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The figure shows a line segment AB. D is a fixed point such that A, B, D are not collinear. Construct
a triangle ABC so that C, B and D are collinear and AC — BC = BD.
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(1)  Join DB and produce it further. C
(2) Join AD. 4
(3) Construct the perpendicular bisector of AD, cutting DB produced at 4

C. Let M be the mid-point of AD.

(4) Join AC, BC.

AABC is the required triangle.

Proof: AACM UADCM (S.A.S))
AC=DC (corr. sides, [1As)
BC=DC-BD=AC-BD
0 BD=AC - BC.

Discussion: There are some positions on the plane for which AABC is not constructible.
Use B as centre BA as radius to draw a circle.

Let AE be the diameter of this circle. AB = BE. w
Draw 2 circles with AB, BE as diameters.
Let the region (including the boundary) bounded by the
circles with AB, BE as diameters be a and [ a B
respectively.
Let the region inside the great circle with AE as
: . B
diameter but not in O and 3 be V. A E

Let the region on or outside the great circle be .
When D lies on w, then BD = AB

SoAC-BC = AB

AC=2AB+BC

This inequality violates the triangle law:

The sum of 2 sides of a triangle is larger than the third
side.

i.e. AC 2 AB + BC > AC, which is false.

[1 When D lies on or outside the circle, AABC is not constructible.

When D lies on a,
AACIM UADCIM (S.A.S)
0cCiAM =0C DM (corr. s, LAs)
UADC: = UUBAD + UABD (ext. 1 of AABD)
> UABD
0 OCiAM = UOADC: > UABD
0CAB > UABD
AC| < BC (greater sides opp. greater [Is)
The contradicts to the fact that BD = AC1 — BCy
because ACy = BD + BC1 > BC,
In this case the steps are as follows:
(1)  Join DB and produce it further.
(2) Use B as centre, BD as radius to draw a circle,
cutting DB produced at F.
(3) Join AF.
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(4) Construct the perpendicular bisector of AF,
cutting DB at C». Let M2 be the mid-point of AF.
(5) Join AC», BCo.
AABC:; is the required triangle.
UABC> = UBAF + JUAFB  (ext. U of AABF)
> UAFB
=0FAC, (corr. s, LAs)
> OBAC,
[ AC> > BC» (greater sides opp. greater []s)
The triangle ABC is constructible.
When D lies on 3, relabel D as F and F as D, the
construction steps are shown above.
There is only one possible triangle.

When D lies on the boundary of a,

UADB =90° (1 in semi-circle)

The perpendicular bisector of AD is parallel to DB. U
It will not intersect DB produced.

Suppose DB produced intersects the boundary of 3 at
F3. Then the perpendicular bisector of AF3 intersects
DB at Cs.

AABCs3 is the required triangle.

Proof: omitted.

When D lies on y,

Use B as centre, BD as radius to draw a circle, cutting
DB produced at E on Y.

The perpendicular bisector of AD cuts DB produced at
C4. The perpendicular bisector of AE cut BD at Cs.

[J We can construct 2 possible triangles AABC4 and
AABC s satisfying the given conditions.

c:\users\f|{#{#\dropbox\data\mathsdata\f4-5\geometry\7 construction by ruler and compasses\chinese\triangle\ac-bc=bd.docx Page 3



