Answers: (2002-03 HKMO Final Events) Created by: Mr. Francis Hung
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Individual Event 1
I1.1 Let P be the units digit of 320 x 52002 x 72901 Find the value of P.
32003 72901 j5 an odd number, and the units digit of 5°is 5; P=5
I1.2 Ifthe equation (x> —x — 17! = 1 has Q integral solutions, find the value of Q.
The equation is (x> —x — 1)*"* =1
Either x> —x—1=1......... (HJorx+4=0........ (2)or (x> —x—1=—1and x + 4 is even) ...... 3)
(1):x=2o0r-1;(2):x=-4;(3): x=0o0r 1 and x is even = x = 0 only
Conclusion: x =4, -1, 0, 2
0=4
I1.3 Letux, y be real numbers and xy = 1.

If the minimum value of i + i is R, find the value of R.

X4 Qy4
1,11 1 LT G
X Qy" x" 4y X" 4y
I1.4 Letxg, xg+1, ..., xx (K> R) be K— R + 1 distinct positive integers and xz + xg+1+...+ xg = 2003.

If S is the maximum possible value of K, find the value of S. (Reference: 2004 HI4)
X1 +x2+ ... +xxk=2003

For maximum possible value of K, x1 =1, x2=2, ... ,xxk- 1=K —1
1+2+...+K—1+xxk=2003

ﬂ+x;<=2003,xx21(

2003 2@4&{

4006 > K>+ K

K>+ K—4006<0

[K _ —1-/1+4x4006 J[K_—1+\/1+4><4OO6J<O
. <

2

0<K<

—1++/1+4x4006
2

— L 0 S — 4006 0.5> /3969 - 0.5~ V637 ~0.5=62.5

2
Maximum possible K =62 =S
1+2+...+62=1953=2003-50; 1 +2+ ...+ 61 +112=2003
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Individual Event 2
12.1 Ifthe 50" power of a two-digit number P is a 69-digit number, find the value of P.
(Given that log 2 =0.3010, log 3 =0.4771, log 11 =1.0414.)

Reference: 1995 HGS ---371%0 ... 157-digit number, 375 n-digit ---.

PY=y,10<P <99, 10%<y <10%
1
P=y50; 106850 < p < 16950
1.34 <log P<1.38
log 22 =log 2 + log 11 = 1.3424; log 24 = 3log2+log3=1.3801
log 22 <log P <log 24, P=23

12.2 The roots of the equation x*> + ax — P+ 7 = 0 are o and 3, whereas the roots of the equation x* +
bx — r = 0 are —a. and —B. If the positive root of the equation (x*+ax—P+7) + (x*+bx—r) =0 is O,

find the value of Q.

o+ B =—a, 0 p=—16;—0— B =—b, (<)(-P) =

Sob=—a,r=16

(P +ax—P+7)+(x*+bx—r)=0is equivalent to (x* + ax — 16) + (x> —ax—16) =0
2x2-32=0

x=4or—+4

QO = positive root = 4
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12.3

124

Given that AABC is an isosceles triangle, AB = AC =2 ,and Dy, D, ..., Do are Q points on
BC. Let mj = AD? + BDixD;C. If mi + my + m3 + ... + mg = R, find the value of R.
Reference: 2010 HIS

As shown in the figure, AB = AC = V2

BD=x,CD=y,AD=t, ZADC =0 A
Apply cosine formula on AABD and AACD
2,02 _

C0sO = M i

2ty 0

2,2
cos(180° — 6)= % B X D Y C
X

since cos(180° —0) =—cos 0

Add these equations and multiply by 2#xy:

X+ =2)+y+x*-2)=0

X+ + @+ ywy—2x+y)=0
x+yE+xy-2)=0

P+xy—2=0

AD*+BD-DC=2
R=m+m+m+my=2+2+2+2=8

Method 2

Let BD =x, CD =y, AD =t, ZABC = o = LACD,
ZBAD =0, LCAD = .

Rotate AD anticlockwise about 4 to AE so that
/DAE = ZBAC.

/CAE = Z/DAE — ¢ = £ZBAD =6

By the property of rotation, AE = AD =+t.

