Answers: (2008-09 HKMO Final Events) Created by: Mr. Francis Hung
Individual Events
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Sample Individual Event (2008 Final Individual Event 1)

SI.1 Let 4= 15xtan 44°xtan45°xtan46°, find the value of 4.
Similar question 2012 G2.1

A=15xtan 44’ x1x 1 =15
tan44°

n2008's

SI.2 Letn be apositive integer and 20082008 --2008L5 is divisible by 4. If the least possible value
of n 1s B, find the value of B.
The given number is divisible by 15. Therefore it is divisible by 3 and 5.
The last 2 digits of the given number is 15, which is divisible by 15.

n2008's
The necessary condition is: 20082008 --2008 must be divisible by 3.
2+ 0+ 0+ 8 =10 which is not divisible by 3.
The least possible 7 is 3: 2+0+0+8+2+0+0+8+2+0+0+8 = 30 which is divisible by 3.

SI.3 Given that there are C integers that satisfy the equation |x — 2| + |x + 1| = B, find the value of C
Reference: 1994 HG1, 2001 HG9, 2004 FG4.2, 2008 HIS8, 2008 F11.3, 2010 HG6, 2012 FG2.3
x—=2|+x+1]=3
Ifx<-1,2—-x—x—-1=3 = x=-1 (rejected)
If-1<x<2,2—-x+x+1=3=3=3,alwaystrue —-1<x<2
[f2<x,x-2+x+1=3=x=2 (reject)

-1 <x<2only
-+ xis aninteger, x=-1,0,1,2; C=4

SI.4 In the coordinate plane, the distance from the point (—C, 0) to the straight line y = x is JD ,

find the value of D.
Ax,+B C
The distance from P(xo, o) to the straight line Ax + By + C=0is | 0ot Yot | )
| Jaz+B? |
The distance from (—4,0)tox —y=0is \/52_4_—04_0 :i:2\/§=\/§;D=8
12+ (12| V2
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Answers: (2008-09 HKMO Final Events) Created by: Mr. Francis Hung
Individual Event 1
I1.1 Leta, b, c and d be the distinct roots of the equation x*—15x2+56=0.

If R=a>+ b>+c+d>, find the value of R .

xt—15x2+56=0= (x>~ 7)(x*-8)=0

a=\7,b==7,c=8,d=-8

R=a>+b*+c*+d*=7+7+8+8=30

I1.2 InFigure 1, AD and BE are straight lines with AB=AC and AB A
/I ED.If ZABC = R° and ZADE = §°, find the value of S'.
ZABC=30°= ZACB (base £ iso0s. A) E
ZBAC=120° (Zs sum of A) C
ZADE = 120° (alt. Zs AB// ED) B D
S=120

1.3 LetF=1+2+2*+23+...+2%and T= /Io?— {1+2Fj , find the value of T.
0g

Reference: 2015 F11.4,2017 FI3.4
F=1+2+22423+ . +2!%

_ 2121_1
2-1

=2121_ 1

I1.4 Let f(x) be a function such that f(n) = (n — 1) f(n — 1) and f(n) # 0 hold for all integers n > 6.

f(T)
If U= , find the value of U .

(T-1)f(T-3)
Reference: 1999 FI5.4
fm)=n-Dfn-1)=m-Dnr-2D)fn-2)=......
f(12)
(11—l)f (11—3)

:10><9><8>< f(8)
10x (8)

=8x9=72
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Answers: (2008-09 HKMO Final Events) Created by: Mr. Francis Hung
Individual Event 2

12.1

12.2

12.3

12.4 In Figure 1, o =c, =43,y =59 and ® = d, find the value of d .

009
Let [x] be the largest integer not greater than x. I[f a = [(\/é —2 )2 }+16 , find the value of a.

1
0<\/§—\/_=m<1

0< (\/§—\/§)2009 <1
=a =[(\/§—\/§)2009}+16

=0+16=16
In the coordinate plane, if the area of the triangle formed by the x-axis, y-axis and the line 3x +
ay = 12 is b square units, find the value of b.
3x+16y=12
x-intercept = 4

. 3
y-intercept =—

4
Area = b:1-4-
2

Nlw
N | W

Given that X —1 =2b and x° —% =, find the value of ¢ .
X X

Reference: 1990 F12.2
x—1:3
X

:>x2—2+i2:9
X

:»x2+i2=11
X

1
c=x-=
X

oot

= 3x(11 + 1) = 36

ZBAC = ®° (s in the same seg.)

