Answers: (1990-91 HKMO Heat Events)

Created by: Mr. Francis Hung

1 4 2 2 3 488 4 -17 5 4
90-91 6 6 7 72.8 8 243 9 8 10 50
Individual |11 —4 12 6 13 17 14 13 15 73
16| 338350 |17 192 18 7 19 10 20 45
90-91 1 9 2 98 3 10 4 32767 5 174
Group |6 6 7 1601 8 41 9 25 10 110
Individual Events
I1  Find the value of logs 14 —logs 12 + log3 486 — logs 7.
logsz 14 —logs 12 + logs 486 — logs 7
- log, 14x 486
12x7
=log,81=4
I2 A scientist found that the population of a bacteria culture doubled every hour. At 4:00 pm, he
found that the number of bacteria was 3.2x108. If the number of bacteria in that culture at noon
on the same day was Nx107, find N.
Nx107x24=3.2x108
16N =32
=>N=2
3 If x+ % =8, find the value of x>+ ig . (Reference: 2018 FI1.4)
X
2
(x + 1) =64
X
= x>+ iz =62
xS + %z(x+1J(x2 ~1+ izj
X X X
=8x(62 — 1) =488
I4  If the equations 2x + 3y + a = 0 and bx — 2y + 1 = 0 represent the same line, find the value of
6(a + b).
2 3 a
b -2 1
I
2 3
6(a+b)=-9-8=-17
IS A boy walks from home to school at a speed of 2 metres per second and runs back at x metres

. . .52 .
per second. His average speed for the whole journey is 25 metres per second. Find x.

Let the distance between his home and the school be d m.

L _,2
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16

17

I8

19

110

I11

112

The straight line %—%by: 2a+ b passes through a fixed point P. Find the x-coordinate of P.

Reference: 1990 HIS, 1996 HI6

a(i_ zj - b(ﬂ +1j

3 5

Putb=0,a=1,x=6

If the diameter of a sphere is increased by 20%, its volume will be increased by x %. Find x.
Let the radius be 7.

When the diameter is increased by 20%, the radius is also increased by 20%

Percentage increase in volume

iTc(1.2r)3 —inr?’
=3 i 3 <100% =72.8%
—nr®
3
x=72.8
If log7[logs(logs x)] = 0, find x.
logs(logsz x) =1
logsx =5
x=35=243
7-8x A N
@-x)(2-x) 1-x 2-x

7-8x=AQ2 —x)+ B(1 —x)

for all real numbers x where x # 1 and x # 2, find 4 + B.

(1H)-(2):4=-1
Put4=-1into (2): B=9
A+B=28

The marked price of an article is p% above its cost price. At a sale, the shopkeeper sells the
article at 20% off the marked price. If he makes a profit of 20%, find p.
Let the cost be $x.
(1 + p%)x(1 —20%) = (1 +20%)x
1+0.01p=1.5
p=50
If a <0 and 224" — 65x2?+ 4 =0, find a.
16(29)% - 6524 +4=0
(16x2¢—1)(2—-4)=0
1

¢=— or4
16

If one root of the equation (x> — 11x — 10) + k(x + 2) = 0 is zero, find the other root.
Putx=0,-10+2k=0

=k=5

x?—6x=0

The other root is 6.
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I13 [x] denotes the greatest integer less than or equal to x . For example, [6] =6, [8.9] =8, etc.
it [{2]+ [2]+ - +[n|= n + 2, find n. (Reference 1989 HI6)
i1, [W2|=1, .. W15 |- 146 =2, . J4Bo )= 2:[yB1)=3
Ifn<15, [4\/1J+[‘{/§J+-~-+[‘{/HJ= n
1£16<n <80, [Wil+[2]+ - +[n|=15+2-15)=2n—15
2n—15=n+2
=>n=17
114 a, b are two different real numbers such that a*> = 6a + 8 and b*> = 6b + 8.

