Answers: (2004-05 HKMO Heat Events)

Created by Mr. Francis Hung
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Suppose p, g are positive integers and 3 >

Reference: 1996 FG10.3, 2010 HG7
3 _i>£ >3 — E
35 q 36

i<3_£<E

35 q 36

"1, s are integers and s > 7.
Minimum r=1, s = 2.
Ilg—4p=1

3g—p=2

q="7,p=19.

p

q

>% , find the smallest possible value of ¢.

Given that x = 2005 and y = [4x? — 5x + 9| — 4[x*> + 2x + 2| + 3x + 7, find the value of y.

Reference: 2016 F14.3

4x2 - 5x +9=4(x — 0.625)> + 7.4375> 0

= [4x? - 5x+9|=4x>2-5x +9

X+2x+2=(x+17>+1>0

= P+ 2x+2|=x>+2x+2

y=4x>-5x+9 —4(x*+2x +2)+3x+7

=—10x + 8 =-20050 + 8 =-20042
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X X
I3  Ifxis areal number satisfying the equation [ 5+ 2\/6) +( 5- 2\/6) =10,

find the smallest possible value of x.

526 =\3+v2, J5-2J6 ~\3- 2=+ —
V3+42
Lmy=h@+J§ﬁﬂwnh@J§y:%

The equation is equivalent to y + 1 10

Y—10p+1=0

y=5+2./6

When(\/§+\/§)x=5+2\/6=(\/§+\/§)2,x=2.

When(\/§+\/§)x=5—2\/6=(\/§—\/§)2=;2,x=—2
(V3+2)

e . ) )
I4  Let¢be areal number satisfying (1+sin #)(1+ cos t):Z .If N=sin ¢+ cos ¢, find the value of N

: : . : N? -1
N?=sin’t+cos’>t+2sintcost=1+2sintcost=> sintcost= 5 e @)

. . . . 5
Expand the given equation: 1 + sin ¢+ cos ¢ + sin ¢ cos ¢ :Z

N2 -1
2
—=4+4N+2N2-2=5
= 2ON?+4N-3=0
:—2+\/E o —2-410
2 2

I5 In Figure 1, ABCDEF is an “L shape” figure formed by E H D
six squares. HAK is a straight line and the area of the  ; ‘

shaded region is equal to % of the area of ABCDEF.

I+N+

5
4

=N (<=2, rejected because N =sin ¢ + cos t > —-2)

If the length of each small square is 1 cm and the length
of HK is m cm, find the value of m.

Reference: 2009 HGS, 2012 HI10 Figure 1
It is easy to see that the area of ADHK = 3.
Let DK=xcm, DH=ycm;thenxy=6 ----oeoeee (1)

Join AD, then ZADC =45°= ZADH, AD = V2
Area of AADH + area of AADK = Area of ADHK
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16

17

I8

Let n be a natural number, the area of the triangle bounded by the line nx + (n + 1)y = J2 and
the two ordinate axes is S,. If K = 81 + 52 + ... + 805, find the value of K.
Reference: 2015 HG10
1
n(n+1)
1 1 1 | 111 1 1 | 1 2005

—+ + e+ = —_— cee f— = — =
1x2 2x3 2005x 2006 2 2 3 2005 2006 2006 2006

Let [x] be the largest integer not greater than x, for example, [2.5] = 2.
1024
If M= [log, n], find the value of M. (Reference: 2005 FG2.4, 2007 FG2.1)

n=1L
logp1=0,logx2=1,1<logx3<2,log:4=2,2<logr5<3,2<log,6<3,2<logy7<3,
logo 8 =3,3<log,9<4, ... ,3<logy 15 <4,
logr 16 =4,4<log, 17 <5, ......... ,4<logr31<5,

