Answers: (2007-08 HKMO Final Events) Created by: Mr. Francis Hung
Individual Events
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Sample Individual Event (2007 Final Individual Event 1)
SL1 Let vk=+7++13—7-+13, find the value of k.
2
v@2=(J7+v€§—J7—vﬁé)
k=7+\13-2y72 - 13" +7- 13
=14-2/36=2
SI.2 In Figure 1, the straight line ¢ passes though the point (k, 3) and AV
makes an angle 45° with the x-axis. If the equation of /¢ isx+ by + ‘3 !
c=0andd=|1+ b+ c|, find the value of d. *3)
0: Y23 _tanas
X—2
y—3=x-2 /(45°
x—y+1=0,b=-1,c=1 7 > x

d=1-1+1=1
SI.3 Ifx —dis a factor of x> — 6x2 +11x + a, find the value of a.
flx)=x—6x?+1lx+a
A)=1-6+11+a=0
a=-6

. a .
SI4 Ifcosx+sinx=-— g and ¢ = tan x + cot x, find the value of «.
) 6
cCosx +smx= g

(cos x + sin x)*> = 36
25

1+2sinxcosx=—
25

) 11 )
2SINXCOSX=—=>SINXCOSX=—r
S 50

d=tanx + cotx
_sinx cosx

sihx , cosx
COSX  Sinx
sin? x + cos? x
~ sinxcosx
1 50

sinxcosx 11
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Answers: (2007-08 HKMO Final Events) Created by: Mr. Francis Hung
Individual Event 1

I1.1 Let A= 15xtan 44°xtan45°xtan46°, find the value of 4.
Similar question: 2012 FG2.1

A=15xtan 44’ x1x 1 =15
tan 44°

n2008's

I1.2 Letn be a positive integer and 20082008 --2008L5 is divisible by A.

If the least possible value of » is B, find the value of B.

Reference: 2010 HG2

The given number is divisible by 15. Therefore it is divisible by 3 and 5.
The last 2 digits of the given number is 15, which is divisible by 15.

n2008's

The necessary condition is: 20082008 --2008 must be divisible by 3.
2+ 0+ 0+ 8 =10 which is not divisible by 3.
The least possible 7 is 3: 2+0+0+8+2+0+0+8+2+0+0+8 = 30 which is divisible by 3.

I1.3 Given that there are C integers that satisfy the equation |x — 2| + |x + 1| = B, find the value of C
Reference: 1994 HGI1, 2001 HG9, 2004 FG4.2, 2008 HIS8, 2008 F11.3,2010 HG6, 2012 FG2.3
x—2|+x+1]=3
fx<-1,2-x-x-1=3
= x =—1 (rejected)

If-1<x<2,2—-x+x+1=3

= 3 =3, always true ..
-1<x<2

If2<x,x-2+x+1=3

= x =2 (reject)

S =1 <x<2only

"’ X is an integer
Lx=-1,0,1,2;C=4

I1.4 In the coordinate plane, the distance from the point (—C, 0) to the straight line y = x is JD ,
find the value of D.

|Ax0 + By, + C|

e

The distance from P(xo, y0) to the straight line Ax + By + C=01is
The distance from (—4,0)tox —y=01s

-4-0+0 _i: _
N R A

D=8
Method 2 T

\/B:4sin45°:% L y=X
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Answers: (2007-08 HKMO Final Events) Created by: Mr. Francis Hung
Individual Event 2

-1
I12.1 Given that P = |}/€ X (3/1—22ﬂ , find the value of P.
-1

p|s| 8

162
1162
=3 —

6

=3/27=3

12.2 Leta, b and c be real numbers withratiosb: (a+c)=1:2anda:(b+c)=1:P.

a+b+c

If Q= , find the value of Q.

