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Given that X+1=3, find X2+i.
X X2

Reference: 1983 FG7.3, 1984 FG10.2, 1985 FI1.2, 1987 FG8.2, 1990 HI12, 1997 HG7
2
x? +i2=[x+1j -2
X X
=32-2=7
If x # y = xy — 2x, find the value of 2 # 3.
2#3=2x3-2x2=2
Find the number of sides of a regular polygon if an interior angle exceeds an exterior angle by
150°. (Reference 1997 HG6)
Let x be the size of each interior angle, y be the size of each exterior angle, n be the number of
sides.

180 (n-2) 360

3

n n
x=y+150°
180°(n—2) _360 . 150°
n n

180(n —2) =360+ 150n
187 —36=36+ 15n
=>n=24
Find the value of b such that 10'%° =8b+5.
9=8b+5
=b -1
2
A man cycles from P to Q with a uniform speed of 15 km/h and then back from Q to P with a

uniform speed of 10 km/h. Find the average speed for the whole journey.
Let the distance between P and Q be x km.

Total distance travelled = 2x km. Total time = % + X hour.

10
2X

Average speed = x km/h

X
7+7
15 10
2

=2—+3= 12 km/h
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[x] denotes the greatest integer less than or equal to x. For example, [3] =3, [5.7] = 5.

it Wi} [V2]+ - +[In]=n+14, find .

Reference 1991 HI13

Wil1, [2f=1, .. W31 1[B2)= 2, . [V242)= 2 [9243) 3

If n <31, lf/iJ+l\5/§J++lf/ﬁJ=n

132 <n<242, i+ [¥2)++[In|=31 4200 - 31 =20 - 31

2n-31=n+14

=>n=45

A boy tries to find the area of a parallelogram by multiplying together the lengths of two
adjacent sides. His answer is V2 times the correct area. If the acute angle of the parallelogram
is x°, find x. (Reference: 1991 FSG.3-4)

Let the lengths of two adjacent sides be a and b, where the angle between a and b is x°.

ab = +/2absinx
sin x° =—
x=45

If the points 4 (-8, 6), B (-2, 1) and C (4, ¢) are collinear, find c.
Reference: 1984 FSG.4, 1984 FG7.3, 1986 FG6.2, 1987 FG7.4

mcp = mpy
c-1_ 1-6
4+2 -2+48
c=-4

The graphs of x> + y = 8 and x + y = 8 meet at two points. If the distance between these two
points is Jd , find d.

From (1),y=8 x> ...... (3)

From (2),y=8—-x ...... 4)

3)=(4):8-x=8-x?

x=0orl

Whenx=0,y=8; whenx=1,y=7

Distance between the points (0, 8) and (1, 7) =12 +(7—-8) =2

d=2

The sines of the three angles of a triangle are in the ratio 3 : 4 : 5. If 4 is the smallest interior

angle of the triangle and tan A= X , find x.
16

Reference: 1990 HI6

By Sinerule,a:b:c=sin4d:sinB:sinC=3:4:5
Leta =3k, b= 4k, c = 5k.

a*+ b? = (3k)* + (4k)> = (5k)* = 2

.. ZC=90° (converse, Pythagoras’ theorem)

tanAzgzgzE
b 4 16
=>x=12
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I11

112

113

114

I15

116

Two dice are thrown.
Find the probability that the sum of the two numbers shown is greater than 7.
Reference: 2002 HG7
P(sum>7)=P(sum=8 or9or 10 or 11 or 12)
5 4 3 2 1

=t —t—t—t+—
36 36 36 36 36

Method 2 P(7) =2 = 1
36 6

P(2,3,4,5,6)=P(8,9,10, 11, 12)
P(2,3,4,5,6)+P(7)+ P8,9, 10,11, 12) = 1
2P(8,9, 10, 11, 12) = 1 — P(7) =%

P(8,9,10, 11, 12)=i
12

' _ 2x+1, ifx<3
Fis a function defined by F(X)=1_ , )
3x°, if x>3

.Find F(F(3)).
F(3)=2x3+1=7
F(F(3))= F(7)=3x7*= 147
X 14
If (a b c)y|=ax+by+cz and (1 2 3) y |=26, find y. (Reference: 1986 FI3.4)

Z 2

14
M 2 3)y|=14+2y+6=26=y=3
2

I izsm37 sin45°c0s60°sin60 find B.
B €c0s30°c0s45°co0s53°

Reference: 1990 H114
1 sin37°sin45°c0s60°sin60°
B c0s30°cos45°cos53°
~ sin37°sin45°c0s60°sin60°

sin60°sin45°sin37°

0s 6 °=l
2

B=2

Ifx+y=-4,y+z=5and z+ x =7, find the value of xyz.