ZACD = 3° (s in the same seg.)

Z4BAD + ZBCD = 180° (opp. £s cyclic quad.)
c+td+43+59=180
d=180-43-59-36=42 (" c=36)
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Answers: (2008-09 HKMO Final Events) Created by: Mr. Francis Hung
Individual Event 3

. 4 1
I3.1 Given that \/6+\/§_\/§+\/§
4 1 _ 4 e-V2 1 J3-\2
V6+v2 V3+42 V6442 V62 J3+42 V3-42
_4J6-2) 3-\2

=vJa—+/b.1f m=a-b, find the value of m .

6-2 3-2
=V6 -2 -(\3-2)
53
a=6,b=3;m=6-3=3
13.2 In figure 1, POR is a right-angled triangle and RSTU is a o
rectangle. Let 4, B and C be the areas of the corresponding g
regions. [f4: B=m :2and 4 : C=n: 1, find the value of n . z U
A:B=3:2,A:C=n:1=>A4:B:C=3n:2n:3
Let7S=UR=x,QU=y 4
APTS ~ ATQU ~ APQR (equiangular) » - %
Saprs : Sarou : Sapor=A : C:(A+ B+ C)=3n:3:(5n+3) Method 2
x?:y?:(x+y)y=3n:3:(5n+3) LetSR=x, PS=z
y 1 X+Y [5n+3 Join TR which bisects the area of
P (1), y ==& (2) the rectangle.
A 3 A 3
/ —_—,e— = —=—
From (2): 5+1= on+3 ... (3 B 2 % 1
y & S 3 3
5 3 ZATPS =—:>£=— (4)
Sub. (1) into (3): Jn+1=" J”_* Satsw 1 x 1
NN e 3 ~* APTS ~ ATQU (equiangular)
3n++/3=+5n+3 )
A n z n
(\/3_n+\/§)2=5n+3 E:I:{;j 1
3n+6+/n+3=5n+3 n=32=9 (by (4))

6/n=2n=n=9
13.3 Letxi, x2, x3, x4 be real numbers and x1 # x2. If (x1 + x3)(x1 +x4) = (02 + x3)(x2 + x4) =n — 10 and

p = (x1+x3) (x2+x3) + (x1 + x4) (x2 + x4), find the value of p .
Reference: 2002 HI7, 2006HG6, 2014 HG7

XE + Xy Xg + Xy Xg + XXy = X2 + Xy X3 + Xo Xy + XgX, = —1

XE — X3 + X Xg — XXz + X X4 — XX, =0
xi—x2)x1tx2+tx3+x3)=0=>x1+x2+x3+x54=0... (1)
p=(x1+x3) (2T x3) + (x1 +x4) (2 + x4)

=—(x2 + x3)(x2 + x4) — (x1 + x3)(x1 + x4) (by (1), x1 +x3=—(x2 + x4), X2 + x4 = —(x1 + x3))
=1+1=2 (given (x1 + x3)(x1 + x4) = (x2 + x3)(x2 + x4) =—1)
I3.4 The total number of students in a school is a multiple of 7 and not less than 1000.

Given that the same remainder 1 will be obtained when the number of students is divided by
p+1,p+2andp + 3. Let g be the least of the possible numbers of students in the school, find
the value of ¢ .
pt1=3,p+2=4p+3=5 HCF=1,LCM=60
q =60m + 1, where m is an integer.

¢ 21000 and g = 7k, k is an integer.
60m+1="7k
Tk—60m =1
k=43, m =5 satisfies the equation
k=43 +60t; 7k > 1000 = 7(43 + 607) > 1000 = ¢ > 2 = Least g = 7x(43 + 60x2) = 1141
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Answers: (2008-09 HKMO Final Events) Created by: Mr. Francis Hung
Individual Event 4

14.1

14.2

14.3

14.4

Given that X5 + X, —1=0.If m = x§ +2x + 2, find the value of m.
M=X5+2XG +2=Xg + X5 —Xg + X5 + X, —1+3=3

In Figure 1, ABAC is a right-angled triangle, 4B = AC = m cm.
Suppose that the circle with diameter 4B intersects the line BC at
D, and the total area of the shaded region is n cm?. Find the value
of n.