2b=a+c...... (),3a=b+c...... (2)
(H—-2):2b-3a=a-b=3b=4a=a:b=3:4
Leta =3k, b =4k, sub. into (1): 2(4k)=3k+c = c=5k

a+b+c:3k+4k+5k:
a 3k

4

Q=
12.3 LetRZ[ \/§+J§)Q+( \/é—ﬁ)Q.FindthevalueofR.
R=(\V3+32 ) +(VB- 2 )

~(V3+v2f +(V3-v2f
=3+2/6+2+3-2/6+2=10
12.4 LetS=(x—R)*>+ (x + 5)%, where x is a real number. Find the minimum value of S.
S=(x-10)*+ (x +5)*
=x?—20x + 100 + x? + 10x + 25
=2x?—10x + 125
=2(x*-5x)+ 125
=2(x—2.5)>+ 125 -2x2.5?
=2(x—2.5)2+112.5>1125
The minimum value of S'is 112.5.
Method 2
S=(10-x)>+(x+5)?
Leta=10-x,b=x+5
a+ b =15, which is a constant
.a® + b? reaches its minimum when a = b= 7.5
“.Minimum S =7.5% + 7.5%
=112.5
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Answers: (2007-08 HKMO Final Events) Created by: Mr. Francis Hung
Individual Event 3

13.1 Given that 1-

satisfies the equation x> + px + g = 0, where p and ¢ are rational numbers.

If A = |p| + 2]|q|, find the value of 4.
For an equation with rational coefficients, conjugate roots occur in pairs.

1+\/§
>

That is, the other root is

1—\/§+1+\/§_
2 2

=>p=-1

1-43 1+43 _
2 2

=1
7775

A=|-1|+2]-1

=2

I3.2 Two bags U and U> contain identical red and white balls. U contains 4 red balls and 2 white
balls. U, contains 2 red balls and B white balls. Take two balls out of each bag. If the probability

of all four balls are red is % , find the value of B.

U\ contains 2 red and 2 white, total 4 balls. U, contains 2 red and B white, total 2 + B balls.

P(all 4 are red)—%x1 L 1

3 2+B 1+B 60
20=R2+B)(1+B)

B+3B-18=0
(B—3)B+6)=0
B=3

I3.3 Figure 1 is formed by three identical circles touching one
another, the radius of each circle is B cm. If the perimeter of the
shaded region is C cm, find the value of C. (Take © = 3)

Let the centres of the circles be P,
0 and R respectively.

Then PO =2B=6= QR = PR
APQR is an equilateral A.
/ZP=/0=/ZR=60°

Perimeter = 3x2nx3 — 3x MN

=18 — 3><271:><3xﬂ
360

=15t=45
I3.4 Let D be the integer closest to JC , find the value of D.
6 =~/36</45<:/49=7
6<D<7
6.52=42.25<45
6.5<D<7
D=7
Method 2
6=+/36<45</49=7=6<D<7
145 -36/=9, 45 —-49|=
.45 is closer to 49
~./45 s closer to 7
D=7
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Answers: (2007-08 HKMO Final Events) Created by: Mr. Francis Hung
Individual Event 4

I4.1 Given that x and y are real numbers such that [x| + x+y=10and [y|+x—y=10. [f P=x+y,
find the value of P.
2x+y=10 ) ) )
Ifx>0,y>0; 10’ solving give x = 10, y =—10 (reject)
X =
2x+y=10 ) )
Ifx>0,y<0, , solving give x =6, y =-2
x—-2y=10
y=10 .
Ifx<0,y>0, , reject
x=10
y=10 o :
Ifx<0,y<0; , solving give x = 30, y = 10 (reject)
x—-2y =10

Lx=6,y=-2
P=x+y=6-2=4

14.2 In Figure 1, the shaded area is formed by two concentric circles and
has area 967 cm?. If the two radii differ by 2P c¢cm and the large
circle has area O cm?, find the value of Q. (Take &t = 3)

Let the radii of the large and small circles be R and r respectively.
w(R?—r)=96mand R—r=8 ... (1)
R+rR-r=96=(R+rx8=96=R+r=12...(2)
2)+(1):2R=20=R=10
= 0 =n(10)>=300

I4.3 Let R be the largest integer such that RY < 52, find the value of R.
Reference: 1996 HI4, 1999 FG5.3, 2008 FG2.4
R300 < 5200 — R3 <25, the largest integer is 2.