Reference: 1986 FG10.1, 1990 HI7

H+2)-3B):2y=—6=>y=-3

MH+B)-2):2x=2=x=-1

2)+3)—-(1):2z=16=>2z=8

xyz =24

a, B are the roots of the equation x> — 10x + ¢ = 0. If afp =11 and o > B, find the value of o — .
at+pB=10

o—f =w/(oc+[3)2 —4af3
=107 -4(-11)=12

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOHeat\HKMOheatanswers\HKMO1989%heatans.docx ~ Page 3



Answers: (1988-89 HKMO Heat Events) Created by: Mr. Francis Hung

117

118

119

120

In figure 1, FE // BC and ED // AB. If AF : FB =3 : 2, find the A
ratio area of ADEF : area of AABC. Reference: 1990 HGS8

BDEF is a parallelogram formed by 2 pairs of parallel lines

ADEF = AFBD (A.S.A.) = E
Let Saper = x = Sarsp (Where S stands for the area)

AAEF ~ AACB (- FE /! BC, equiangular)

SAﬂ = [ijz = i (1) B = D c
S, 243 o5
- AE : EC=AF : FB =3 : 2 (theorem of equal ratio) (Figure 1)
 DE// AB
S AE : EC=BD : DC =3 : 2 (theorem of equal ratio)
ACDE ~ ACBA (- DE /] BA, equiangular)
2
SA& = [ij = i ______ (2)
Sycea 243 25
Compare (1) and (2) Saser = 9k, Sacpe = 4k, Saapc = 25k
Ok +4k+x+x=25k
x =6k
= area of ADEF : area of AABC=6:25
In figure 2, a regular hexagon ABCDEF is inscribed in a circle A_——<F
centred at O. If the distance of O from 4B is 2+/3 and p is the
perimeter of the hexagon, find p.
Let H be the foot of perpendiculars drawn from O onto 4B.
ZAOB =360° + 6 = 60° (s at a point) B E
ZAOH = 30°
AH = OH tan 30° =23 x = 2
J3 C~—D
= AB=4 (Figure 2)
Perimeter = 6x4 = 24
In figure 3, ABCD and ACDE are cyclic quadrilaterals. Find the A

value of x + y.

Reference: 1992 FI12.3

ZADC = 180° — x° (opp. Zs cyclic quad.)

ZACD = 180° — y° (opp. Zs cyclic quad.)

180° —y° + 180° —x° + 50° = 180° (s sum of A)
x+y=230

(Figure 3)
Find the value of @ in figure 4.
AAOB ~ ADOC (equiangular)
a_b
4 2
a=12
(Figure 4)
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Group Events

G1

G2

G3

G4

G5

Given a and b are distinct real numbers satisfying a*> = 5a + 10 and »%> = 56 + 10.

Find the value of iz + biz . (Reference: 1991 HI14)
a

a and b are the roots of x> =5x + 10; 1.e. x> - 5x—10=0
at+tb=5ab=-10

1 1 _a’+b®_(a+bf-2ab_5"-2(-10)_ 9

a2 b2 a’b? (ab)z (_10)2 20

An interior angle of an n-sided convex polygon is x° while the sum of other interior angles is
800°. Find the value of n. (1990 FG10.3-4, 1992 HG3, 2002 FI13.4, 2013 HI6)

800 = 180x4 + 80

800 +x=180(n—2) Zssum of polygon

= 0<x<180

<. 800 + x = 180x5 = 180(n — 2)

n="7

Itis known that 12+ 22+ ... + n?>= n(n +1)6(2n 1) for all positive integers n.

