Given a regular pentagon ABCDE. To construct an inscribed square PQRS in ABCDE so that RS // CD.
Created by Mr. Francis Hung on 2017-02-07. Last updated: 2023-07-03.
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Construction steps:

(1) Join BE. Construct a square BEKL. (KL and DC lie on the same side of EB.)
(2) Join AK, cutting DE at S. Join AL, cutting BC at R.

(3) Join SR. Draw SP // KE, cutting AE at P. Draw RQ // LB, cutting AB at Q.
(4) Join PQ. Then PQRS is the required inscribed square.

Proof: AE = AB (sides of the regular pentagon)
EK=BL (opp. sides of a square)
/BAE =108° (£ sum of polygon)

ZAEB = ZABE = (180° — 108°)+2 = 36° (£ sum of A, base £s iso0s. A)
/KEB = ZLBE =90° (property of a square)
ZAEK =36°+90° = 126° = ZABL
AAEK = AABL (S.A.S))
AK = AL (corr. sides = As)
AE = AB (proved)
ZEAS = ZBAR (corr. Zs = As)
ZAES = ZABR = 108° (£ sum of polygon)
AAES = AABR (A.AS))
AS =AR (corr. sides = As)
. AS AR
~ AK AL
ZSAR = ZKAL (common £s)
AASR ~ AAKL (2 sides proportional, included )
ZASR = ZAKL (corr. £s ~ As)
SR // KL (corr. Zs eq.)
/PSR = ZPSA + ZASR
= /EKA + ZAKL (corr. Zs, KE // SB, KL // SR)
= ZEKL =90° (property of a square)
PS//EK//BL// QR (transitive property of // lines)
ZQRS =180° —90° = 90° (int. Zs, BD // QR)
AAPS ~ AAEK and AAQR ~ AABL (equiangular)
PS = AS (corr. sides ~ As)
EK AK
_AR_SR (corr. sides ~ As)
AL KL
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Square inside a regular pentagon

_QR
BL
.+ EK=BL and EK = KL
.. PS=SR=QR
PQRS is a //-gram
PQRS is a square

Created by Mr. Francis Hung

(corr. sides ~ As)

(property of a square)

(opp. sides are eq. and //)
(adj. sides are eq.)

Let AB=BC =CD =DE =2aand let 0 =36°

50 =180°=36=180°-26
sin 30 = sin(180° — 20) = sin 20
3sin®—4sin*0=2sin 0 cos O
3—4sin’0=2cos 0
3-4(1-cos’0)=2cos 0
4cos0—-2cosH-1=0

1+x/§ 1—\/§
0s 0= or
4 4

In AABE, AB = AE = 2a, /BAE = 108°
ZABE = ZAEB = (180° — 108°)+2 = 36°

(rejected)

(£ sum of polygon)
(£ sum of A, base £s is0s. A)

BE = 2 AE cos Z AEB = 4a cos 36° =(1++/5 .= BL = KL = EK

ZAES =108°
ZBES =108°-36° =172°
ZKES =90° —72°=18°

(£ sum of polygon)

Apply sine rule on AAES and AKES. Let ZASE = a, then ZKSE = 180° — a (adj. Zs on st. line)

AS  2a sk (1++5h

...... (1) =

sin108° - sin o

sinl8’ sin(l 80° — oc)

Using the fact that sin(180° — o) = sin a, sin 108° = cos 18° and (2)+(1):

%_coslg’ _(1+\/§)a
AS sinl®° 2a

S—K=1+\/§~tan18°

AS

AK _AS+SK | SK_ 1445 o 2+(1+5)ants
AS AS

AS _ 2

AK  2+(1++/5 )an18°

PS _AS _ 2

EK AK 2+(1++/5)an18’

PS = the length of a side of the square = 2(1 * \/g)a

2+ (1++/5 Jtan18°

Let B =18°, then 54 =90°,33 =90° -2, lettan B =t

tan 33 = tan(90° — 2[3) = cot 23
3t-t° 1-t?

1-3t> 2t

62 —2t*=1-12-3t2+ 3t
5P—102+1=0

=

245

5++20 5-4/20 _5-
5

s (rejected) or
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tan 18° =

5-245
5

21445k
PS_2+(1+\/§)tan18°

_ 2a
2 /5—2J§
+
1++/5 5
2a

J§—1+ 5-245
2 5

_ 4+/5a
5-5+2y5-245

~2.12a
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