Answers: (1995-96 HKMO Heat Events) Created by: Mr. Francis Hung
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Individual Events
I1  Find x if 473 = 82,
92(x-3) = 93(x-2)
2x—-3)=3(x-2)
x=0
1+x

2
2 I f(—j=x 11 find 1),
X X X

1+x
Lety=——/,thenxy=1+x
X

1
=>x=—
y-1
f(y)=1+1+i2
X X

=1+y-1+(y-1)

=yp+3?-2y+1
=y —y+1
)=y -y +1
= () =xt-x3+1
I3 By considering n! = nx(n— 1)x (n — 2)x --- x 3x2x1, find the number of trailing zeros of 100!.
Reference: 1990 HG6, 1994 FG7.1, 2004 FG1.1, 2011 HG7,2012 FI1.4, 2012 FG1.3
When each factor of 5 is multiplied by 2, a trailing zero will appear in the product.
The number of factors of 2 is clearly more than the number of factors of 5 in 100!
It is sufficient to find the number of factors of 5.
5,10, 15, ..., 100; altogether 20 numbers, have at least one factor of 5.
25,50, 75, 100; altogether 4 numbers, have two factors of 5.
.. Total number of factors of 5 is 20 + 4 =24
There are 24 trailing zeros of 100!
14  What is the largest integral value 7 that satisfies the inequality n?%° < 5300 2

Reference: 1999 FGS.3,2008 F14.3, 2018FG2.4
n*<5*=125

n<+125<+144=12

The largest integral n = 11
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IS

16

17

A set of 110 stamps of the denominations of $0.1, $3, $5 worth $100 in total.

Find the number of $3 stamps in the set of stamps.

Suppose there are x $0.1 stamps, y $3 stamps, (110 —x —y) $5 stamps; where x and y are integers.
0.1x +3y+5(110 —x —y) =100

x+30y+50(110 —x —y)= 1000

49x + 20y =4500 ------ *)

49=20x2+9  ...... (1) =9=49-20x2 - a1y
20=9x2+2  .ennn. (2) =2=20-9x2 - Q)

9=2x4+1 - B) =>1=9-2x4 - 3y
Sub. (1)’ into (2)’: 2 =20 — (49 —20x2)x2 -+ 4y
2=20x5—-49x2 ------ 5y

Sub. (1)’ and (5)’ into (3)’: 1 = (49 — 20x2) — (20x5 — 49x2)x4

1 =49x9 — 20x22

Multiply by 4500: 49x40500 + 20x(—99000) = 4500

- x=40500, y =-99000 is a particular solution to (*)

The general solution is x = 40500 — 20m, y =—-99000 + 49m, where m is an integer.
x>0andy>0and 110—x—y>0

40500 — 20m > 0 and —99000 + 49m > 0 and 110 — (40500 — 20m) — (-99000 + 49m) > 0

2025>m >2020£21—8 and 58610 >29m

2025 >m >2020@ and 2021i >m
49 29

Som=2021;y=-99000 + 49x2021 = 29
Method 2 (*) can be written as 49x =20(225 — y)

> 49 and 20 are relatively prime
.. x is divisible by 20 and 225 — y is divisible by 49

X 225—-y y 110 —x—y

20 49 176 no solution
40 98 127 no solution
60 147 78 no solution
80 196 29 1

Ly=29

For any value of m, a straight line y = mx + 2m + 2 passes through a fixed point P.
Find the coordinates of P. Reference: 1990 HIS, 1991 HI6

Putm=0,y=2

Putm=landy=2=x=-2

The coordinates of P is (-2, 2).

How many 3-digit numbers can be made from the figures 4, 5, 6, 7, 8, 9 when repetitions are
allowed?
The number of 3-digit numbers = 63 =216
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I8 Express 2.31 as a fraction.
Leta=2.31
100a =231.31
100a —a =229

19 Ifxand y are positive integers and x — y = 5, find the least value of x> —? + 5.
x—y=5=>x=5+y..... (D)
Sub. (1) into x> —y*+5=(5+y)>—3*>+5
=30+ 10y
y>1=30+10y>40
.. The least value of x*> —y? + 5 is 40.
110 Factorize x*(y — z) + y*(z — x) + 22 (x — ).
Let f(x, y,z) = x*(y —z) + y*(z — x) + 22 (x — y)
fix,y,z) =1y, z, x) =1f(z, x, y)
f(x, y, z) is a cyclic expression of order 3.
fx,x,2) =x*(x —2) +x}(z —x) + Z2(x —x) =0
.. (x—y)is a factor
By symmetry, (y —z) and (z — x) are factors
f(x, y, 2) = k(x = y)(y — 2)(z — x)
Compare the coefficients of x?y: —k = 1
= k=-1
LX (Y =2) Y -x) F 2 - p) =~ -y -2z - )
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Group Events

G1

G2

G3

G4

G5

In the figure, the quadratic curve y = f(x) cuts the x-axis at y
the two points (1, 0) and (5, 0) and the y-axis at the point
(0,-10). Find the value of p.

f(x) = k(x - 1)(x - 35)

It passes through (0, —10) = (0) =-10

=

~10=k0-1)(0—-5) = k=-2
f(x)=-"2(x—1D)(x-75)
f@)=p=-2(4-1)4-5)=6

In the figure, O is the centre of the base circle of a cone and
the points 4, B, C and O lie in the same plane. An ant walks
from A to B on the surface of the cone. Find the length of
the shortest path from A4 to B.

