Answers: (1991-92 HKMO Heat Events) Created by Mr. Francis Hung
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Individual Events
1 If (log, x)' —3(log, X)* ~4=0 andx> I, find x .

[(logio x)* — 4][(logi0 x)* + 1]=0
logiox =2 or -2

x =100 or % (rejected)

28x + 15y =19xy i
12 f and xy =0, find x .
18x — 21y = 2xy
y X
821,
y X

7x(1) + 5%(2): 286 =143
y

y=2
. 15
Puty=2into (1): 14 +—=19
X

x=3
I3  An integer a lying between 0 and 9 inclusive is randomly selected. It is known that the

probability that the equation x> — ax + 3 = 0 has no real root is % ,findp .
a’>-12<0
0<a<23~3.46
a=0,1,20r3
p=4
I4  x°isan acute angle satisfying %COS X° > %(5 —Cos Xo)— 2 . Determine the largest possible value
ofx.

1 .11
—CO0SX° > ———C0SX
2 2 2

cos x° > —
2

x°<60°

The largest value of x is 60 .
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IS

16

17

I8

Let f(x) be the highest common factor of x*+ 64 and x*+ 6x>+ 16x + 16, find f(2) .
Reference: 1993 F15.2, 2001 FI1.2, 2011 FI3.2

xt+64=x*+16x>+ 64 — 16x> = (x* + 8)> — (4x)> = (x*> + 4x + 8)(x*> —4x + 8)

g(x)=x3+6x2+ 16x+ 16

g(-2)=-8+24-32+16=0

= x + 2 is a factor of g(x).

By division, g(x) = (x + 2)(x* + 4x + 8)

H.CF. = f(x)=x>+4x + 8

f(2)=22+4(2)+8=20

A fruit merchant divides a large lot of oranges into four classes: 4, B, C, D. The number of
oranges in class 4 and class B doubles that in class C while the number of oranges in class B
and class D doubles that in class A. If 7 oranges from class B are upgraded to class A4, class 4
will then contain twice as many oranges as class B. It is known that one of the four classes

contains 54 oranges. Determine which one class it belongs to.

A+7=2(B-17)

=>A=2B-21 - 3)

Sub. (3) into (1) and (2)
2B-21+B=2C
=3B-21=2C:----- (4)
B+D=212B-21)

=3B-42=D :----- (5)

@ -()21=2C-D...... (6)

If A =54, from (3), B =37.5 (reject)
If B =54, from (4), C =70.5 (reject)
If D =54, from (6), C = 37.5 (reject)
If C= 54, from (4), B =43; from (5), D = 87; from (3), A = 65
.. Answer C

Given that n is a positive integer, find ALL the real roots of x? —10% =0.

o ] o

(@ 107 fx " —107" )=0

(2 107 Jx " +2077 -+ (x? +107 | x +10)(x~10) =0

x==10

If n is an integer randomly selected from 1 to 100, and the probability that the unit digit of

5678" is greater than 3 is E, find x .
X

81=28,82=164,83=512,8*=4096, 8° = 32768
The pattern of unit digit repeats for every multiples of 4 .
P(unit digit > 3) = 1 — P(unit digit < 3)
=1-Pm=3,7,11, ---,99)
3

4
x=4
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19 InAABC,AB =8 cm, BC =6 cm and ZABC = 90°. If the bisector of ZACB cuts AB at R and
CR=3'Ja cm, find a .
Let BR = x cm, then AR = (8 — x) cm. C
Let D be the foot of perpendicular drawn from R onto AC )
CR=CR (common sides)
/BCR = ZDCR = 0 (given) 0
ZCBR = ZCDR =90° (by construction)
“. ABCR = ADCR (A.A S.) 6 cm D
DR = x cm (corr. sides, = As) 3\/a
CD = BC = 6 cm (corr. sides, = As)
AC =10 cm (Pythagoras’ theorem) B R A
AD=(10-6)cm =4 cm <
In AADR, x* + 42 = (8 — x)? (Pythagoras’ theorem) 8cm
16 =64 — 16x
x=3
CR=+3?+6% cm=+45cm =35 cm (Pythagoras’ theorem)
a=>5