I14.4 In Figure 2, there are a square ABCD with side length (R —1)cm D A
and an equilateral triangle AEF. (E and F are points on BCand CD
respectively). If the area of AAEF is (S — 3) cm?, find the value of £
S.

Reference: 1995 HG7
LetAF=xcm=FE=AE
LFAE = 60°, LDAF = ZBAE = 15°

AD=1=AF cos 15°=x cos 15° = x =sec 15° C E B
3 1
S_3:ixzsin60°:1.;.£:£.;:£. :ﬁ. 2 :2\/5_3
2 2 cos’15° 2 2 1+cos30" 2 1+ 2 2+43
S=243
Method 2
Let CE=CF=xcm D 1
Then BE = DF = (1 —x) cm 1 A
By Pythagoras’ theorem, =
AF=FE =1+ (1 —x)?=x>+x?
2 - 2x+x2=2x2 X 1
XA+2x-2=0=>x*=2-2x
Area of AAFE = Area of square — area of ACEF — 2 area of AADF x E
2 2
zlfx__zxwz _X :X_2—2X:2x71
2 2 2
= 2[-1+43)-1=23-3
§-3=2/3-3
$=2V3
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Answers: (2007-08 HKMO Final Events) Created by: Mr. Francis Hung
Individual Spare

IS.1

IS.2

IS.3

IS.4

If all the positive factors of 28 are di, d2, ... ,drand a =i+i+ ---+i , find the value of a.

1 2 n

Positive factors of 28 are 1,2, 4, 7, 14, 28. a =1+£+£+1+i+i= 2
2 4 7 14 28

Given that x is a negative real number that satisfy =a.lfb =x+% , find the value of b

X+ ——
X+2

1 _ X+2
x(x+2)+1

1
X+ ——
X+2

=S>x+2=2x*+4x+2
= 2x*+3x=0

= x =-1.5 or 0 (reject)
b=-15+35=2

Let o and B be the two roots of the equation x* + cx + b = 0, where ¢ < 0 and o — B = 1. Find
the value of c.

Reference: 2016 FI1.3
af=b=2;(a-B)*=1
= (a+B)P-4ap=1
= (—c)*—4x2=1
c=-3

Let d be the remainder of (196¢)**®® divided by 97. Find the value of d.
[196x(—3)]208 = 5882008 = (97x( +6)2008
= (97X6)2 843005 C1(9TX6)2 06+ +62008
= 97m+62°% where m is an integer.
Note that 2°x3 =96 =97 — 1 =—1 (mod 97);
2x35 = 486 = 97x5 + 1 = 1 (mod 97);
5 69=(2°%3)x(2x3%) =1 (mod 97)
62008 = (66)334x %
= (—1)¥x1296
=97x13 + 35
=35 (mod 97)
~d=35
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Answers: (2007-08 HKMO Final Events) Created by: Mr. Francis Hung

Sample Group Event (2007 Final Group Event 1)

SG.1 In Figure 1, AEFD is a unit square. The ratio of the length of A E B
the rectangle ABCD to its width is equal to the ratio of the
length of the rectangle BCFE to its width. If the length of AB

is W units, find the value of W.
w 1

1 w-1 D . c
W W—1=0

1+\/§
2

=> W=

SG.2 On the coordinate plane, there are T points (x, y), where x, y are integers, satisfying x>+)? < 10,
find the value of 7. Reference: 2002 FI4.3

T = number of integral points inside the circle x*> +y? =10.

XN2+y"25

We first count the number of integral points in the first
quadrant:
x=1y=1,2
x=2;y=1,2
Next, the number of integral points on the x-axis and y-axis
=34+3+3+3+1=13
T=4x4+3+3+3+3+1
=29
SG.3 Let P and P + 2 be both prime numbers satisfying P(P + 2) < 2007. If S represents the sum of
such possible values of P, find the value of S.
P2+2P-2007<0
(P+1)>-2008<0
(P+1++/2008)(P+ 1 —+/2008) <0
(P+1+2502)(P+1-2+502)<0
—1-24/502 <P <—1+24502
Pisaprime = 0 <P <-1+ 24502
22 =484 <502 <529 = 23
43 <—1+2502<45
S (P,P+2)=(3,5),(5,7),(11,13),(17,19), (29, 31), (41, 43)
S=3+5+11+17+29+41=106