. . 2
nx+n+1)y= J2 , X-Intercept = Q , y-intercept = Ll ; bounded area =
n n+

log> 512=9,9 <log, 513 <10, ............ ,9<log>1023 <10; log>1024=10

M=0+1+1+2+2+2+2+34+---+3+4+---+4+..+ 9+---+9+ 10
—_——
8times 16 times 512times

M=2+4x2+8x3+ 16x4 +...+512x9 + 10 ......... (1)
2M = 4x1 +8x2+ 16x3 +...+512x8 + 1024x9 + 20 ......... (2)
2)-(1): M=1024x9+10—-(2+4+8+...+512)
M=1024x9 + 10 - 1022 = 8204

In Figure 2, AB is perpendicular to CD, their intersection

point O is the center of the large circle and the centers of the
four circles lies on either AB or CD. Given also that the

radius of the large circle is 1 cm and the radius of each of

the four small circles is %cm. If the area of the shaded

region is R cm?, find the value of R. (take 7 =3)
Reference: 1999 FI12.3
In the first quadrant, let the labelled areas be p, ¢ and x.

T (1)2 1 (1 1) T 1 n-2 1
q: _] = =] — = )(2=___= = —
4\2) 2122 8 4 8 8

= g; 2x + p + g = area of the quadrant :% 71(1)2 = %

x + g = area of one semi-circle =——

1
2><(1)=(2),2x+2q=2x+p+q:>p=q=§

Shaded area =4p + 4q = 4[% + %)= 1
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l-a-b

19  Given that 60°=3, 60°=5.If R =12°%"  find the value of R.
Reference: 2001 HI1, 2003 FG2.2,2004 FG4.3,2006 FG4.3
_ log3 b= log5
log60"  log60
1 log3  log5 60
1-a—b_ 17960 ~Togeo _log60—log3—log5_ 10935 _ log4 _ 2log2 _ log2
21-b) 21— Ifgggo) 2(log60—log5)  2(log®) 2logl2 2logl2 logl2
122 i b) 12;;12 [(10)|0912]'097 =10lg2=2
110 Given that 29" January 2005 is Saturday, on what day is 29" January 2008?
1 year = 365 days = 7x52 + 1 days and there is no leap year in this period.
3 years = 3x7x52 + 3 days, Saturday + 3 = Tuesday; after 3 years, it will be a Tuesday.
Group Events
Gl Ifx= 19 Jrg x2+ Q x3+.. +B x10 and a is the integer that is the closest to x, find the value
97 97 97 97
ofa.
x——(l +2+3+...+ 10)—E 55—%— 10.8,a=11
97 97 97
G2 Given that the area of a square ABCD is equal to 130 cm? and a circle O passes through the
points 4, B, C and D. If the area of the circle O is b cm?, find the value of b. (Take = 3.14)
Let the length of side of the square be x cm (x =+/130)
AC= m V2x= diameter of the circle; the radius of the circle = \/;X —2260 .
b=mr*=3. 14x¥—3 14x65 =204.1
G3 Given that p, g and r are distinct roots of the equation x> — x> +x-2=0.If Q=p* + ¢> + 13,
find the value of Q.
ptqtr=1,pg+qrtpr=1,pgr=2.
P+ +r=3pgr=@+q+nrp+q+r—pg—qr-pr)
pPre+r=@+q+rnlp+q+r?-3pg+qr+pr)]+3pgr
=1[(1)2-3(D]+3x2=4=0=4
Method2p’ —p?+p-2=0...(1),¢*—¢*+q-2=0...2),P-r*+r-2=0...(3)
M+ +Cr: @+ +r) - P>+ +r)+(p+qg+r)-6=0
PreE+r= @+ —(ptq+tnN+6=p+q+r’-2pq+tqr+mp)-1+6=4=0
G4 When a 3-digit number minus the sum of the values of the three digits, the difference is a 3-

digit number 46x , find the value of x.

Let the 3-digit numbers be 100a + 10b + ¢, where a, b and c are integers between 0 to 9.
100a +10b+c—(a+ b+ c)=400+ 60 + x

99a +9b =460 + x = 9(11a + b) = 460 + x, which is divisible by 9.