ACAE = ABAD (S.A.S))
CE=BD=x (corr. sides, = As)
LZACE = ZABD = a (corr. Zs, = As)
/ZDAE+ ZDCE=0+ ¢ +20.=180° (Zssum of A)

= 200=180°— (0 + @) --------- (*)

The area of ADCE = Saapk + Sacpe = the area of AABC
%tz sin(o + 9)+%xysin 2a=%\/§2 sin(p + 0)

£ sin(0 + @) + xy sin[180° — (0 + @)] = 2 sin(0 + ¢) by (*¥)
"+ sin[180° — (0 + @)] =sin(0 + @) .. £ +xy=2

AD? + BD-DC =2
R=mi+my+m3+my=2+2+2+2=28

There are 2003 bags arranged from left to right. It is given that the leftmost bag contains R balls,
and every 7 consecutive bags contains 19 balls altogether. If the rightmost bag contains S balls,
find the value of S.

The leftmost bag contains 8 balls.

Starting from left to right, the total number of balls from 2" bag to the 7" bag is 11.

The number of balls in the 8" bag is therefore 8.

Similarly, the number of balls in the 15" bag, 22" bag, 29" bag, ... are all 8.

2003 =7 x 286 + 1, the rightmost bag should have the same number of balls as the leftmost
bag.

S=8
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Individual Event 3
) wxyz =4 . .
13.1 Given that {W xyz=3 and w > 0. If the solution of w is P, find the value of P.
From (2), xyz=w—3............ (3), sub. into (1)
ww—-3)=4
w—3w—-4=0
w =4 or w=—1 (rejected)
P=4

13.2 Let [y] represents the integral part of the decimal number y. For example, [3.14] = 3.
If [(\/E +1)P}= 0, find the value of Q. (Reference: HKAL PM 1991 P1 Q11, 2005 HGS)

Note that 0 <+/2—1<1and 0<(~2-1)*<1
(V2+ 1)+ (N2 1) =22+ 642 + 1) =2(4 + 12+ 1) = 34
33< (V2 +1)* <34

0 =[(\/§ +1)4}= 33

. 6x2 +y2
13.3 Given that xopo 0 and Oxo® — 22+/3xqp0 + 110> = 0. If 2 Y0 —

6X§ " R, find the value of R.
33x02 — 22/3x0p0 + 11362 =0

3x0> — 2+/3x0v0 + 30> =0

(V3x0-30=0

y0=\/§xo

R:6x§+y§ 6%, +3%x; _

6x, —ye 6xZ—3x:

I13.4 The diagonals AC and BD of a quadrilateral ABCD are perpendicular to each other.
Given that AB=15, BC=4, CD = R. If DA = §, find the value of S. D

Reference 1994 FG10.1-2, 2001 FG2.2, 2018HI7

Suppose AC and BD intersect at O. 5 s
Let OA=a, OB=b,0C=c, OD =d. d

a+b=5 .. (1)

PP+c=4%.... (2) ¢

Ard=3% .. 3) ¢ o a
F+aP=5 ... 4) .

(H+B)-Q): P =d*+a*=5"+32-4>=18

=32 4 5
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Individual Event 4

14.1

14.2

14.3

14.4

Suppose the 9-digit number 32x35717y is a multiple of 72, and P = xy, find the value of P.
72 = 8x9, the number is divisible by 8 and 9. (Reference: 2001 FG1.3, 2017 HI1)

17y is divisible by 8, i.e. y = 6.
3+2+x+3+5+7+1+7+6=9m, where m is an integer.

34+x=9m,x=2

P=xy=2x6=12

. . P .
Given that the lines 4x + y :E , mx +y =0 and 2x — 3my = 4 cannot form a triangle. Suppose
that m > 0 and Q is the minimum possible value of m, find Q.

2
Slope of L1 =—4, slope of L, =—m, slope of L3 =3—
m

IfLy// Ly:m=4;if Lo /| Ly: m* = —g (no solution); if L1// L3: m __1 (rejected, .- m>0)
3 6

4x+y:4 ...... (1)

If they are concurrent: < mx+y=0 -----. (2
2X—-3my =4.-.... (3)
—4m
Solve (1), (2) gives: X= Yy =
ve (1), (2) giv e
Sub. into (3): 2% _ 3m(=4m) _,

4-m 4-m
3m*+m—-2=0
(m+1)(3m-2)=0

m= % (rejected —1, ~- m > 0)

Minimum positive m :E
Given that R, x, y, z are integers and R > x>y >z. If R, x, y, z satisfy the equation
2R+ 2x 427 4+ )7 :% , find the value of R. Reference: 2019 FI12.4

495-% 165 5 1.1

QR4 ¥+ v 407 = =20+-=2"+22+>+ =
8 2 2

R=4
In Figure 1, Q is the interior point of AABC. Three straight lines passing through Q are parallel
to the sides of the triangle such that FE // AB, GK // AC and HJ // BC. Given that the areas of
AKQE, AJFQ and AQGH are R, 9 and 49 respectively. If the area of AABC is S, find the value
of S. (Reference: IMO (HK) Preliminary Contest 2001 Q13)

It is easy to show that all triangles are similar.