I10 1In figure 1, arc BD is 4 times the arc AC, ZDEB = 80° and D
ZADC = x°, find x.
ZBAD = 4x° (£s o arcs)
x° + 4x° = 80° (ext. £ of AADE)
x=16

(Figure 1) (- )

I11 In figure 2, ABCD is a square. EDF is a straight line. M is the mid-
point of 4B. If the distances of 4, M and C from the line EF are 5 cm,
11 cm and x cm respectively, find x .
Let K, L and G be the feet of perpendiculars drawn from A, M, C onto
EF respectively. AK =5 cm, ML= 11 cm, CG = x cm
Let CD=2a cm, AM=a cm, BM=acm.
From A, draw 4J 1. ML, then AKLJ is a rectangle.
JL =5 cm (opp. sides of rectangle)
MJ=(11-5)cm=6 cm
It is easy to show that AAMJ ~ ADCG (Figure 2) (W= ) ¢F
CG : MJ=CD : AM (ratio of sides, ~As)
x:6=2a:a
x=12
I12 In the figure, AB = AC = 2BC and BC = 20 cm. If BF'is perpendicular to AC N
and AF=xcm, find x .
Let ZABC =0 = ZACB (base £s isosceles A)

AB = AC = 40

1

~BC
cos(%)zz—zﬂzl

AC 40 4
CF = BCcosO=20x%=5 F
AF=AC—CF=40-5=35cm BT ¢
x=35
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I13 Figure 4 shows a figure obtained by producing the sides of a 13-
sided polygon. If the sum of the marked angles is »°, find n .
Reference: 2000 HIS, 2012 FG3.2
Consider the 13 small triangles outside.

Let the marked angles be x1°, x2°, -+, x13°.

angle sum of 13 triangles = 13x180° = 2340°
x1°+x2°+ -+ + x13° + 2(sum of ext. £ of polygon) = 2340°
x1°+x2°+ -+ + x13°=2340° - 720° = 1620°

n=1620

I14 1In figure 5, PQ is a diagonal of the cube. If PQ = 4 ¢cm and the total surface area P
of the cube is x cm?, find x . (Reference: 1995 FI5.2, 2003 HI7) ’.

Let the length of one side = a cm 4c
a*+a*+a®>=4* Pythagoras’ theorem A
Figure 5
216 (Figure 5) 6
3
x=6a’>=32

15 If 3x-1)" =ax’ +a,x® +agx° +---+ag , find the value of a +a,+ag+---+ag.
Putx=1,2"=a+ay+a3+ -+

a1+a2+a3+"'+a8: 128

I16 A(1, 1), B(a, 0) and C(1, a) are the vertices of the triangle ABC. Find the value of « if the area
of AABC is 2 square units and a > 0 .

11
1|a
2|1
1
la>+1—-a—a|=4

a*-2a+1=4ora*>-2a+1=-4

a*-2a-3=0o0ra*-2a+5=0

(a—3)(a+ 1)=0 or no solution

a=3 (a>0)

117 If N=2%x5® find the number of digits of N . (Reference: 1982 FG10.1, 2012 HI4)

N=2%x108=16x10%
Number of digits = 10
ac

a?+p?’