2 2
Find the value of (gj + (%j . (Reference: 1989 HG1)

a and b are the roots of x> =6x + 8;i.e. x>’ —6x—8=0
atb=6;ab=-8

2 2
() +(2) )
a b .a b

115 3'2-1 is divisible by an integer which is greater than 70 and smaller than 80. Find the integer.
32 1=G+DB-1)=3>+1)B*-32+ DHB>2-1)(B*+3%2+1)
= 10x73x8x91
The integer is 73.

116 It is known that
2313 =3x1% +3x1+1
3®-28=3x22+3x2+1
43 -3 =3x3%+3x3+1

1012 —100° =3x100% +3x100+1
Find the value of 12422432 41 ...4100° )

Add up these 100 equations: 1013 — 1 =3(12+ 22+ ... 100?) +§(1+1oo)~1oo+ 100

1030301 —1=3(12+22+ ... 100%) + 15150 + 100
12+22+ ... 100> = 338350

I17 Infigure 1, PO=PR=8cmand ZQPR =120°. 4, D are the P
mid-points of PQ, PR respectively. If ABCD is a rectangle of
area VX cm?, find x. A D
Fold APAD along AD, AQAB along AB, ARCD along DC.
It is easy to show the area of ABCD = 1 area of APOR Q B C R
2 (Figure 1)

% .8-8-sin 120° =8/3=+192 = x = 192

N |~
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I18 In figure 2, XA =10 cm, AB =2 cm, XD =8 cm and
DC = x cm. Find the value of x.
/XAD = ZXCB (ext. Z, cyclic quad.) X
ZAXD = ZCXB (common)
/XDA = ZXBC (ext. Z, cyclic quad.)
AXAD ~ AXCB (equiangular) c

XA : XD = XC : XB (ratio of sides, ~A) (Figure 2)
10x(10 +2) = 8x(8 + x)
=>x=7

I19 In figure 3, AB=AC =6 cm and BC = 9.6 cm. If the diameter

A
of the circumcircle of AABC is x cm, find x.
cos B= M =0.8
6
B C

=sinB=0.6

(Figure 3)

By sine rule, L =2R
sinB

= 2R = 0_66 =10 B N c
48cm E 48cm

Method 2 Let the perpendicular bisector of BC intersects the 10

circumscribed circle at 4 and D. E is the mid point of BC, O

is the centre of the circle.

AE = 3.6 cm (Pythagoras’ Theorem) D

AExED = BEXEC (intersecting chords theorem)

ED=64cm

= AD=10cm

=x=10

120 In figure 4, ZABC = 90°, AK = BC and E, F are the mid-points of A

AC, KB respectively. If ZAFE = x°, find x.
Let AE=y=EC,AK=1t=BC,KF=n=FB. A
Draw EG // CB, cutting AB at G. £
AG = GB (intercept theorem) t
GB=1(t+2n) KT
2 K F
1 1 G E ul c

GF=—=(t+2n)—n="t n o B
2 2
F y i
GE = %t (mid point theorem) n (Figure 4)
ZEGF =90° (int. Zs, EG // CB)
B t C

.. AEGF is aright-angled isosceles triangle
x=45
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Group Events

G1

G2

G3

G4

Find the units digit of 135773, (Reference 1990 HI11)
TV="7,7>=49, 7 =343, 7 = 2401

The pattern of units digit repeats for every multiples of 4.
1357780 = (74)1972.72. = 9 mod 10

The units digit is 9.
If 1+1+i+i+i+i+m+i=i, find x.
2 6 12 20 30 42 2450 100
11 1 1 1 1 1
ettt —t—t—+ -t —
2 6 12 20 30 42 2450
1 1 1 1 1 1 1

= + + + + + et
1x2 2x3 3x4 4x5 5x6 6x7 49x50

T NES A WERE O

.1 49 98
7 50 50 100
x=98
a b

C . . . ..
32 and 5 are three proper fractions in their simplest form, where a, b and ¢ are positive
integers. If ¢ is added to the numerator of each fraction, then the sum of the fractions formed
will be equal to 6. Find the value of a + b + c.