By the ratio of areas of similar triangles,

SAKQE :SAJFQ :SAQGH: (QE)2 : (FQ)2 : (GH)Z
4:9:49=(QE)?: (FO)*: (GH)?
QE:FQ:GH=2:3:7

Let QF =2t, FQ=3t, GH="Tt

AFQG and BEQH are parallelograms.

AG = 3t, BH = 2t (opp. sides of //-gram)
AB=3t+T7t+2t=12t

Saapc =4x6>=144=S A
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Group Event 1

1+24+3+---+n)-k
e )
n-1

G1.1 Given that » and k are natural numbers and 1 < k < n. =10 and

n + k= a, find the value of a.
”(”—+1)—k=10n—10 =n*—19n+2(10-k)=0

A =281+ 8k, n is an integer = A is a perfect square.
281 + 8k =289, 361,441, .= k=1, 10, 20, ... Given | <k <n, ..k =10, 20, ...
when k=10,n=19; a=n+ k=29; when k=20, n =20 rejected.
G1.2 Given that (x — 1)> + »? = 4, where x and y are real numbers.

If the maximum value of 2x + 37 is b, find the value of b. Reference: 2009 HI5, 2011 HI2
2x+y2=2x+4—(x— 1)

=+ 2x—1+2x+4

=x>+4x+3

=—(?—4x+4)+7

=—(x-2P%+7<7=b

G1.3 In Figure 1, AABC is an isosceles triangle and AB =
AC. Suppose the angle bisector of /B meets AC at
D and BC=BD + AD. D
Let £A4 = ¢°, find the value of c.
LetAB=n=AC;AD=q,BD=p,CD=n—q
ZABD =x= ZCBD; ZACB = 2x.
Let E be a point on BC such that BE=p, EC=¢q
Apply sine formula on AABD and ABCD.
n __9 . p+q _n-=¢

sinZADB  sinx sinZ/BDC  sinx
.+ sin ZADB = sin ZBDC

Dividing the above two equations

8 C

n g
p+q n-q
ﬁ:E and ZABC = ZECD = 2x
BC CD

AABC ~ AECD (2 sides proportional, included angle)
.. ZCDE = 2x (corr. Zs, ~ A’s)

ZBED = 4x (ext. £ of ACDE)

/BDE = 4x (BD = BE = p, base s, is0s. A)

ZADB = 3x (ext. £ of ABCD)

2x + 3x +4x =180° (adj. Ls on st. line ADC)

x=20°
c®=180° —4x = 100° (£ sum of AABC)
c=100
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Method 2

Claim ¢° > 90°

Proof: Otherwise, either ¢® < 90° or ¢® = 90°

If ¢® < 90°, then locate a point £ on BC so that BE =n
AABD = AEBD (S.A.S.)

DE = g (corr. sides = As)

ZDEB = c° (corr. £s = As)

Locate a point F on BE so that DF = ¢

ADEF is isosceles

ZDFE = c° (base Zsis0s. A)  ...... (1)
ZABD=x=/ZCBD, ZACB=2x ...... (2)
Consider AABC and AFCD

ZBAC = c®= ZCFD (by (1))

ZABC =2x= ZFCD (by (2))

.. AABC ~ AFCD (equiangular)

CF : FD = BA : AC (corr. sides, ~As)
CF:FD=1:1(. AABC is isosceles)

.. CF=FD=¢q

BF=BC-CF=(p+q)—q=p

-+ BE=p=BD

.. ABDF is isosceles

ZBFD = ZBDF (base £s is0s. A)
=1BOT_X (£ sum of A)
<90°

180° = ZBFD + ZEFD <90° + 90° = 180°, which is a contradiction
If ¢® = 90°, we use the same working steps as above, with £ = F.
AABC ~ AFCD (equiangular)
BE=n=BF=p
.. ABDF 1is isosceles

180" — x L .
c®=90°=4ZBFD :T <90°, which is a contradiction
Conclusion: ¢° > 90°
Locate a point F on BC so that BF =n
AABD = AFBD (S.A.S.)
DF = g (corr. sides = As)
ZDFB = c° (corr. £s = As)
ZDFC =180°—c® <90° (adj. Zs on st. line)
Locate a point £ on FC so that DE =g
ADEF is isosceles
ZDEF = 180° — ¢° (base Zs is0s. As)
/ZDEC = ¢° (adj. Ls on st. line) ...... 3)
/ABD=x=/CBD; ZACB=2x ...... (4)
Consider AABC and AECD
/BAC = c°= ZCED (by (3))
ZABC =2x= ZECD (by (4))
.. AABC ~ AECD (equiangular)
CE : ED = BA : AC (corr. sides, ~As)
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CE:ED=1:1(. AABC is isosceles)