SG.4 It is known that log10(2007%%% x 20062°°7) = ax10*, where 1 < a < 10 and & is an integer.
Find the value of £ .
ax10F = 2006 log 2007 + 2007 log 2006 = 2006x(log 2007 + log 2006) + log 2006
2006x(log 2006 + log 2006) + log 2006 < ax10* < 2006x(log 2007 + log 2007) + log 2007
4013 log 2006 < ax10¥ <4013 log 2007
4013 log(2.006x10%) < ax10% < 4013 log(2.007x10%)
4013 (log 2.006 + 3) < ax10% < 4013(log 2.007 + 3)
4013 log 2 + 4013x3 < ax10¥ < 4013 log 3 + 3
1.32429x10%*=4013x0.3 + 4013x3 < ax10¥ < 4013x0.5 + 4013x3 = 1.40455x10*
k=4
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Answers: (2007-08 HKMO Final Events) Created by: Mr. Francis Hung
Group Event 1

G1.1 Given that there are three points on the coordinate y*
plane: O(0, 0), A(12, 2) and B(0, 8). A reflection of P(12, 0)
AOAB along the straight line y = 6 creates APQR. If the B, 81; I
overlapped area of AOAB and APQR is m square units, . I

find the value of m. R(O, 45)
P(12,0), 0 (12, 10), R(0, 4). o [
i

Suppose AB intersects OR at M(x, 6).
Slope of MR = slope of OR

6-4 _10-4_ v~ 4. M4, 6)
X 12

Area of the overlap ABMR =% (8-4)x4=8;,m=38

G1.2 In Figure 1, ABCD is a parallelogram with B4 = 3 cm, D
BC =4 cm and BD =+37cm. If AC = h cm, find the
value of A. A
CD = BA =3 cm (opp. sides, //-gram)
2
In ABCD, cos C=M=—l
2x3x4 2 C

cos B=cos(180°—-C)=-—cos C Z%(int. Zs AB /I DC)

In AABC, AC=~32 + 42 —2.3.4c0sB =\13: h =13

Method 2

By Apollonius theorem,
2BA*+ 2BC?* = AC? + BD?
2x32+2x4%2=h2+ 37

h=+13

. o . 151 . .
G1.3 Given that x, y and z are positive integers and the fraction vy can be written in the form of

3+#1 . Find the value of x + y + z.
X+

151_, 19 , 1

+
44 44 i

=3+ 16 =3+ 11:3+;l
2+ 15 2+ 24+ _—
G 3+%

x=2,y=3,z=6;x+y+z=11
G1.4 When 491 is divided by a two-digit integer, the remainder is 59. Find this two-digit integer.
Let the number be 10x +y, where 0 <x <9,0<y <9.
491 = (10x +y)- O +59;59 <10x +y
491 — 59 =432 = (10x + y)-Q; 432 = 72x6; the number is 72.
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Answers: (2007-08 HKMO Final Events) Created by: Mr. Francis Hung
Group Event 2
G2.1 In Figure 1, BD, FC, GC and FE are straight lines.
Ifz=a+b+c+d+e+f+g, find the value of z.
a®+ b°+ g°+ ZBHG = 360° (£s sum of polygon ABHG)
c®+f° = ZLCJE (ext. £ of ACFJ)
c®+f°+e°+d°+ LJHD = 360° (£s sum of polygon JHDE)
a®+ b°+ g° + ZBHG + c°+f°+e°+d° + LJHD = 720°
a®+b°+c°+d°+e°+ f°+ g°+180°=720°
z=540
G2.2 If R is the remainder of 16 + 26 + 36 + 46 + 56 + 65 divided by 7, find the value of R.
X0 H 0= (x + ) —xty + 77 —x% + xpt - 37) + 20
60+ 10=70; +2; 50420 =70, + 2x2°; 4° + 36 = 705 + 2x3°
2+2x264+2x30=2(1+64+729)=1588=7x226+6;R=6
Method 2 16+26+36+46+ 56+ 65=16+26+36+(-3)%+ (-2)®+ (-1)* mod 7
=2(16+26+3%=2(1 + 64 +729) mod 7
=2(1+1+1)mod7=6mod?7
G2.3 If 14! is divisible by 6%, where £ is an integer, find the largest possible value of k.
We count the number of factors of 3 in 14!. They are 3, 6,9, 12. So there are 5 factors of 3.
k=5
G2.4 Letx, y and z be real numbers that satisfy x + % =4,y+ % =landz+ % :% .