AB=AC=3 cm; ZADB =90° (£ in semi-circle)

Shaded area = area of AACD :% area of AABC = % . % .3-3cm?
9
n = —
4
1\
Given that p = 4n(W) , find the value of p.
0
1 9
P =4n(wj = 4Z= 9

Let x and y be real numbers satisfying the equation (X - \/6 )2 + (y - \/6 )2 =1.

If k= and g is the least possible values of k2, find the value of g.

=32+ @=372=1..()

Sub. y = k(x — 3) into (1): (x — 3)2 + [k(x - 3) — 3] =1

(x— 32+ x =3P —6k(x—3)+9=1

(14 I)(x—3) = 6k(x—3)+ 8 =0 = (1 + k)22 — 6kt + 8 = 0; where = x — 3
For real values of #: A =4[3%> - 8(1 + k)] =0

K> 8
The least possible value of k> = g = 8.
Method 2
The circle (x — 3)* + (y — 3)*> = 1 intersects with *
the variable line y = k(x — 3) which passes
through a fixed point (3, 0), where k is the slope |
of the line. f
From the graph, the extreme points when the
variable line touches the circle at B and C. i F
H(3, 3) is the centre of the circle.
In AABH, ZABH = 90° (£ in semi-circle) [
Let ZHAB=0,4AH =3, HB =1,
AB =+/8 =22 (Pythagoras' theorem) i
1

tan 0 = —

%
SlopeofABZtan(% —O)Z\/g o g e
Least possible k&2 = ¢ = 8 ] /
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Answers: (2008-09 HKMO Final Events) Created by: Mr. Francis Hung

Sample Group Event (2008 Final Group Event 2)

SG.1 In Figure 1, BD, FC, GC and FE are straight lines.
Ifz=a+b+c+d+e+f+ g, find the value of z.
a®+ b°+ g°+ ZBHG = 360° (s sum of polygon ABHG)
c®+f°= ZLCJE (ext. £ of ACFJ)
c®+f°+e°+d°+£LJHD = 360° (s sum of polygon JHDE)
a®+ b°+ g° + ZBHG + c°+f°+e°+d° + LJHD = 720°
a®+b°+c°+d°+e°+ f°+ g°+180°=720°
z=540

SG.2 If R is the remainder of 16+ 26 + 36 + 4% + 56 + 65 divided by 7, find the value of R.
X0 H 0= (x + ) —xty + 77 —x% + xpt - 37) + 20
60+ 10=70; +2; 50420 =70, + 2x2°; 4° + 36 = 705 + 2x3°
2+2x264+2x30=2(1+64+729)=1588=7x226+6;R=6
Method 2 16+26+36+46+56+65=16+26+36+(-3)%+ (-2)®+ (-1)* mod 7

=2(16+26+3%=2(1 + 64 +729) mod 7
=2(1+1+1)mod7=6mod?7

SG.3 If 14! is divisible by 6%, where £ is an integer, find the largest possible value of £.
We count the number of factors of 3 in 14!. They are 3, 6,9, 12. So there are 5 factors of 3.
k=5

SG.4 Let x, y and z be real numbers that satisfy x + % =4,y +% =landz+ % =% .

Find the value of xyz. (Reference 2010 FG2.2)

Method 1 Method 2
From (1), x=4 -+ =4Y"1 x+liao)
y y y
1y 1
:x_4y—l ...... 4) y+;:1 ...... (2)
: . y _7 1 7
Sub. (4) into (3): z +n =3 Zh= (3)
=l Y (5) (L)x(2): 1251,
3 4y_1 XY+ +;+E_
1
From (2): ==1-y X(yﬁ}i:s
z) yz
z=_L (6) X
1-y 7 Sub. (2) into the eqt.: X+E=3
= N 1 :Z_ y
®) (6)'1_y 3 4y-1 Let a = xyz, then x+§:3 ------ (4)
1 _28y—-7-3y
= 7 4 7 1) 4
1- y 3(4y—1) (2))((3) y(gj +§=§ = y(g + g) =§ """ (5)
3y-1)=10-»Q25-7) , o 1\ 5
12y —3=-25y> -7+ 32y (1)><(3):z(4)+—:?:>2(4+—j=? ------ (6)
25220y +4=0 a a
e {313 2)
Y=z (2 +1)7a+3)4a+1) _100
_2 . ._ 1 _5 3a’ 3
Sub.y—g into (6): 2 E 3 which reduces to 28a* — 534> +22a +3 =0
Sub.y=g into(l):x+§=4:>x=E :_>(i 1y(@28a+3)=0
5 2 2 sa=1
XZZEX§><§=1
Y 5 3 2
Method 3 (1)x(2)x(3) — (1) - (2) - (3):
1 1 1 1 1 1 1) 28 22 1
XYZ+ X+Y+Z+—+—4+—F+——| X+ Y+ I+—F+—+— |=———= Xyz+—=2
X Yy Z Xyz X y z 3 3 Xyz

xyz=1
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Answers: (2008-09 HKMO Final Events) Created by: Mr. Francis Hung

