To construct a cyclic quadrilateral given four sides a, b, ¢ and d.
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Let the cyclic quadrilateral be PORS with PQ =a, OR=b,RS=c¢, SP=d, PR=x, ZPOR=6
Assume that the sum of any three sides is greater than the fourth side.
First, we find the length of a diagonal PR in terms of a, b, ¢ and d.

ZPSR=180°-0 (opp. Zs of cyclic quadrilateral)
2,32 2
cos 0 :a+2b—bx (cosine rule on APQOR)
a
2 2 2
cos(180° — 0) =c+2d—dx (cosine rule on APSR)
c

Using the fact that cos(180° — 0) =—cos 0,
a’+b’ —x° c+d-x
2ab 2cd
cd(@®+ b —x*)+ab(?+d?-x*)=0
(ab + cd)x* = a*cd + b*cd + c*ab + d*ab = ac(ad + bc) + bd(be + ad) = (ac + bd)(ad + bc)

x=\/(ac+bd)(ad+bc) )

(ab " cd) ......
Lemma: Given the lengths of two line segments are p and gq.

p q
To construct / pg by ruler and compasses. © ° o °

Construction steps:
(1) Draw aline segment ABC with AB=p, BC=g¢q E
(2) Draw the perpendicular bisector of AC.

O is the mid-point of AC.
(3) Use O as centre, OA as radius to draw a circle.
(4) Draw a chord EF through B and perpendicular to AC.

Then BE =4[pq
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Proof: BE = BF (L from centre bisects chord) )Q
4
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ABxBC = BExXBF (intersecting chords theorem)
pq = BE?

5E = Jpa

The proof is completed.
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Construction steps (to construct a cyclic quadrilateral):

(1) Draw a line segment ABC with AB=a, BC=—c

(2) Draw a semi-circle with AC as diameter.

(3) Draw a line segment BE perpendicular to AC, cutting the semi-circle at E.
By the result of the lemma, BE = Jac

(4) Locate D and F' (on the opposite sides of £) on BE produced so that DE = b, EF =d.

(5) Draw a semi-circle with DF as diameter.

(6) Draw a line segment FG perpendicular to DF,, cutting the semi-circle at G.
By the result of the lemma, EG =bd

(7) Join BG.
BE? + EG? = BG? (Pythagoras’ theorem)

BG =+ac+bd
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To construct a cyclic quadrilateral given 4 sides.

a
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Similarly, line segments with lengths vad + bc and v ab+cd are constructed.
(8) Draw a line segment HJ =+/ab+cd .
(9) Locate a point / on HJ (or HJ produced) so that HI =+/ad + bc .

(10) Draw a line segment HL =+/ac+bd in any direction which is not parallel to HJ.

(11) JoinJL.
(12) Draw a line segment /K parallel to JL, cutting HL at K. Let HK = x.

AHIK ~ AHJL (equiangular)
vad +bc X

\/ab+cd - \/ac+bd

. :\/(ac+bd)(ad +bc)

(corr. sides, ~As)

, which satisfies equation (1) on page 1.

(ab+cd)

(13) Construct a triangle POR with PR =x, PO =a, QR =b.
(14) Construct another triangle PSR on the opposite side of PR with RS =c¢, SP =d.
Then PORS is the required cyclic quadrilateral.
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To construct a cyclic quadrilateral given 4 sides.

We shall prove that the quadrilateral formed is cyclic.
b (ac+bd)(ad +bc)
a’+b —x°

(ab +cd )
cos ZPQOR = =
2ab 2ab

_(az +b2)(ab+cd)—(ac+bd)(ad+bc)
2ab(ab+cd)
a’b+a’cd +ab’ +b*cd —(azcd +abc® +abd’® +bzcd)
2ab(ab+cd)
a’b+ab’ —(abc2 +abd2)
2ab(ab+cd)
:az +b’ -’ —-d’
2(ab+cd)

chrdz_(ac+bd)(ad+bc)

2 2 2

cos LPSR=C td—x = (abJer)
2cd 2cd

(02 +d2)(ab+cd)—(ac+bd)(ad+bc)
2cd(ab+cd)
_abc2 +c’d +abd’ +cd’ —(azca’+abc2 +abd’ +b2cd)
2cd(ab+cd)
_03d+caz’3 —(azcd +bzcd)
2cd(ab+cd)
:cz+d2 —a’ b’
2(ab+cd)

.. cos LZPQR =—cos ZPSR

ZPQOR =180°— ZPSR

ZPOR + /PSR = 180°

.. PORS is a cyclic quadrilateral. (opp. Zs supp.)
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To construct a cyclic quadrilateral given 4 sides.

Method 2
a b
c d
Circle of Apollonius AH HM=a : c
AK:KM=a:c
F
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Let AD be the longest and a + b + ¢ > d. The construction steps are as follows:

(1) Draw 4D =d, and extend it to both ways.

(2) Draw a line through D, which is not parallel to AD. Locate points £ and F on the same side of
AD so that DE = a and DF = c.

(3) Mark a point G on AD produced so that DG = b.

(4) Join EG.

(5) Draw a line through F and parallel to £G, cutting AD produced at M.

(6) Draw a line through M, which is not parallel to 4D. Locate points /, J and L on the same side
of AD sothat MI=cand IJ=a =IL.

(7) Join AJ.
(8) Draw a line through 7 and parallel to 4J, cutting AD at H.
(9) Join A4L.

(10) Draw a line through 7 and parallel to AL, cutting DA produced at K.

(11) Draw the perpendicular bisector of HK, O is the mid-point of HK.

(12) Use O as centre, OH as radius to draw the Circle of Apollonius.

(13) Use D as centre, c as radius to draw an arc, cutting the circle of Apollonius at C.

(14) C as centre, b as radius to draw an arc; use 4 as centre, a as radius to draw another arc.
The two arcs intersect at two points, of which one of the intersection B, a convex quadrilateral
ABCD is formed.

(15) Join 4B, BC and CD.

Then ABCD is the required cyclic quadrilateral.
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To construct a cyclic quadrilateral given 4 sides.

Proof: By steps (2) to (5), ADEG ~ ADFM (equiangular)

bM = bE (corr. sides, ~As)
DG DE
DM = be . (1)
a
By steps (7) to (8), HI // AJ
AH : HM=JI : IM (theorem of equal ratios)
AH:HM=a:c------ (2)
By steps (9) to (10), AKMI ~ AAML (equiangular)
AM = M (corr. sides, ~As)
KM IM
- AM _,_¢-a
KM c
AK  a
g L. (3)
KM ¢
Join AC and CM.

By the property of the Circle of Apollonius, AC : CM = AH : HM

file:///C:/Users/85290/Dropbox/Data/My%20Web/Home Page/Geometry/7%20Construction%20by%?20ruler%20and%20compasses
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Consider AABC and ACDM
LAC:CM=a:c (by (2))
AB:CD=a:c
BC:DMZb:EZa:c
a
AABC ~ ACDM (3 sides proportional)
LCDM = ZABC (corr. £s ~As)
.. ABCD is a cyclic quadrilateral (ext. £ =int. opp. L)
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