118 Ifa:b=3:4anda:c=2:5,find the value of

a:b:c=6:8:15
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I19 A rectangular piece of paper of width 6 cm is folded such that one corner a 6cm D
touches the opposite side as shown in figure 6. If 6=30° and DE =x cm, 5
find x. Reference American High School Mathematics Examination 1972 Q30
DE = DE = x cm common sides xcm

120

a=6k,b=8k,c=15k
ac _ 6k-15k 90 9
a?+b® (Bk)’ +(8ky 100 10

/DFE = ZDCE = 90° by fold paper
ZEDF = ZEDC = 0 by fold paper

'.. ADEF E ADEC (A.A.S.) B E ...................... C
CE=EF=xsin 6 cm = x sin 30° cm=§cm Method 2
2 Let BE = a cm

ZCED = ZFED = 600 (COIT. LS, = AS) ADEFE ADEC (AAS)
/BEF = 1800 — 2X6OO = 600 (adj /s on st. line) ZCED = /FED = 600 (COI'I'. /s. = AS)
BE = EF cos 60° = x1_x cm ZBEF = 60° (adj. Zs on st. line)

22 4 EF=a+cos60°=2a=CE=6-a
BE + EC = BC = AD (opp. sides of rectangle) a=2
54—5:6 xsin30°=6—-a
4 2 x=28
x=38

If sin x+cosx:% and 0<X<m, find tan x .
Reference: 1993 HG10, 1995 HI5, 2007 HI7, 2007 FI1.4, 2014 HG3

. , 1

(sin x + cosx ) = —

25
l+2sinxcosx=—
25

24
—+2sinxcosx=0

25

12+25sinxcosx=0

12(sin? x + cos? x) + 25 sin x cos x = 0

(3sinx+4cosx)(4sinx+3cosx)=0
3

tanx=—— or ——

3 4
4 .. . .
When tan x =—§, sin x = % COS X =—§ ; original equation LHS = sin x + cos x =g

3 . 4 . . . 1 .
When tan x = R sin x =—, COS X :_E; original equation LHS = sin x + cos x :_E (reject)

4
Stanx=——
3
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Group Events

G1

G2

G3

A, B, C are three men in a team. The age of 4 is greater than the sum of the ages of B and C by
16. The square of the age of 4 is greater than the square of the sum of the ages of B and C by
1632. Find the sum of the ages of 4, B and C'.

A=B+C+16:----- (1)

A*=(B+Cy* +1632 - (2)

From (1), sub. B+ C=A4 - 16 into (2):

A*=A4%—-324+ 256 + 1632

A=59

B+(C=59-16=43

A+B+C=59+43=102

a+b-c a-b+c -—-a+b+c
a, b, ¢ are non-zero real numbers such that = = .

C b a
If x= (a+ b)(k;;((::)(c +3) and x < 0, find the value of x. (Reference: 1999 FI2.1)
a+b_l:a+c_1:b+c_1
C b a
a+b_a+c_b+c:k
C b a

(MH+2)+@B):2(a+tb+c)y=(a+b+ )k
atb+c=0o0rk=2
_a+b a+c b+c
c b
- k=2 1isrejected
atb+c=0
=>atb=——c

atb_

C

= k=-1
=>x=(-1=-1
An interior angle of an n-sided convex polygon is x°. The sum of the other interior angles is
2468°. Find x .
Reference: 1989 HG2, 1990 FG10.3-4, 2002 FI3.4, 2013HI6
2468 = 180x14 — 52
180x14 - 52 +x=180(n —2) Zs sum of polygon
x=180(n—2)—180x14 + 52
x=180(n—16)+ 52
wx <180

Sox=52

=k*<0 (given)

X
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G4 When a positive integer N is divided by 4, 7, 9, the remainders are 3, 2, 2 respectively. Find the
least value of V.
Reference: 1990 HG2

N=Tb+2 - (2)
N=9¢c+2 .- (3), where a, b, c are integers
Tb+2=9c=2
= b =9k, c = 7k for some integer k
(H=2):4a+3=7b+2
7b—4a=1
b =3,a =75 is aparticular solution
The general solution is b =3 + 4¢, a = 5 + 7t for all real numbers ¢
S 3+41=9
k=3, t= 6 1s the smallest set of integral solution
N=4(5+7x6)+3=191
G5 Find the remainder when 10! is divided by 7. Method 2
1001 = 7x143 10+7--3;102+7 -2
103=7x143 -1 10347 --6,10°+7 --- 4
101991 = (10%)53x102
= (7x143 - 1)%%x100
=(Tm —1)x(98 + 2)

105+7---5;100+7 --- 1
The remainders pattern repeats for every
multiples of 6.