Find the value of xyz. Reference 2010 FG2.2, 2017 FG1.1

Method 1 Method 2
1_4y-1 1
From (1), x=4-=-—=—"— el U 1
(1) Sy x+y (1)

1_ vy

—=— ... 4 gy B

X ay-1 “4) y+==1-(2)

: y 7 1 7
c o4 [ =
Sub. (4) into (3): z 13 == 3)
:Z_L . X 1
773 ay-1 Q) (1)x(2): xy+1+;+E_4
1
From (2): ==1-y x(y+£)+i:3
) z z) vz
2y (6) Sub. (2) into the eqt. x+i:3

PR S S
(5)= 6)'1—y_§_4y—1 Let a = xyz, then x+§:3 ------ (4)

1 _28y—-7-3y (7)) y 4 7 1) 4
-y day-D) @) =52 55)5 6
34y-D=1-»Q25-7) _ z 25 1) 25
12y_ 3 :_25y2_ 7 + 32y (1))((3) Z(4)+g=?:> Z[4+g]=? """ (6)
25220y +4=0

v 2 (4)x(5)x(6): a(1+£)(z+£j(4+£j:@
Gy-2y=0=y== a3 a a 3

5 (a+1)(7a+3)da+1) 100
2 . 1 5 e
Sub y _g nto (6) zZ _1—2_5 3a2 3
¥ which reduces to 28a* - 53a% +22a +3=0
Sub y=g into (1) x+2=4=x=3 12284 +3)=0
5 2 2 :>(a_ )( a )
25 3_1 sa=1
Xyz=gxoxg
Method 3 (1)x(2)x(3) — (1) - (2) — (3):
1 1 1 1 1 1 1) 28 22 1
XYZ+ X+Y+Z+—+ =+ "+ ——| X+ Y+ZI+—+ "+ |=— - Xyz+—=2
y z Xyz X y z 3 3 Xyz

xyz=1
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Answers: (2007-08 HKMO Final Events) Created by: Mr. Francis Hung
Group Event 3

G3.1

G3.2

G3.3

G3.4

In Figure 1, PORS is a cyclic quadrilateral, where S is on the T P
straight line RT and 7P is tangent to the circle. If RS = 8 cm, S
RT=11 cm and 7P = k cm, find the value of &.

Join PR. ZSPT = ZPRS (£ in alt. seg.)
ZSTP = ZPTR (common £)

0

ASTP ~ APTR (equiangular)

TP TS (ratio of sides, ~A) < 1178, /33 R
TR TP 11 k

The layout in Figure 2 can be used to fold a polyhedron. If this
polyhedron has v vertices, find the value of v.

There are 8 faces. /= 8.

There are 8 equilateral As, no of sides = 8§x3 =24

Each side is shared by 2 faces. Number of edge e = 12
By Euler formula, v—e + f=2
v—12+8=2=v=6

For arbitrary real number x, define [x] to be the largest integer less than or equal to x. For
instance, [2] = 2 and [3.4] = 3. Find the value of [1.008%x100].

1.0088x100 = (1 + 0.008)3x100 = 100(1 + 8x0.008 + 28x0.008% + ...) ~ 106.4

The integral value = 106

When choosing, without replacement, 4 out of 30 labelled balls that are marked from 1 to 30,

there are r combinations. Find the value of r.

30x 29 x 28 x 27

r=Cp=
4 1x2x3x4

= 27405

Remark: If the question is changed to: Choose 4 out of 30 labelled balls that are marked from
1 to 30 with repetition is allowed, there are » combinations.

Find the value of 7.