Let the vertex of the cone be V.

If we cut the curved surface of the cone along OA, a sector

~
VACA’ is formed with C as the mid-point of AA’.
Let ZAVB = 0 (in degree), then LA’ VB =0

N
ACA’= circumference of the base = 41 cm

2m-6- 20 _ 4n
360 6cm
6 =060°
The shortest distance = the line segment 4B A
By cosine rule, AB? = [32 + 62— 2(3)(6) cos 60°] cm?
AB=33cm

Created by: Mr. Francis Hung

When a sum of $7020, in the form of ten-dollar notes, is divided equally among x persons, $650

remains. When this sum $650 is changed to five-dollar coins and then divided equally among

the x persons, $195 remains. Find x.

Suppose each person gets a pieces of ten-dollar notes and b five-dollar coins.
7020 = 10ax + 650 ...... (1), a, x are positive integers and x > 65
650=5bx+195 ...... (2), b, x are positive integers and x > 195+5 =39
From (1): 637 =ax ...... 3)

From (2): 91 =bx ...... 4)

From (3): 637 = 7x91 = 7x7x13

.. The only positive factor of 91 is 91 which is greater than 65.

Sox=91

In a shooting competition, according to statistics, 4 misses one in every 5 shoots, B misses one
in every 4 shoots and C misses one in every 3 shoots. Find the probability of obtaining

successful shoots by 4, B but not C.

Probability=£><§><lzl
5 4 3 5

Given that ! :1— L , find the value of ! + ! et L .
nn+1) n n+l 2x3 3x4 99x100

1 1 1 11 11 1 1 1 1
+ + o4 = -—|+/---|(++y| ==
2x3 3x4 99x100 \2 3 3 4 99 100) 2 100 100
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Go6

G7

Created by: Mr. Francis Hung

If 3 is added to a 3-digit number 4, the sum of the digits of the new number is % of the value

of the sum of digits of the original number 4. Find the sum of all such possible numbers 4.

LetA=100a + 1056+ ¢
New number=100a + 106 +c¢c+3

Ich6,a+b+c+3=%(a+b+c)

= 2(a+b+c)+9=0,no solution
If new number =100a + 10(b+ 1)+ ¢c+3-10=100a + 10(b+ 1)+ c—T7,c>7

a+b+l+c—7=%(a+b+c)

=2a+b+tc)—-18=0

atb+c=9
a b c A
1 0 8 108
1 1 7 117
2 0 7 207

Ifa<8,b=9and c>7,new number=100(a+1)+c—7
1
a+l+c—7=§(a+b+c)

=2a+c)-18=9
= 2(a + ¢) =27, no solution
Ifa=9,b=9and ¢ > 7, new number = 1000 + ¢ — 7
1
1+c—7=§(a+b+c)

=3c-18=18+c¢
= ¢ =18, rejected
Sum of all possible 4 =108 + 117 + 207 =432

In the figure, the side of each smaller square is 1 unit long. Find the

sum of the area of all possible rectangles (squares included) that can

be formed in the figure.

Number of rectangles with sides 1 x 1 =16

Number of rectangles with sides 1 x2=2x3 x4 =24
Number of rectangles with sides 1 x3=2x2x4=16

Number of rectangles with sides 1 x4 =2 x4 =28

Number of rectangles with sides2 x2=3x3=9

Number of rectangles with sides 2 x3=2x2x3 =12

Number of rectangles with sides 2 x4=2x3 =6

Number of rectangles with sides 3 x3=2x2=4

Number of rectangles with sides 3 x4 =2 x2=4

Number of rectangles with sides 4 x 4 =1

Sum of areas = 16 + 24x2 + 16x3 + 8x4 + Ix4 + 12x6 + 6x8 +4x9 + 4x12 + 16 =400
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G8

G9

G10
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If prime numbers a, b are the roots of the quadratic equation x?> — 21x + ¢ = 0, find the value of

£

Reference: 1996FG7.1, 2001 FG4.4, 2005 FG1.2, 2012 HI6

atb=21;ab=t

" a, b are prime numbers and 21 is odd

La=2,b=19

(b aj 19 2

a b 2 19
365
38

Find the value of x such that the length of the
path APB in the figure is the smallest.
Reference: 1983 FGS8.1, 1991 HGY, 1993 HI1
Let the straight line segment DPE be as shown
in the figure.

Reflect 4 along DE to A’.

Then AADP = AA’DP

APB= AP+ PB

It is the shortest when 4°, P, B are collinear.

In this case, £A4’PD = ZBPE (vert. opp. £s)
AA’PD ~ ABPE (equiangular)

DP: A’D = PE : BE (ratio of sides, ~ A’s)

X _14-x

3 4
4x =42 —3x
x=6

Find the units digit of the sum 12 + 22 + 32 + 42 +

Reference 2012 HI1

Sum of units digits from 1% to 102
=0+1+4+9+6+5+6+9+4+1 (mod 10)
=5 (mod 10)

.. Required units digit

= units digit of 12345679x5

=5 (mod 10)

A

3cm 4 cm

€« x cm—3> P

'G—-——— 14 ¢cm ——-—-—"

A B
3cm 4cm
D X cm P E
V 1l4cm )

AI

-+ + 1234567892,
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