: %, % and % are three proper fractions in their simplest form
sa=lor2,b=1or3,c=1lor5...... (1)
a+c b+c c+c
3 4 6
4a+c)+3(b+c)+22c)=72
4a+3b+11c=72 ...... 2)
a=2,b=3,c=>51is asolution
atb+c=10

=6

Study the Pascal’s triangle shown below: Find the sum of all the numbers from Row 1 to
Row 1 1 Row 15.
Row 2 I 1
Row 3 1 2 1

Row 4 1 3 3 1
Row5 1 4 6 4 1
Row61 5 10 10 5 1

Sum of the first row = 2°
Sum of the second row = 2!
Sum of the third row = 22

Sum of the fifteen row =214

2% 1
Sum of all numbers from row 1 to row 15=20+21+ . +2M14 =ﬂ= 32767
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G5 In the multiplication OO x OO = OO x OO = 5568, each of the above boxes represents
an integer from 1 to 9. If the integers for the nine boxes above are all different, find the number
represented by CICIC] .

5568 = 2°x3x29 = 174x32 = 96x58
OO0=174
G6 Find the remainder when 1997'%° — 1991 is divided by 1996.
19971990 — 1991 = (1996 + 1)'°° — 1991
=1996m + 1 — 1991 (Binomial theorem, m is an integer)
=1996(m—-1)+6
The remainder is 6.

G7 Find the least positive integral value of n such that Jn-+/n-1< 8_10 .
Jn-vJn-1< 8_10

Jn+n-1) 1
= (1) LT <

1 1
—<_
Jn++/n-1 80

— 80 <v/n++/n-1<2n

— 40 </n

1600 <n
The least positive integral value of n = 1601.

G8 One of the solutions of the equation 32x+59y =3259 in positive integers is given by

(x,¥)= (100, 1). It is known that there is exactly one more pair of positive integers (a, b)
(a #100 and b # 1) such that 32a+59% =3259. Find a. (Reference: 1989 HG4)

The line has a slope of 32 Yoo
59 X, —X
Given that (100, 1) is a solution.
32 y,-1
59 x,-100

Lety, — 1 =-32¢ x2 — 100 = 59¢, where ¢ is an integer.

y2=1-=32¢,x2=100 + 59¢

For positive integral solution of (x2, y2), 1 —32¢> 0 and 100 + 59¢> 0
100 < 1

-+ tis aninteger .. t=0 or—1

Whent=—l,x2=41,y2= 33

= Another positive integral solution is (41, 33)
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a=41

G9 In figure 1, XY is a diameter of a cylindrical glass, 48 cm
in base circumference. On the outside is an ant at 4, 2 cm
below X and on the inside is a small drop of honey at H,
5 cm below Y. If the length of the shortest path for the ant
to reach the drop of honey is x cm, find x. (Neglect the
thickness of the glass.)
Reference: 1983 FG8.1, 1993 HI1, 1996 HGY9

Cut the cylinder along a plane through XY perpendicular \_/

to the base. Unfold the curved surface of the semi-cylinder A 24cm

as a rectangle as shown. %

The length of semi-circular arc of the rim XY =24 cm

When the ant climbs over the rim somewhere at P, and
then to H, then AX=2cm, YH=5 cm.
For the shortest distance from A4 to H, A, P, H must be
collinear. Let C be the foot of perpendicular drawn from 4
onto HY produced. Then AXYC is a rectangle.
AC=24cm, CH=(2+5)cm=7cm
x? =242 + 77 (Pythagoras’ theorem)
x=25

G10 In figure 2, two chords AOB, COD cut at O. If the
tangents at 4 and C meet at X, the tangents at B and
D meet at Y and Z4AXC = 130°, ZAOD = 120°, C

ZBYD = k°, find k.

XC = X4 (tangent from ext. point) X (

.. AXAC is an isosceles triangle

/XAC = £XCA (base Ls isosceles A) A
180" -130°
2

ZADC = ZXAC = 25° (£ 1n alt. segment)

ZDAO = 180° - 120° —25°=35° (£ sum of AAOD)

/BDY= ZDBY = 35° (£ in alt. segment)

ZBYD =180°—35°—-35°=110° (£ sum of ABDY)

k=110

=25° (£ sum of AXAC)
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