Group Event 1
G1.1 Given some triangles with side lengths @ cm, 2 cm and b cm, where a and b are integers and

a <2 < b. If there are ¢ non-congruent classes of triangles satisfying the above conditions, find
the value of g.
When a =1, possible b =2
When a =2, possible b =2 or 3
S.q=3
: . 4 3 - :
G1.2 Given that the equation |x|——=-—"has k distinct real root(s), find the value of &.
X X
Whenx>0:x2-4=3x=>x>-3x-4=0=>(x+1D)(x-4)=0=>x=4
Whenx<0: —x*—4=-3x=>x*-3x+4=0;D=9—-16 <0 = no real roots.
k=1 (There is only one real root.)
G1.3 Given that x and y are non-zero real numbers satisfying the equations TX -
y
y=7.1fw=x+Yy, find the value of w.

The first equation is equivalent to )\(/__y = é = \/x_y =12=xy=144
Xy

Sub.yZ%l intox—-y=7: X—%‘=7:>x2—7x—144=0:>(x+9)(x—16)=0

X =-9or 16; when x =-9,y =-16 (rejected - Jx s undefined); when x =16;y =9

w=16+9=25

Method 2 The first equation is equivalent to )\(/__y = é = \/X_y =12=xy=144 ...... (1)
Xy

cx-—y=7andx+y=w

w+7 w—-7
X = Y=
2 2
. . W+7\(w-7
Sub. these equations into (1): ( > ) (T): 144

w2 —49 =576 = w =125

x Ay

-+ From the given equation ——-—~+== é , we know that both x>0andy >0

Ny VX

<

Sow=x+y=25only

L +4/y?-1=0.

X ——=
2

G1.4 Given that x and y are real numbers and

Let p = x| + ||, find the value of p.
Reference: 2005 FI4.1, 2006 F14.2, 2011 F14.3, 2013 FI1.4, 2015 HG4, 2015 FI1.1

and /y>—1 are non-negative numbers.

Both |X —l
2

The sum of two non-negative numbers = 0 means each of them is zero

1 13
Ll y=ipp=tigsd
X YEELPES LTS
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Answers: (2008-09 HKMO Final Events) Created by: Mr. Francis Hung
Group Event 2

G2.1 Given tan 0 Z%, where 180° <0 <270°.If 4 = cos 0 + sin 0, find the value of 4.

cos(%):—g, sin e:_i
3 13
12 5 17
13 13 13

G2.2 Let [x] be the largest integer not greater than x.

IfB= [10+ \/10+ v10++/10+--- } , find the value of B.

Reference: 2007 FG2.2 ... x 23+ \/3+ \/3+ V3+4/3+43 ..

Lety =+10++10+ 10+ .-
121010410+ 10+ =10+

y2-y—-10=0
_1+v41 1-/41 :
y= or (rejected)
2 2
7 1++v41
<4

6<\/4_1<7:> §< >

135 <10+\/10+\/10+\/10+--- <14;B=13

G23 Leta® b =ab +10. If C = (1®©2) @ 3, find the value of C.
192=2+10=12;C=12®3 =36 +10=46

G2.4 In the coordinate plane, the area of the region bounded by the following lines is D square units,

find the value of D.
L]Iy—2 =0
Lyy+2=0
L3:4x+7y—-10=0
Lsy:4x+7y+20=0
D(-8.5, 2) y=2 C(-1,2)
2._

N

4x+7y-10=0

4x+7y+20=0

A(CL5, D) B(6, -2)

It is easy to show that the bounded region is a parallelogram ABCD with vertices A(—1.5, -2),
B(6,-2), C(-1,2), C(-8.5,2).
The area D =6 — (—1.5)|x|2 — (-2)| = 7.5x4 = 30
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Answers: (2008-09 HKMO Final Events) Created by: Mr. Francis Hung

Group Event 3
G3.1 Let [x] be the largest integer not greater than x.