. CE=ED=¢q

BE=BC-CE=(p+q)—q=p

* BE=p=BD

.. ABDE is isosceles

/BED = Z/BDE = 180° — c° (adj. Zs on st. line, base /s is0s. A)
In ABDE, x +2(180° — ¢°) = 180° (£ sum of A)
=>x=2c°—180°------ (5)

In AABC, c°® +4x=180° (£ sum of A) ------ (6)

Sub. (5) into (6), ¢® + 4(2c° — 180°) = 180°
¢=100

G1.4 Given that the sum of two prime numbers is 105. If the product of these prime numbers is d,
find the value of d.
“2” is the only prime number which is an even integer.
The sum of two prime number is 105, which is odd
= One prime is odd and the other prime is even
= One prime is odd and the other prime is 2
= One prime is 103 and the other prime is 2
d=2x103 =206
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Group Event 2

G2.1 Given that the equation ax(x + 1) + bx(x + 2) + c(x + 1)(x + 2) = 0 has roots 1 and 2.

If a + b+ ¢ =2, find the value of a.

Expand and rearrange the terms in descending orders of x:
(@a+b+c)x*+(a+2b+3c)x+2c=0

2%+ (@+b+c+b+2c)x+2c=0

2%+ (b+2c+2)x+2c=0

It is identical to 2(x — 1)(x —2) =0

bt 2c+2=-6;2c=4

Solving these equations give c =2, b=-12,a=12

X+y

G2.2 Given that 48" =2 and 48" = 3. If 8" = b, find the value of b.
Reference: 2001 HI1, 2004 FG4.3, 2005 HI9, 2006 FG4.3

Take logarithms on the two given equations: x log 48 =log 2, ylog 48 =1log 3

o log2 . y= log3
log48 log48

log2 log3
X+Y  logas T Tog4s

v v _1_ log2  log3
1-x y 1 log48  log48

_ log2+1log3
log48—log2—log3

_log6 ) :8;;3
log8

log b=l (sjz
gb=log .

_log6
log8
G2.3 In Figure 1, the square PORS is inscribed in A
AABC. The areas of AAPQ, APBS and AQRC
are 4, 4 and 12 respectively. If the area of the r 0
square is ¢, find the value of c.
Let BC=a, PS=1x,
Let the altitude from 4 onto BC =/ .

log8=log6=>b=6

1 8
AreaofABPS—EX-BS—4:>BS—; B g P
Area ofACQRZ%X-CRZ 12=C _24

X
BC=BS+SR+RC=§+x+ﬁ:x+g ...... (1)
X X X

AreaofAAPQ=%x(h—x)=4:>h=§+x ...... )

AreaofAABCZ%h-BC=4+4+12+x2:20+x2 ...... (3)

Sub. (1) and (2) into (3): %(§+ X)-(X+3—X2j =20+ x?

(8 + xH)(x* +32) = 40x% + 2x*
x*+40x* + 256 = 40x* + 2x*

x* =256

c = area of the square = x> = 16
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G2.4 In AABC, cos A =g and cos B =215 . If cos C = d, find the value of d.
Reference: 2012 FI13.2

sinA=§,sinB=ﬁ
5 25
cos C=cos(180°—-A4 —B)=—cos(4 + B)=-cos A cos B+sinA4sin B
A
525 525 125
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Group Event 3
G3.1 Let f'be a function such that f{1) = 1 and for any integers m and n, f(m + n) = f(m) + f(n) + mn.
Ifa =w, find the value of a.
fint)y=fn)y+n+1=fin-1)+n+n+1=fn2)+n-1+n+ntl=.=1+2+...+n+ntl
A fim) =12 _nln+1)
f(2003) _ 2004x 2003 _ 334501
6 12
G3.2 Suppose Xt X E= 3,b =X2L2_3, find the value of b.
X“+X -2

1 1R
(x2+x 2) =9= x+x’1:7:>(x+x’l)2:49:> X2 +x?% =47
(x%+x‘%Xx+x’l S3xT=X 4 X X AX =21 XF +X =18

x +x2—3 18-3 1
XX+x?i-2 47-2 3

G3.3 Given that f(n) = sinnTit , where 7 is an integer.

