc)sin x B

where s=%(a+b+c+d).

(@) BD?=d*+d*—2ad cos x =b*+ c* - 2bc cos y
Differentiate both sides w.r.t. x

2ad sin x = 2bc sin yﬂ
dx

dy _adsinx

dx bcsiny

(b) Let S be the area of the quadrilateral ABCD.
S =area of AABD + area of ACBD:%ad sin x +%bcsin y

. . + .
@ =lad cosx+lbccos yﬂ :lad cosx+lbccos y ﬁld s'mx =ﬂ g ycosx‘ cosysmx
dx 2 2 dx 2 2 bcsiny 2 sin y
inlx+
dx 2 sin y
dzs _%E?in ycos(x+ y)(1+%)—sin(x+y)cosy%
dx* 2 sin’ y
sin ycos(x + y) 1+ ad s.mx —sin(x + y)cosy m
_ad B bcsiny bcsiny
2 sin’ y
_ad D?os(x + y)(bc sin y +ad sin x)—ad sin(x + y)cos ysinx
2 besin® y
5 g
df :_ad(bcsmy 3adsmx)<0
- 2bcsin” y

[J When the area of quadrilateral ABCD is a maximum, then ABCD is a cyclic quadrilateral.
(c)  When ABCD is a cyclic quadrilateral, x + y = Tt (opp. U, cyclic quad.)
BD? = a* + d* — 2ad cos x = b* + ¢* — 2bc cos y (cosine law)
a’> + d*> — 2ad cos x = b* + ¢* — 2bc cos (T1— x) = b + ¢ + 2bc cos x
a’+d>-b>-c’
2(bc +ad )

COS X =

S =area of AABD + area of ACBD =%ad sin x +%bcsin y =%(ad +bc)sinx
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@ s :%(ad +bc)sin x :%(ad +bcW1-cos® x :%(ad +be (1 =cos x)(1 +cos x)

1 a’+d’>-b>-c* a’+d*-b*-c*
S=2(ad +be) [ 1- 1 b
(ad + C)\/[ 2 +ad) J[ " b+ ad) J v

§=— _2(bc+ad)—(a2 +d*-b° —cz)jl_Z(bc+ad)+(a2 +d?-b’ —cz)j

S:l (b+c)2 —(a—d)z][(a+d)2 —(b_c)z]

S:Z\/(a+b+c—d)(b+c+d—a)(a+b+d—c)(a+c+d—b)

S=\/(a+b+c+d—2d)(a+b+c+d—2a) (a+b+c+d-2c)(a+b+c+d-2b)
2 2 2 2

S:\/ZS;Zd EZS—Za E25—20 EZS;Z!)

2 2

§=\ls=a)s=b)s=c)is-d)
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Method 3

Join AC.LetAB=a,BC=b,CD=cand DA =d, AC = x.
OB + D = 180° (opp. Us, cyclic quad.)

In AABC, a® + b* —2ab cos B=x* -+ (1)

In AADC, > +d*>-2cdcos D=x% ------ (2)

*»cosD=-cosB
(1) =(2): @*> + b* - 2ab cos B=c*> + d* + 2cd cos B
a’+b*>-c*-d’

2ab+cd)
1 —cos? B=(1 + cos B)(1 —cos B)
_ 1_|_az+bz—cz—d2 1_az+bz—cz—al2
- 2(ab+cd) 2(ab+cd)
[a? +2ab+b> —(c* ~2cd +a* )| * +2cd +d* = (a® - 2ab +1?)
I 2(ab +cd) 2(ab +cd)
_[(a+b) ~(c-a) | (c+d) ~(a=b)

- 2(ab+cd) 2(ab +cd)
_(a+b+c—d)(a+b—c+d) (c+d+a—b)(c+d—a+b)
i 2(ab +cd) 2ab+cd)

= (ZS _ 2a)(2s _ 2b)(2s _ 2c)(2s — 2d) ,where 2s=a+b+c+d
4(ab +cd)’

Gin? B = sin? D = 4s—a)(s-b)s—c)s—d) sinBesinD 2(s—a)(s—b)(s—c)(s—d)
(ab+cd )2 ab+cd

cos B =

Area of ABCD =%absinB +%cd sin D

SPREN G ot Gt INWHEN G G R ()

ab+cd ab+cd

=(ab+cd)n/(s—a)(s—b)(s—c)(s—d)

ab+cd

=Js=a)s=b)(s—c)(s - d)
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