=-2=5mod7 1019912(106)331X105
.. The remainder is 5.
G6 In the figure, BD = DC, AP = AQ. A

IfAB=13 cm, AC =7 cm and AP =x cm, find x .
Reference: 1999 FI13.3
From D, draw a parallel line DE // QA

7cm

* D is the mid-point of BC. 13¢
.. BE = EA (intercept theorem) C

=13+2=65cm P
DE =7 +2=3.5 cm (mid-point theorem on A4BC) D Q
ZAPQ = ZAQP (base Zs. 1s0s. A, AP = AQ)

= Z/EDP (corr. Zs, AQ /| ED) B

.. PE= DEFE (side opp. equal £5s)

=35cm
AP=AE+ EP=65+35=10cm
x=10
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G7 In the figure, BL = %BC, CM= % CA and AN = %AB. If the areas

of APQR and AABC are 6 cm? and x cm? respectively, find x .
Reference American High School Mathematics Examination 1952 Q49
Reference 2021 P1Q10

Denote [ABC] = area of triangle ABC.
Draw BEQF // BM// GC, GHRD // CN // FA, FJPG // AL // DB as

shown. AC intersects GF at J, BC intersects DG at H, AB figure 2

intersects DF at E.
Then AQPF, QRGP are congruent parallelograms.
BDQR, RQFP are congruent parallelograms. CGRP, PRDQ are
congruent parallelograms.
AQF, PFQ, ORP, ROD, DBR, GPR, PGC are congruent As.
Consider triangles AFJ and CPJ:
AF = QP (opp. sides of /-gram)

= RG (opp. sides of //-gram)

= PC (opp. sides of //-gram)
AF /] PC (by construction)
AFCP is a parallelogram (Two sides are eq. and /)
AJ =JC diagonal of a //-gram
LAJF = LCJP vert. opp. £s
LAFJ = ZCPJalt. Ls AF /| PC
- AFJ = ACPJ (AAS)
Areas [CPJ] = [AFJ]
In a similar manner, [BRH] = [CGH], [AQE] = [BDE]
[ABC] = [POR] + [AQC] + [CPQ] + [BRA]

=[PQOR] + [AQPF] + [CPRG] + [BROD]
=7 [POR] (' they are congruent triangles, so areas equal)

=7x6=42
Method 2
By considering the areas of AACL and AABL
3AC-ALsin/CAL 2
1AB-ALsin/ZBAL 1
ACsinZCAL

:> =

ABsin Z/BAL
By considering the areas of AAMR and AABR
%AM - ARsin ZCAL _ MR

1AB-ARsin/BAL ~ BR
AMsin ZCAL _ MR

ABsin/BAL  BR
%AC sin ZCAL ~ MR

ABsin/BAL  BR

By (), 2xa MR_ MR _4
3 BR BR 3
By considering the areas of AACN and ABCN

1 AC-CNsinZACN 1 ACsinZACN 1

: =S " == ... (3)
1BC-CNsinZBCN 2 ~ BCsinZBCN 2
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By considering the areas of AMCP and ABCP
1CM -CPsin ZACN _ MP

1BC-CPsinZBCN ~ BP
CMsinZACN _ MP

BCsin/BCN  BP
%ACsinAACN _MP

BCsinZ/BCN  BP

11_MP
BYyG): %5 =8p
_MP_1
— 4
“BP 6 @

By (2)and (4), MP: PR:RB=1:3:3
By symmetry NOQ: QP: PC=1:3:3and NR: RQ:04=1:3:3
Let s stands for the area, x = area of AABC.

