Ptolemy’s Theorem First Proof
Created by Francis Hung Last updated: 29 October 2024

Let ABCD be a cyclic quadrilateral. AB=p, BC=¢q,CD=r,AD =5, AC=x, BD =y,
then pr +gs =xy .
Proof: Without loss of generality, let ZCBD < ZABD.

On AC locate a point £ such that ZABE = ZCBD.

Let ZABE = ZCBD =0, let AE =t, then CE =x — t.

ZBDC = ZBAE (s in the same segment)

. ABCD ~ ABEA(equiangular)

(cor. sides ~ As)

r_r
p oy

/ZABD =0+ ZEBD = Z/CBE
ZBCE = ZBDA (s in the same segment)
.. ABCE ~ ABDA(equiangular)

— == (cor. sides ~ As)

(D) + @)= xy=pr+gs.
The proof is completed.
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Ptolemy’s Theorem Second Proof

HKAL Pure Mathematics 1957 Paper 1 Q6
Created by Mr. Francis Hung

The lengths of sides and diagonals of quadrilateral ABCD are :
AB=a,BC=b,CD=c,DA=d,AC=p,BD=¢q .

If ABE is the triangle similar (and similarly oriented) to triangle ADC with AB and AD as
corresponding sides, express EB in terms of a, ¢ and d, and EC in terms of p, g and d.

Hence prove

(1) that pg <ac+ bd, and

(i1) that if the equality sign holds, ABCD is a cyclic quadrilateral, and conversely.

Deduce a theorem about an equilateral triangle by considering a cyclic quadrilateral ABCD in which
ABC is an equilateral triangle.

- AADC ~ ABE - EB_¢ _ pp_9¢
a d d
Let ZBAE =0 = ZCAD (corr. £s. ~ As), let AE = x
X =§ and ZEAC =0 + /BAC = /BAD
a

. AEAC ~ ABAD (ratio of 2 sides, included £)

EC :5 (cor. sides, ~As)

q
Ec=1
d
(i) InABCE, EB+ BC > EC (triangle inequality)
LpPd
d
~.oac+bd>pq
(i) Ifequality holds, then EBC is a straight line. A

“w AEAC ~ABAD . ZACE = ZADB

ABCD is a cyclic quadrilateral
(converse, Zs in the same segment)

Converse, if ABCD is a cyclic quadrilateral 4
ZACB = ZADB (Zs in the same segment) P d

D
"+ AEAC ~ ABAD .. Z/ACE = Z/ADB X
.. LACB = /ZADB = ZACE E c
EBC is a straight line " A
EB+BC=EC
C

ac +bd = pq B b

If AABC is an equilateral triangle, let AB=BC=CA =a
By the above result, ac + ad = ag

ctd=gq

. BD=AD+ CD
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Ptolemy’s Theorem Third Proof
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In a circle, there is a cyclic quadrilateral ABCD.
LetAB=p, BC=q,CD=r,AD =5, AC=x, BD = y.
Then pr + gs = xy and x(pg + rs) = y(ps + qr)
Proof: In AABC, x* = p* + ¢* — 2 pq cos B
In AADC, x*=1* +s*—2 rscos D
wxt=p*+q*—2pgcos B=r*+s*—2rscos D

v LB+ 2D =180°..cos D=-cos B.

p*+q*—2pg cos B=1>+s*+2rs cos B
prrgt—ri—s
2(pg +rs)

Prrgi—ri—s

2(pq + rs)

cos B =

X =p*+q’—2pq

_pq+p’rs+pq’ +q’rs—p’q—pq’ + pgr’ + pgs’

pq+”'S
=pl’(ps+qr)+qs(qr+ps)
pq+l’S
o (ps+ar)pr+gs) 3)
pq+7"S

In AABD, y* = p* + s> — 2 ps cos A
In ABCD, y*=q*+r* -2 grcos C
VP =¢*+r*—2qgrcosC=p*+s*—2pscos A4
w24+ 2£C=180°".cos 4 =—cos C
¢ +r*—2rgcos C=p?>+5s*+2pscos C

2 2 2 2
cos C =1 rop s
2(ps+qr)
2,2 2 2
y2=q2+r2—2qrq tr—-p -5
2(ps + qr)
_qrl+pris+@’r+ pg’s—q’r —qr’ + p*qr+ qrs’
ps+qr
_ pq(pr+gs)+rs(pr+gs)
ps+qr
yzz(pq+rs)(pr+qs) ,,,,,, 4)
ps+qr
(3)x(4)
2 —ps+arfpr+as) (pq-+rskpr+as)
pq+rs ps+qr
)’ = (pr + gs)’
SXy=pr+gs

The theorem is proved.

Last updated: 29 October 2024
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The converse of Ptolemy’s Theorem

Given a quadrilateral ABCD.