F4 = 2008x80+2009x130+2010x180
2008x15+2009x 25+ 2010x 35

] find the value of 4.

2008° + 4015°

Reference: 2008 FGS.4 Calculate the value of —.
2007° + 4015

Leta = 2009, b = 130, ¢ = 25
2008x80+2009x130+2010x180 _(a—1)b—50)+ab+(a+1)b+50)
2008x15+2009x 25+2010x35  (a—1)c—10)+ac+(a+1)c+10)
_ab-b-50a+50+ab+ab+b+50a-+50
ac—c—10a+10+ac+ac+c+10a+10
_3ab+100 _3-2009-130+100 _ 783610 .

" 3ac+20  3-2009-25+20 150695

where0<d<1;A=5
G3.2 There are R zeros at the end of 99...9 x 99...9 +199...9 , find the value of R.
20090f 9's  20090f9's  20090f 9's

99...9x99...9 +199...9 2(1 0...0 —1}{1 0...0 —1j+(2 0...0 —1]
— — — —_— — —
20090f 9's  20090f 9's 20090f 9's 20090f 0's 20090f 0's 20090f 0's

- (102009 _ 1) (102009 _ 1) + 2x102009 -1
- 104018 _ 2><102009 + 1+ 2><102009 —1= 104018
R =4018
G3.3 In Figure 1, a square of side length O cm is inscribed in a
semi-circle of radius 2 cm. Find the value of Q.

Q 2 2
0>+ (E] =4 (Pythagoras’ Theorem)
5Q%=16
Q ] i i 4\/5 2cm >
J5 5

G3.4 In Figure 2, the sector O4B has radius 4 cm and ZAOB is a
right angle. Let the semi-circle with diameter OB be centred
at / with 1J// OA, and 1J intersects the semi-circle at K. If the
area of the shaded region is 7'cm?, find the value of 7. (Take

n=73)
OI=2cm, OJ=4 cm
cos AIOJZﬂ = l
0J 2 I) 4cm A
ZI0J = 60°
SB17 = Ssector 0BJ — SAo1
— LTl asingo)em?
2 3 2

= (%—2\/5) cm?
Shaded area = Szy — Saix
:(8_“_2\/§—£n-22jcm2
3 4

:[5?“— 2\/§j cm?

T=5-23
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Answers: (2008-09 HKMO Final Events) Created by: Mr. Francis Hung
Group Event 4
G4.1 Let P be a real number. If /3—2P ++/1-2P =2, find the value of P.

(Va—2Pf =(2-v1-2P]
3-2P=4-4J1-2P +1-2P

41-2P =2
4(1-2P)=1
3
P:_
8

G4.2 In Figure 1, let AB, AC and BC be the diameters of the
corresponding three semi-circles. f AC=BC=1 cm and
the area of the shaded region is R cm?. Find the value of
R.

Reference: 1994 HI9, 2019 FG4.1
AB=+2

Shaded area = R cm? = Stircle with diameter AC — 2 SsegmentAC
2 2
Reof ) o[ Lo Y2 1|2
2 2 2 2 2

G4.3 In Figure 2, AC, AD, BD, BE and CF are straight
lines. If ZA+/B+/ZC+4£D=140° and a+b+c =,
find the value of S.

ZCFD = /A + ZC (ext. Z of A)
LAEB= /B + /D (ext. L of A)
a°=ZLA+ LAEB= ZA+ ZB+ 4D (ext. Z of A)
c°=/4D+ /ZCFD=/D+ ZA+ ZC (ext. Z of A)
b°+ LA+ 2D = 180° (Zs sum of A)
a®+b°+c°=LA+ LB+ £ZD+180° — (LA + £D)

+4D+ LA+ £C

=/A+ /B+ ZC+ £ZD + 180°

S=a+b+c=140+180=320

G44 LetQ= |ng+m (2— V2? —1), find the value of Q.

_|092—\/§

_IogZ+\/§

_ Iog(2—\/§)

Iog(2+\/§)- iﬁ

:IogZ—\/g

log !
2-/3

_ |092—\/§ ~
—Iogz—\/§
Method 2 O =log,, (2—@)-%1—@3
_I 1
= ngmm

=log,, 5 (2+\/§)_l= -1
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