Find the value of 212 + 222+ ... + 302,
Reference: 1993 HI6
21242224+ ... +302=12+22+ ...+ 302 - (12 + 22+ ... + 207
=% -30-31-61 —% -20-21-41 = 9455 - 2870 = 6585
One of the positive integral solutions of the equation 19x + 88y = 1988 is given by (100, 1).
Find another positive integral solution. (Reference: 1991 HGS)

The line has a slope of — 19 Y. =¥
88 X,—X
Given that (100, 1) is a solution.
19 v, -1
88 x,-100

Lety,—1=-19¢ x2— 100 = 88¢, where ¢ is an integer.
y2=1-19¢x,=100 + 88¢
For positive integral solution of (x2, 12), 1 —19¢> 0 and 100 + 88¢> 0

25 1
-——<i<—=

22 19
s tis aninteger .. t=0or—1
When 1 =-1, x2 = 12, y» = 20 = another positive integral solution is (12, 20).

AP

The line joining A(2, 3) and B(17, 23) meets the line 2x — y = 7 at P. Find the value of PR

Reference: 1990 HG3

g Y383
x-2 17-2

From (1): y=2x-7...... 3)

Sub. (3)into (2):32x—-7)=4x+1=>x=11

Sub.x=11into 3): y=2(11)-7=15

The point of intersection is P(11, 15).

AP 11-2 3

Equation of 4
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G6 Find the remainder when 7% is divided by 100.
Reference: 2002 HG4

The question is equivalent to find the last 2 digits of 72047,
7'="7,7>=49, 73 =343, 74 = 2401

The last 2 digits repeats for every multiples of 4.
72047 — 74x511+3

The last 2 digits is 43.
G7 [Iflogo[logs(logy x)] =logs[logr(logz y)] =logz[loga(logs z)] = 0, find the value of x + y + z.

logz[logs(log7 x)] =0

= logs(log7 x) =1

= log7x=3

= x=73=343

logs[log7(log> y)] =0

= log7(logx y) =1

= logoy=7

=y=2"=128

log7[logx(logs z)] =0

= logz(logz z) =1

= 10g3 z=72

=z=32=9

x+y+z=343+128 +9 =480
G8 1Infigure 1, AB// MN// CD.If AB=4, CD = 6 and MN = x,

find the value of x.

Reference: 1985 F12.4, 1990 FG6.4

AAMN ~ AACD (equiangular)

x AM ) . ,

5§~ AC (1) (ratio of sides, ~A’s)

ACMN ~ ACAB (equiangular)

X_ Mc ... (2) (ratio of sides, ~A’s)

4 AC

Y+ XX AM+MC 12
6 4 AC 5

G9 Infigure 2, ZB=90°, BC = 3 and the radius of the inscribed circle A
of AABC is 1. Find the length of AC.
Reference: 1985 FG9.2
Let the centre be O. Suppose the circle touches BC at P, AC at Q
and 4B at R respectively. Let AB =c and AC = b.
OP 1. BC,0Q 1L AC, OR 1 AB (tangent 1 radius)
OPBR is a rectangle = OPBR is a square.
BP = BR =1 (opp. sides of rectangle)
CP=3-1=2
CQ = CP =2 (tangent from ext. point)
Let AR = AQ = ¢ (tangent from ext. point)
32+ (1 +£)> = (2 + 1)* (Pythagoras’ theorem)
9+1+2t+F=4+4t+¢
6=2t
t=3=>A4C=2+3=5
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G10 In the attached division (see figure 3), the
dividend in (a) is divisible by the divisor in line
(b). Find the dividend in line (a). (Each asterisk
* is an integer from 0 to 9.)
Relabel the “*’ as shown.
Let a = (a18a3)x,
b = (b1b2b3)x
¢ = (c1c2c3¢4¢5C6)x
d = (d1d2dzds)x

e = (e1eze3)x

=)k

g = (81828384)x

.+ 8b =e and a1xb = d, azxb = g 4-digit numbers
SLar=9%andaz=9andd=g

d=9b>1000 and /= 8b <999

112<h<124 ... (1)

bi=1,di=1
b=1or2,fi=80r9,d>=0o0r1
c1=1

ei—fi=1

S fi=8and e =9

8b = (8/2/3)x <900
b<1125 ...... (2)
Combine (1) and (2)
b=112

c=989x112 =110768

Created by: Mr. Francis Hung
* 8 *
((2) [ KRR )RR KKK (a)
sk ok ok ok

% 3k 3k

% 3k 3k

% sk sk ok

% sk sk ok

a1 8 a3

) ......... b1bab3) cicrcscacscs......... (a)

didrds ds
el e e3
Si oS3
81828384
81828384
989
(=) 1b2b3) 1 cacscacsce..... (a)
1 drds ds
e| ey es
VAWERE
1 dads ds
1 dads ds
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