We shall divide into 5 different cases:

Case 1: All 4 balls are the same number, 30 combinations

Case 2: XXXY, where X, Y are different numbers, 2C230 = 870 combinations

Case 3 XXYY, where X, Y are different numbers, C230 =435 combinations

Case 4 XXYZ, where X,Y,Z are different numbers, 30C229 =30x29x28+2 = 12180 combinations
Case 5 XYZW, where X, Y, Z, W are different numbers, Cfoz 27405 combinations

Total number of combinations = 30 + 870 + 435 + 12180 + 27405 = 40920
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Answers: (2007-08 HKMO Final Events) Created by: Mr. Francis Hung
Group Event 4

G4.1 Regular tessellation is formed by identical regular m-polygons for some fixed m.
Find the sum of all possible values of m .

Each interior angle 2% (Zs sum of polygon)
Suppose n m-polygons tessellate the space.
Wn = 360° (s at a point)

n(m-2)=2m

nm-2)-2m+4=4

(n-2)((m-2)=4

m-2=1,2o0r4

m=3,40r6

Sum of all possible m=3+4+6 =13

G4.2 Amongst the seven numbers 3624, 36024, 360924, 3609924, 36099924, 360999924 and
3609999924, there are n of them that are divisible by 38. Find the value of ».
38 = 2x19, we need to investigate which number is divisible by 19.

192 =361

3624 = 3610 + 13

36024 = 36100 — 76 = 100(19?) — 19x4
360924 = 361000 — 76

3609924 = 3610000 — 76

36099924 = 36100000 — 76
360999924 = 361000000 — 76
3609999924 = 3610000000 — 76

n==6

G4.3 1f208208 = 8%a + 84h + 83c + 82d + 8e + f, where a, b, ¢, d, e, and fare integers and 0 < q, b, c,
d, e, f <7, find the value of axbxc + dxexf.
Reference: 2011 FI11.2

8208208
826026 ......0
83253......2
8406.....5
850......6
6.2

a=6,b=2,¢c=6,d=5e=2,f=0
axbxc + dxexf=172

G4.4 In the coordinate plane, rotate point A(6, 8) about the origin O(0, 0) counter-clockwise for
20070° to point B(p, ¢). Find the value of p + g.
20070° = 360°%x55 + 270°
. B(8,-6)
ptq=2
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Answers: (2007-08 HKMO Final Events) Created by: Mr. Francis Hung
Group Spare

GS.1 Calculate the value of (\/2008 ++/2007 )2007 x (\/W —/2008 )2007 )
(/2008 + v2007 ™ x (12007 — v2008 " = (2007 - 2008/ = (~1)207 = 1

1
-

GS.2 Ifx— L= V2007 , find the value of x* +
X X

2
[x_ij = 2007
X

X2 -2+ = 2007
X
L = 2009

X2

2
[xz +i2] = 2009 = 4036081

X

X% +

x4 +2 + - = 4036081
X

X4+ = 4036079
X

GS.3 Given that cos o = —% and 180° < a < 270°. Find the value of cot .
sec a = —E
99

tan2 o =secZa — 1

_ 1012 —992
T
_ (201-99)- (101 +99)
- 992
_ 400
992
tan a =20
99

cota=2 (=4.95)
20

2008% + 4015°
20073 +4015%
Let x = 2007.5, then 2x = 4015

GS.4 Calculate the value of

1)\? s
2008° +4015° _ (x+0.5)° +(2x)° _ S(X " 2) +8(2x) _ (2x+1)* + (ax)®

20072 +4015°  (x—-0.5)> +(2x)? 8()( B 1)3 < 82x) (2x —1)+ (4x)?

_(2x+1+ 4x)|_(2x +1)? - 4x(2x +1) + (4x)? |
* (2x -1+ 4x)(2x —1)° — ax(2x—1)+ (4x )]
(6x+1)(4x2 +4x+1-8x° —4x+16x2)
(6x —1)4x? — 4x+1-8x? + 4x +16x7 )
(6x+12x? +1) _ex+1

(6x —1)(12x2 +1) T ex—1

6023

" 6022
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