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Reference: Additional Pure Mathematics A Modern Course Fourth Edition Volume 1 (1994) 

by W. K. Chow, P.F. So, K.Y. Tam, W.K. Mui: p.166 Q19 

 

ABCD is a quadrilateral where AB = a, BC = b, CD = c and DA = d. 

(a) Express the area K of ABCD in terms of a, b, c, d and the angles A and C. 

(b) Using the cosine law, express the length of BD in two ways in terms of a, b, c, d and the 

angles A and C. 

(c) Show that 16K2 + (a2 + d2 – b2 – c2)2 = 4(a2d2 + b2c2) – 8abcd cos(A + C). 

(d) If the four sides of a quadrilateral are fixed in length but the shape of the quadrilateral varies, 

show that the area is a maximum when it is cyclic.  

Hence find the maximum area in terms of a, b, c, d. 

(a) K  = area of ABCD 

 = area of ABD∆  + area of CBD∆  

 = CbcAad sin
2

1
sin

2

1 +  

(b) By cosine law, BD = Aadda cos222 −+  

BD = Cbccb cos222 −+  

(c) By (a), 2K = ad sin A + bc sin C 

( ) ( )22
sinsin2 CbcAadK +=  

 

CAabcdCcbAdaK sinsin2sinsin4 2222222 ++=  ⋯⋯⋯ (1) 

By (b), CbccbAaddaBD cos2cos2 22222 −+=−+=  

( )CbcAadcbda coscos22222 −=−−+  

( ) ( )222222 coscos4 CbcAadcbda −=−−+ ⋯⋯⋯ (2) 

4(1) + (2) : ( )22222216 cbdaK −−++  

( )2222222
coscos4sinsin8sin4sin4 CbcAadCAabcdCcbAda −+++=  

( ) ( ) CAabcdCAabcdCCcbAAda coscos8sinsin8cossin4cossin4
22222222 −++++=

( )CACAabcdcbda sinsincoscos844
2222 −−+=  

( ) ( )CAabcdcbda +−+= cos84
2222  
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(d) ( ) abcdCAabcd 8cos8 ≤+− , equality holds when 
�180=+ CA  

( ) ( ) abcdcbdacbdaK 8416
2222222222 ++≤−−++ , equality holds when ABCD is a cyclic 

quadrilateral. 

Maximum area = ( ) ( )




 −−+−++=

2222222222 84
16

1
cbdaabcdcbdaK  

 ( ) ( )




 −−+−++=

222222222 844
16

1
cbdaabcdcbda  

( ) ( )




 −−+−+=

222222
22

16

1
cbdabcad  

( ) ( )22222222 2222
16

1
cbdabcadcbdabcad ++−−+⋅−−+++=  

( ) ( )22222222 2222
16

1
dadacbcbcbcbdada −+−++⋅−+−++=  

( ) ( )[ ] ( ) ( )[ ]2222

16

1
dacbcbda −−+⋅−−+=  

( )( )( )( )adcbdcbabcdacbda −++−++−++−++=
16

1
 

Let ( )dcbas +++=
2

1
, half of the perimeter. Then  

dcbadsc,dbacsb,dcabsa,dcbas −++=−−++=−−++=−−++=− 22222222

( )( )( )( )dscsbsasK 22222222
16

12 −−−−=  

( )( )( )( )dscsbsasK −−−−=2  

( )( )( )( )dscsbsasK −−−−=  

 

Note:  

When d = 0, the cyclic quadrilateral ABCD becomes a triangle ABC, the area reduces to Heron’s 

formula. 
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Method 2 

(a) In the figure, ABCD is a convex quadrilateral, ∠A = x, 

∠C = y, show that 
d sin

d sin

y ad x

x bc y
=  

 

(b) Using area formula, show that when the area of 

quadrilateral ABCD is a maximum, then ABCD is a cyclic 

quadrilateral. 

(c) Show that when A, B, C, D are concyclic, 

cos x = ( )adbc

cbda

+
−−+

2

2222

, SABCD = ( ) xbcad sin
2

1 +  

(d) Using (c) to show that the area of a cyclic quadrilateral is ( )( )( )( )dscsbsas −−−− , 

where ( )dcbas +++=
2

1
. 

(a) BD2 = a2 + d2 – 2ad cos x = b2 + c2 – 2bc cos y 

Differentiate both sides w.r.t. x 

2ad sin x = 2bc sin y
dx

dy
 

d

d

y

x
=

ybc

xad

sin

sin
 

(b) Let S be the area of the quadrilateral ABCD. 

