Answers: (2003-04 HKMO Heat Events) Created by: Mr. Francis Hung
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Individual Events
Il Letd=1>-2>+3%-4%+ ...+ 2003 - 2004, find the value of 4.
Reference: 1997 HIS, 2002 FG2.3, 2015 FI3.2, 2015 FG4.1
A=(12-2%)+ (3> - 4% + --- + (2003% - 2004?)
=-3-7-11 —--— 4007, this is an arithmetic series, a = -3, £ = —-4007=a+(n—1)(-4), n =1002

344007 1002 = 2009010

12 If 2B =2003, C is the units digit of B, find the value of C.
B=2003%003.31=3 32=9 33=27 3*=81, 3% =243; the units digit repeats for every multiples
of 4. 2003299 = 20034399*3; the units digit is 7; C=17.

I3 Ifx+y+z=10,x>+)*+2z*=10and xy + yz + zx = m, find the value of m.
(x+y+2?=10=x>+y?+22+2(xy +yz+2x) =100 = 10+ 2m = 100 = m = 45

I4  Arrange the natural numbers in the following order. In this arrangement, 9 is in the row 3 and
the column 2. If the number 2003 is in the row x and the column y, find the value of xy.

1 2 4 7 11 16
3 5 8 12 17
6 9 13 18

10 14 19
15 20
21

Reference: 2003 F11.4
Consider the integers in the first column of each row: 1, 3, 6, 10, ---

They are equivalentto 1,1 +2,1+2+3,1+2+3+4, -

The first integer in the n'" row = 1+ 2+ 3+ --- +n =M

@ <2003 = n(n + 1) < 4006

" 62x63 = 3906, 63x64 = 4032

.. The greatest possible n = 62

3906 +~ 2 =1953

The 63" element of the first row = 1954

The 62™ element of the second row = 1955, ......... and so on.
2003 =1953 +50;63 -50+1=14

The 14" element of the 50" row is 2003; x = 50, y = 14

xy =50x14 =700
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IS LetFE 2\/12+ 643 +\/12— 63 , find the value of E.
Reference: 1993 F11.4, 1999 HG3, 2001 FG2.1, 2011 HI7, 2015 FI4.2, 2015 FG3.1

124643 =494 342493 =+Ja+b+2Jab =+a +b =3++3
12263 =4943-2\9x3 =\Ja+bh—2ab =vJa -b =3 -3
V12463 +412-643 =3+3+3-3=6

I6  In the figure, O is the centre of the bigger semicircle
with radius 10 cm, OB is the diameter of the smaller A
semicircle and C is the midpoint of arc OB and it lies C
on the segment OA. Let the area of the shaded region
be K cm?, find the value of K. (Take 7 = 3)
Shaded area = area of sector OAB — area of AOCB

= lloz.ﬁ_llo.szlz.s @] 10cm B
2 4 2
I7  In the figure, let the shaded area formed by the three straight lines y

y=-x+3,y=x+1and y=-5x + 19 be R, find the value of R. >\ yexel
Intersection points are 4A(1, 2), B(3, 4), C(4, —1). pext3

ZCAB =90°

Area =%\/§\/§ = 6 sq.unit }\ *

y=-3x+19

I8 Ift=sin’ g— cos? 2_671: , find the value of 7.

L 4T , 2T
t=sin g—cos —

6

19 In the figure, C lies on AE, AABC and ACDE are
equilateral triangles, F' and G are the mid-points of
BC and DE respectively. If the area of AABC is
24 cm?, the area of ACDE is 60 cm?, and the area of
AAFG is Q cm?, find the value of Q.
Reference: 2000 F14.2, 2005 HG7, 2018 HI12
ZFAC = ZGCE =30°
AF /] CG (corr. Zs eq.)
Area of AAFG = Area of AACF = 12 cm?
(They have the same bases AF and the same height)
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110 If o and B are the roots of the quadratic equation 4x*> — 10x + 3 =0 and k = o> + B2,

find the value of k.
k=o?+p?
= (o +B)*—2ap

)

19

4

Page 3

C:\Users\User\Dropbox\Data\My Web\Competitions\HKMO\HKMOHeat\HKMOheatanswers\HKMO2004heatans.docx



Answers: (2003-04 HKMO Heat Events) Created by: Mr. Francis Hung

Group Events

G1

G2

G3

G4

G5

1 1 2 I 2 3 I 2 3 4 1 2 99
If x=—+| 4= |+| S+ [+ oo+ 4 [+t —F—+ o+ — |,
2 \3 3 4 4 4 5 5 5 5 100 100 100

find the value of x. Reference: 1995 HG3, 1996 FG9.4, 2018 HG9
x=l+g+§+i+---+%=@x99= 2475

2 4
If z is the positive root of the equation 6x4* — 13x6* + 6x9* = 0, find the value of z.
(3-2°-239(2:2*-339=0
3-2¥=2-3"or 2.2 =3.3"

2 2 2 3 (2)!
= —0r = —=| —
3 3 3 2 3

x=1or-1 (rejected)

z = positive root = 1

If there are at most £ mutually non-congruent isosceles triangles whose perimeter is 25 cm and
the lengths of the three sides are positive integers when expressed in cm, find the value of £.
Possible triangles are {7,7,11}, {8,8,9}, {9,9,7}, {10,10,5}, {11,11,3}, {12,12,1}

k=6

Given that a, b are positive real numbers satisfying a® = 2004 and b* = 2004.

If the number of integers x that satisfy the inequality a <x < b is A, find the value of 4.

123 = 1728, 44> = 1976

a*=2004 = 12 <a<13; > =2004 = 44 < b <45

a<x<b =12 <x <45 = number of integral values of x = 32

If the sum of R consecutive positive integers is 1000 (where R > 1), find the least value of R.