So 4 + 6 + x must be divisible by 9, x = 8.
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G5

Go6

G7

G8

If B is an integer and B > ( V2+.43 )6, find the smallest possible value of B.

Reference: HKAL PM 1991 P1 Q11,2003 F13.2

Note that 0 <v3—+2 < 1 and hence 0 < (4/3-+/2 )0 < 1

(V3+72)0+ (M3-+2)0=2(V36 + 15x/34x /2 2+ 15x /32124 +4/26)
=2(27+270+ 180 + 8) =970

(7/3+4/2)0 =970 —(1/3-~/2 )6 < 970 = the smallest value of B

Suppose the side of a regular octahedron is equal to 1 cm and the

volume is equal to fcm?, find the value of f.

A regular octahedron can be cut into two identical right pyramids

with square base (All sides length = 1 cm)

2
AC=+1%+1° :\/Ecm; Height = [1° —(%j =gcm

Volume—— 12. 2= \/_ \/_ 3'f=&=£
37 2 e 6 3

In Figure 1, ABCD and CEFG are two squares and /'G = 4 cm. A D

If the area of AAEG is equal to g cm?, find the value of g.
Reference: 2000 F14.2, 2004 HI9, 2018 HI12 E
Join AC. LZACB =45°= ZEGC
AC /| EG (corr. Zs eq.)

AAEG and A CEG have the same base and the same height. B c

Area of AAEG = area of ACEG =%-4><4= 8 cm?

g=38
Let x be a real number. If / is the greatest value of x such that 2 (log, x)> + 9 log, x + 9 <0, find
the value of 4.

(2log,;x+3)(log,x+3)<0
2 2

-3 <log,x<-1.5
2

1 1
—3log—>logx>-1.51log—
g2 gXx g2

log 8 Zlogleog\/g
JB<x<8
h = the greatest value of x = 8
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G9 Given that the perpendicular distances from the point O to three A
sides of a triangle ABC are all equal to 2 cm and the perimeter
of AABC is equal to 21 cm. If the area of AABC is equal to k£

cm?, find the value of k. % )
2cm
Reference 1992 HGS, 2015 HG2, 2021 P1Q6
2cm

kcm? = (% -2 cm-BC + %-2 cm-AC + %2 cm-AB) B

=(BC+ AC+ AB) cm

=21 cm?
k=21

Remark: The old version of the question was:

Given that the perpendicular distances from the point O to three sides of a triangle ABC are all equal

to 2 cm and the perimeter of AABC is equal to 20 ecm. If the area of AABC is equal to k cm?, find the

value of k.
The old version of the question was wrong

cm? < 20 cm?

because it can be proved that the minimum area is
Proof: Let BC=acm, AC=b cm, AB=c cm,

scm:%(a+b+c)cm=10cm

k=4s(s—a)s—b)s—c) Heron’s formula
=,/10(10-a)10-b)10-c)

< /1. (10—a)+(10—b)+(10—c)} (AM.>GM)

L 3
Fan %
_ Jio. 30 (a+b+c)}
3
o
_ i[O 20)
3
%
_Ji0. @j
3
_ 100
33
kgloo‘/§z19.24<20=k

which is a contradiction.
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G10 In Figure 2, ten people are sitting in a round table with sitting
numbers 1, 2, 3, ..., 10 respectively. Each of them chooses an
integer 4, B, C, ....., J respectively and tells the people on his left
and right about his chosen number. Then each of them calculates
the average number of the chosen numbers of his two
neighborhoods and announces this average numbers are the same

as the corresponding sitting numbers, find the value of F.

~J+B
1= Bl (1)
Fi 2
,-AC o) e
2

~_B+D
3= 5 (3)
_C+E
4= 7 “)
_D+F
5= 7 (%)
_E+G
6= 5 (6)
_F+H
7= 7 (7)
G+
8= I (8)
~H+J
9= 5 9)
IT+A
10= 57 (10)
(D=O)+HD)-G)+):
l1=F=F=1
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