Ifc=1(1)+1(2) + --- + £f(2003), find the value of c.

f(1) + f(2) + f(3) + f(4) + f(5) + 1(6) + (7) + f(8)

1+1+ +0-— L —-1-——+0=0

2 2 N2 \/_

and the function repeats for every multiples of 8.

¢ = f(2001) + £(2002) + £(2003) = \/_ 14— \/_ —1+42

—2x+1,when x<1
x? —2x,when x>1"
If d is the maximum integral solution of f(x) =3 , find the value of d .
Whenx > 1, f(x) =3
=x>-2x=3
=x>-2x-3=0
= x =3 or —1 (rejected)

G3.4 Given that f(x) :{

When x <1,
2x+1=3
= 2x=-2
=>x=-1

SLd=3
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Group Event 4
G4.1 In Figure 1, AE and AD are two straight lines and £

G4.2

G4.3

AB=BC=CD=DE=EF=FG=GA.
If ZDAE = a°, find the value of a.
ZAFG = a°= ZACB (base £s iso0s. A)
ZCBD =20° = ZFGE (ext. £ of A)
ZFEG =20a°=ZBDC (base s is0s. A)
/DFE =30a° = ZDCE (ext. Z of A)
ZADE =3a° = LAED (base £s 1s0s. A)
o’ +3a°+3a° = 180° (Ls sum of A)

180
o=

7

Suppose P(x) = ao + a1x + axx®> + --- + asx® is a polynomial of degree 8 with real coefficients ao,

ai, -+, ag. If P(k) =% whenk=1,2,---,9, and b = P(10), find the value of b.
Reference: 2018 HG1

P(k)Z%, fork=1,2,---,09.

Let F(x) =x P(x)— 1, then F(k)=k P(k)—1=0,fork=1,2,---,9.

F(x) is a polynomial of degree 9 and the roots are 1, 2, ---, 9.

Fx)=xPx)—1=c(x—1)(x-2) - (x—9)
_c(x=1fx—2)---(x=9)+1

P(x) , which is a polynomial of degree 8.
X
Compare the constant term of c(x — 1)(x—2) - (x—=9)+1=0:
—9N+1=0
“1Nx=2)-(x- I
=L Py (x=1)(x=2)---(x—9)+9!
9Ix
119l
o)=L
9110 5

Given two positive integers x and y, xy — (x +y) = HCF(x, y) + LCM(x, y), where HCF(x, y) and
LCM(x, y) are respectively the greatest common divisor and the least common multiple of x
and y. If ¢ 1s the maximum possible value of x + y, find c.

Without loss of generality assume x > y.

Let the H.C.F. of x and y be m and x = ma, y = mb where the H.C.F. of a, b is 1.

L.CM. ofx and y = mab. a > b.

xy — (x +y) = HCF + LCM = m?*ab — m(a + b) = m + mab

ab(m—-1)=a+b+1

1 1 1
m—1=—+—+—
a b ab
1
1<m-1=—+—+—X3
a b ab
m=2,3o0r4
when m =2, —+—+i=1:a+b+1=ab:>ab—a—b—1=0
a b ab
ab—a—-b+1=2
(a-D)b-1)=2

a=3,b=2,m=2,x=6,y=4,c=x+y=10
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When m = 3, 1+1+i=2:a+b+1=2ab:>2ab—a—b—l=0
a b ab

4ab—-2a—-2b+1=3

Qa-1)2b-1)=3

a=2,b=1,m=3,x=6,y=3,c=x+y=9

When m =4, 1+l+i=3:>a+b+1=3ab:3ab—a—b—l=0
a b ab

9ab—-3a—-3b+1=4
Ba-1)3b-1)=4
a=1,b=1,m=4,x=4,y=4,c=x+y=28
Maximum ¢ = 10
G4.4 In Figure 2, AABC is an equilateral triangle, points M and N A
are the midpoints of sides AB and AC respectively, and F is
the intersection of the line MN with the circle ABC.

Ifd :ﬁ , find the value of d. W N F
MN

Let O be the centre, join AO.
Suppose MN intersects A0 at H.
Produce FNM to meet the circle at E.

Then it is easy to show that: B C
MN // BC (mid-point theorem)
AAMO = AANO (SSS)

A

AAMH = AANH (SAS)

AO 1 MN and MH = HN (corr. sides, = As)

EH = HF (L from centre bisect chords)

Let EM =t, MN = a, NF =p.

t=FH-MH=HF—-HN=p E d F
By intersecting chords theorem, 0 9
AN x NC=FN x NE

& =p(p+a) B 2 c
pPrap—a’=0 v

P_ or — —V5 (rejected)
a 2
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