Created by Francis Hung

LetAB=p,BC=¢q,CD=r,AD=5,AC=x,BD =y.
If ac + bd = xy, then ABCD is a cyclic quadrilateral.

Proof: Let LCAD =0, LADC = p.

Construct a point £ outside ABCD such that
Z/BAE =0, ZABE =B . Join AE, BE and CE.

By definition, AACD ~ AAEB

AE EB
Aab_a _LEB (cor. sides, ~As)
p d ¢
AE _p ...(5),EB=£
d d

(equiangular)

.+(6)

LEAC=0+ ZBAC = ZBAD---(7)

AEAC ~ ABAD (By (5) and (7), ratio of 2 sides, included »)

EC
q

pPq
EC=£L ..
d ®)

. ac+bd=pg (given)

:g (cor. sides, ~As)

%-l-b:ﬂ
d d

EB+BC=EC (by (6)and (8))

.. E, B, C are collinear

.. A, B, C, D are collinear (ext. Z = int. opp. £)
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Ptolemy’s theorem Extension

(ps + qr)(pr + qs)
pq+rs
(ps + qr)(pr + qs)(pq + rs)
(pg +rs)pr+gs)
ps+qr
=(ps+aqrYpr+qs)pq+rs)
= x(pg + rs)=y(ps + qr)

Converse of Ptolemy’s theorem Extension

Ifpr+gs=xy------ (9)and x(pg +rs) =y(ps +qr) -« (10)
for positive quantities p, g, r, s, x and y, then they are the sides of a cyclic quadrilateral.
Proof: (10) implies that SIS SR (10), where £ is a constant
ps+qr pq+rs
x=(ps+tqrk - (1), y=(pg +rs)k -+ (12)
Sub. (11), (12) into (9): xy = (ps + gr)(pq + rs)k*> = pr + gs

| (prees)
k \/( (13)

2 +q7")(pq+ I’S)

Sub. (13) into (11): x =(ps + (]V)\/(ps st:)-;zsql rs) :\/(ps -i-(;]?:I)J(r{::)-’_ o

-(pq+rs) by (3) on page 3

x(pgq +rs) =\/
-J

Wps +qr) =\/

-(ps + qr) by (4) on page 3

(ps+qr)(pg+rs (ps+qr)
Construct a triangle A4BC with sides lengths AB = p, BC = g and AC = x. Then,

p2+q2_(ps+qr)(pr+qs)

Sub. (13) int0(12):y=(pq+rs)\/ (pr+qS) ):\/(p7”+qS)(pq+rs)

I it (pg+rs)  (p'+4")(pg+rs)=(ps+qr)(pr+as)
2pq 2pq 2pq(pg+rs)
_Pq+pq’ + pirs+qirs—(pirs+ pqrt + pgs’ +q’rs)
2pq(pq+rs)
_Pa+pq —pgri—pgs’ _p+q —r =5
2pq(pg+rs) 2(pg+rs)

Construct a triangle AACD with sides lengths AD =5, CD =r and AC = x. Then,
2 (pS+ql")(p7"+qS)

s’ —

COSD=r2+S2_xz _ (pq+rs) =(7’2+S2)(pq+rs)—(ps+qr)(pr+qs)
2rs 2rs 2rs(pq+rs)
B pqr’ + pgs’ +r’s+rs’ —(pzrs + pgr’ + pgs’ + qzrs)
2rs(pq+rs)
rs+rs—prs—qg’rs r’+s —-p —q°
B 2rs(P]q?+VS)q B 2(pq-|]—)rs)q —-cosB

.. B+ D=180°
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Ptolemy’s Theorem Extension

Construct a triangle AABD with sides lengths AB = p, AD = s and BD = y. Then,

p2+sz_(pl’+qs)(pq+l’5)

cosA=p2+S2_y2= (ps+qr) =(p2+S2)(ps+qr)—(pr+qs)(pq+rs)
2ps 2ps 2ps(ps+qr)
_Ps+ps’+piqr+siqr—(piqr+q’ps+rips+siqr)
- 2ps(ps+qr)
_ ps+ps—qg’ps—rips piHs—q -1
- 2ps(ps+qr) - 2(ps+qr)

Construct a triangle ABCD with sides lengths BC =g, CD = r and BD = y. Then,
. (pr+as)(pg+rs)

cos C:q2+r2—y2:q - (ps+qr) :(q2+r2)(PS+‘I”)_(PV+‘]S)(P(]+”S)
2qr 2gr 2gr(ps+qr)
G ps+rips+qr+qr —(piar+q’ps+rips+siqr)
2qr(ps+qr)
r4qri—pgr—siqr ¢ +r’—p’—s’
- ZZV(pf—i-qqr) =t z(ps—i—pqy-) =—cos 4

~A+ C=180°
ABCD is a cyclic quadrilateral
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