X
SAABL = SABCM = SAACN :5
1 x
and sa4nvo = SABLR= SACMP—7 §=Z (“NO=0C=1:6= NQ ——CN)
The total area of AABC: x = saspL + Sapcm + Saacn + Sapor — 3 SAano
X X X

X=—+—+—+6-3x—

3 3 21
O=6—£x

7
x=42

Method 3 (Vector method)
Let AC= C AB =D
Suppose BR: RM=7r:s
2Nk = oR
r(2¢)+sh [ _Ct2b

By ratio formula, AR = ;
r+s 3

2

‘m
N

+

AR AL - txs =30

(thelr coefficients are in proportional)

w\m‘
wlik| T

3s=4r
r:s=3:4
Suppose BP : PM=m : n, let CB=a

— na+m(-1ic) — a+2(-¢
By ratio formula, CP = —(3); CN = #
m+n 3
~n _ m
wCP//CN .. B = 3(m2 (their coefficients are in proportional)
3 3
6n=m
m:n=6:1

wris=3:4andm:n=6:1

S MP:PR:RB=1:3:3

By symmetry NOQ : QP : PC=1:3:3and NR: RQ:04A=1:3:3
The remaining steps are similar, so is omitted.
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G8 ABC is an equilateral triangle of side V12 cm, and P is any point A
inside the triangle (as shown in figure 3). If the sum of the
perpendicular distances from P to the three sides 4B, BC and CA4 is
x cm, find x .
Reference 2005 HGY, 2015 HG2 Pe
Let the distance from P to AB, BC, CA be hi, h», h3 respectively.
l\/Ehl -I—E\/Ehz4—1\/ﬁhg=areaofAABC21(\/E)25il’160o =3\/§ B C
2 2 2 2 Fi 3

gure

xX=h+h+h=3

G9 A sphere of radius » cm can just be covered on a table by a v

2 A
conical vessel of volume 8753r cm?® (as shown in figure 4). /
Determine the largest possible value of 7. ol
Let the vertex of the cone be V, Q is the centre of the sphere, O hlem
is the centre of the base, AOB is the diameter of the base. QO Qe MM
are collinear and VQO 1 AOB. romy/ 0
Let ZOBQ = 0, the height be 4 cm and the base radius be R cm 0
R=rcot0 A O  Rcm B
rtan2
h=Rtan 26 = tan 20
tan 0
2

ln[r cot@]z rtan2e _ 8mr
3 tan© 3

r:8tan39: 8tan®0
tan 20 2tan 0
1-tan?0

=4 tan? O(1 — tan? 0)

1, ‘ 1LY
r=1-4=-—-tan“0+tan" 0 |=1-4| =—tan“ O
4 2

r<l1

. ) 1
7 is the maximum when tan? 6 = 5

In this case 6 <45°, which is possible.
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G10 a, b, c, d are four numbers. The arithmetic means of (i) a, b, ¢; (ii) b, ¢, d; (i) a, b, d are
respectively 13, 15 and 17. If the median of a, b, c and d is ¢ + 9, find the largest possible value
of c.

atb+c=3x13=39...... (1)

b+c+d=3x15=45---.-. 2)

atb+d=3x17=51----- 3)

2)-()yd-a=6----- @) =d>a

B)-()yd—c=12------ S)=d>c

La=d-6

andc=d—-12

.. The three numbers are d — 12, d — 6 and d in ascending order.

If b <d— 12, then the medianis ¢ + 9

=2d-12+9)=d-12+d-6

= —6 =—18 reject

Ifd—-12<b<d- 6, then the medianis c +9

=2(d-3)=b+d—-6=b=dreject

If d — 6 < b <d, then the median is ¢ + 9

=2(d-3)=b+d-6

= b =dreject

If d < b, then the median=c + 9

= 2(d—-3)=d -6+ d accept

From (1),p=39-a-c
=39—-(d-6)—(d—12)

=45-d—-d+ 12
=57-2d

b>d

=57-2d>d

=19>d

c=d-12<19-12=7
The largest possible value of c is 7.
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