Let the smallest positive integer be x. (Reference: 2006 HGS)
xtx+1)+--+(x+R—-1)=1000

§X(2x+R—1)=1000

R(2x+R-1)=2000=>2x+R—-1 =$ , which is an integer.

Possible R are: 1,2,4,5,8,10,16,20,25,40,50,80,100,125,250,400,500,1000,2000.
When R =4m + 2, where m is an integer.

(4m+2)2x+4m +1)=2000 = 2m + 1)2x +4m + 1) = 1000

L.H.S. is odd, R.H.S. is even .. reject 2, 10, 50, 250.

When R = 4m, where m is an integer.

A4m(2x +4m — 1) =2000 = m(2x + 4m — 1) = 500 = 4x125 = m is a multiple of 4

.. R =multiple of 16 = reject 4, §, 20, 40, 100, 500, 1000
2000

2x+R—1=T>R—1:>2000>R(R—1):>\/2000>R—1:>45>R
The possible values of R are 1, 5, 16, 25.

When R =1, 1(2x) =2000 = x = 1000

When R=35, 52x +4) =2000 = x = 198

When R =16, 16(2x + 15) =2000 = x = 55

When R =25, 25(2x + 24) = 2000 = x =28
The least value of R>11s 5, x = 198.
198 + 199 + 200 + 201 + 202 = 1000
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Go6

G7

G8

If a, b and c are positive integers such that abc +ab+ bc+ac+a+b+c=2003,

find the least value of abc .

Reference: 2018 FI4.3

(@a+ 1)(b+1)(c+1)=2004=2%x3 x 167

abc is the least when the difference between a, b and ¢ are the greatest.
a+t1=2,b+1=2,¢c+1=501

a=1,b=1,c=500

abc =500

Created by: Mr. Francis Hung

In the figure, ABCD is a trapezium, the segments 4B and CD are both perpendicular to BC and
the diagonals AC and BD intersect at X. [f AB =9 cm, BC =12 cm and CD = 16 cm, and the

area of ABXC is W cm?, find the value of W.
Reference: 1993 HI2, 1997 HG3, 2000 F12.2, 2002 FI1.3, 2010HG4, 2013 HG2
AABX ~ ACDX

AX:CX=AB:CD=9:16 B A
Sassx : Sacpx=9%: 1672 =81 :256

Let Sa4x = 81y, Sacpx = 256y

Let AX=9t, CX=16t (" AABX ~ ACDX)

AABX and ABCX have the same height.
16¢ 16

X

Sagcy = Saupy X —=8lyx— =144
BCX ABX o y 9 y

Saac = Saapx + Sascx C

912 _ g1y + 144y

_6
Y

= Sapcx = 144y = l44><2—65= 34.56

Let y = logia00+/2 + 10g14003\/§+ log14006\/7, find the value of y.
B 10g\/§><3\/§>< /7 _3log2+log5+¢log7 3log2+2logS+log7

log1400 log1400 6log1400
_log8+1log25+log7 _log(2x4x25x7) _ logl400 _ 1
610og1400 61og1400 6logl1400 6
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G9 In the figure, AABC is an isosceles triangle with AB = AC and LABC = 80°.
If P is a point on the AB such that AP = BC, ZACP = k°, find the value of .
Reference: (#&ZE Kk~ ) $ ¥ (- 414141 #&#= %) ,2010 HG10

ZACB=80°= ZACB (base Zs isos. A)
ZBAC =20° (£ sum of A)
Z/BPC = (20 + k)° (ext. £ of AAPC)

.AP = .CP """ (1) (sine rule on AACP)
sink® sin20°

: se o= .CP AR (2) (sine rule on ABCP)
s1n(20 + k) sin 80
(1) = (2): sin(20+k)  sin80° _  cosl0® 1

o sink” sin20°  2sinl10°cos10°  2sin10°

2 sin(20 + k)° sin 10° = sin £°

cos(10 + k)° — cos(30 + k)° = sin k°

cos(10 + k)° = sin(60 — k)° + sin k°

cos(10 + k)° =2 sin 30° cos(30 — k)°

cos(10 + k)° = cos(30 — k)°

10+k=30-%

k=10

Method 2

Rotate 4 60° in anti-clockwise direction about P as shown.
AAPQ is an equilateral triangle. Join QC.

ZACB =80°=ZACB (base Zs is0s. A)

ZBAC =20° (£ sum of A)

ZQAP = 60°= LAQP (s of an equilateral A)
ZQAC =60°+20°=80°= LACB

“wOA=AP=BC (given)

AC=A4C (common)

. AMCB = ACAQ (S.A.S))

o LAQC = LABC = 80° (corr. Zs = As)

ZCQOP =80°—60°=20°=ZCAP

CP=CP (common)

AP = QP (by construction)

AAPC = AQPC (S.S.S))

o LACQ = £LBAC =20° (corr. Zs AACB = ACAQ)
ZACP = ZQCP=10° (corr. Zs AAPC = AQPC)
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G10 Suppose P(a, b) is a point on the straight line x — y + 1 = 0 such that the sum of the distance

between P and the point 4(1,0) and the distance between P and the point B(3,0) is the least,
find the value of a + b. y

Regard x — y + 1 = 0 as mirror. e
C(-1,2) is the mirror image of A(1,0).
Sum of distance is the least

x-y+1=0
3.0—

C(-1.2)
= P(a, b) lies on BC. 20—
P(a,b)liesonx—y+1=0 . Pab)
=b=a+1
Mpp =Msc A(¢1,0) 20 B(v3,o) 40 5>.
a+l i
a-3 -4
2a-2=a-3
1 4
a=— ) —_ —
3 3
a+b=é
3
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