S = area of ABD∆ + area of CBD∆ = ybcxad sin
2

1
sin

2

1 +  

d

d

S

x
=

1 1 d
cos cos

2 2 d

y
ad x bc y

x
+ =

1 1 sin
cos cos

2 2 sin

ad x
ad x bc y

bc y
+ ⋅ =

y

xyxyad

sin

sincoscossin

2

+⋅  

d

d

S

x
=

( )
y

yxad

sin

sin

2

+⋅ = 0; x + y = π 

2

2

d

d

S

x
=

( )( ) ( )d d

d d

2

sin cos 1 sin cos

2 sin

y y

x x
y x y x y yad

y

+ + − +
⋅  

 =

( ) ( )

y

ybc

xad
yyx

ybc

xad
yxy

ad
2sin

sin

sin
cossin

sin

sin
1cossin

2

⋅+−







++

⋅  

 =
( )( ) ( )

ybc

xyyxadxadybcyxad
3sin

sincossinsinsincos

2

+−++⋅  

( )2

2 3

sin sind

d 2 sin
x y

ad bc y ad xS

x bc y+ =π

+
= − < 0 

∴ When the area of quadrilateral ABCD is a maximum, then ABCD is a cyclic quadrilateral. 

(c) When ABCD is a cyclic quadrilateral, x + y = π (opp. ∠, cyclic quad.) 

BD2 = a2 + d2 – 2ad cos x = b2 + c2 – 2bc cos y (cosine law) 

a2 + d2 – 2ad cos x = b2 + c2 – 2bc cos (π – x) = b2 + c2 + 2bc cos x 

cos x = ( )adbc

cbda

+
−−+

2

2222

 

S = area of ABD∆ + area of CBD∆  = ybcxad sin
2

1
sin

2

1 + = ( ) xbcad sin
2

1 +  
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(d) S = ( ) xbcad sin
2

1 + = ( ) xbcad 2cos1
2

1 −+ = ( ) ( )( )xxbcad cos1cos1
2

1 +−+  

S = ( ) ( ) ( ) 








+
−−++









+
−−+−+

adbc

cbda

adbc

cbda
bcad

2
1

2
1

2

1 22222222

, by (c) 

S = ( ) ( )[ ] ( ) ( )[ ]22222222 22
4

1
cbdaadbccbdaadbc −−+++−−+−+  

S = ( ) ( )[ ]( ) ( )[ ]2222

4

1
cbdadacb −−+−−+  

S = ( )( )( )( )bdcacdbaadcbdcba −++−++−++−++
4

1
 

S =
( ) ( ) ( ) ( )

2

2

2

2

2

2

2

2 bdcbacdcbaadcbaddcba −+++−+++−+++−+++
 

S =
2

22

2

22

2

22

2

22 bScSaSdS −⋅−⋅−⋅−
 

S = ( )( )( )( )dscsbsas −−−−  
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Method 3 

Join AC. Let AB = a, BC = b, CD = c and DA = d, AC = x. 

∠B + ∠D = 180° (opp. ∠s, cyclic quad.) 

In ∆ABC, a2 + b2 – 2ab cos B = x2 ⋯⋯ (1) 

In ∆ADC, c2 + d2 – 2cd cos D = x2 ⋯⋯ (2) 

∵ cos D = –cos B 

(1) = (2): a2 + b2 – 2ab cos B = c2 + d2 + 2cd cos B 

cos B = ( )cdab

dcba

+
−−+

2

2222

 

1 – cos2 B = (1 + cos B)(1 – cos B) 

 = ( ) ( ) 








+
−−+−









+
−−++

cdab

dcba

cdab

dcba

2
1

2
1

22222222

 

 =
( )

( )
( )

( ) 








+
+−−++










+
+−−++

cdab

babadcdc

cdab

dcdcbaba

2

22

2

22
22222222

 

 =
( ) ( )

( )
( ) ( )

( ) 








+
−−+










+
−−+

cdab

badc

cdab

dcba

22

2222

 

 =
( )( )

( )
( )( )

( ) 








+
+−+−++










+
+−+−++

cdab

badcbadc

cdab

dcbadcba

22
 

 =
( )( )( )( )

( )2
4

22222222

cdab

dscsbsas

+
−−−−

, where 2s = a + b + c + d 

sin2 B = sin2 D =
( )( )( )( )

( )2

4

cdab

dscsbsas

+
−−−−

 sin B = sin D =
( )( )( )( )

cdab

dscsbsas

+
−−−−2

 

Area of ABCD = DcdBab sin
2

1
sin

2

1 +  

 =
( )( )( )( ) ( )( )( )( )

cdab

dscsbsas
cd

cdab

dscsbsas
ab

+
−−−−

⋅+
+

−−−−
⋅

2

2

12

2

1
 

 = ( ) ( )( )( )( )
cdab

dscsbsas
cdab

+
−−−−

⋅+  

 = ( )( )( )( )dscsbsas −−−−  


