Answers: (2008-09 HKMO Heat Events) Created by: Mr. Francis Hung
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11 Letx=0.23+0.0023+0.000023+0.00000023+ -, find the value of X.
Reference: 2000 HI1 LetX = 0.i%+ 0.0Z.L%+ 0.00i%+ e
0.23=23. 0.0023=-22_. 0.000023=—25_. ...
9 990 990000
23 23 23
x=—++ + + e
99 9900 990000
23 1 1
=—|1l+—=+—+"--
99 100 10000
_238 1
99 1-+;
23 100
99 99
_ 2300
9801
I2  In Figure 1, a regular hexagon and a rectangle are given. The
vertices of the rectangle are the midpoints of four sides of the
hexagon. If the ratio of the area of the rectangle to the area of the
hexagon is 1 : g, find the value of g.
Let one side of the hexagon be 2a, the height of the rectangle be
x, the length be y.
x=2a cos 30°=+/3a
y=2acos 60°+2a=3a
Ratio of area = \/ga -3a:6 ><%(2a)2 sin60°
- 3/3:63
=1:2
q=2
The following method is provided by Mr. Jimmy Pang from E D
Sai Kung Sung Tsun Catholic School (Secondary). p s
Let the hexagon be ABCDEF, the rectangle be PORS as shown.
F ¢
Fold AFPQ along PQ to AF'PQ. Fold ACSR along SR to AC'SR. F ¢
Fold EDSP along PS to F'C'SP. Fold ABRQ along QR to F'C'RQ. Q R

Then the folded figure covers the rectangle completely.

.. Ratioofarea=1:2;¢=2
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I3

14

IS

16

Let 16 sin*0° =5+ 16 cos? 0° and 0 < 0 < 90, find the value of 0.
16 sin* 0° =5+ 16 (1 — sin” 0°)
16 sin* 0° + 16 sin? 0° - 21 =0
(4 sin? 6° —3)(4 sin>0° +7) =0

3 7
sin20°== or —— (rejected
2 2 (rej )

J3

sin 6° = > or —? (rejected)

0 =160
Let m be the number of positive factors of gcd(2008, 4518), where gcd(2008, 4518) is the
greatest common divisor of 2008 and 4518. Find the value of m.
2008 = 8x251; 4518 =2x9x251
ged =2x251 =502
The positive factors are 1, 2, 251, 502
m=4
Given that x> + (y — 3)> = 7, where x and y are real numbers. If the maximum value of 5y + x?
is k, find the value of k. (Reference: 2003 FG1.2, 2011 HI2)
x?=7—(y—3)%sub.into 5y +x>*=5y+7 — (y — 3)?
=5y+7-y>+6y-9
=32+ 1ly-2=-(?-11y+552-55%) -2
=—(y—5.52+3025-2==—(y—5.5)>+28.25
Maximum value = k = 28.25
Method 2z =5y +x>=—7+ 11y -2
Y-1y+(E+2)=0
Discriminant A > 0 for all real value of y.
(=11 =4 (Ez+2)>20= 121 -42-8>0
113 113

<= p==0
4 4

Let fi(x) = % and f,(x) = fi(f,-1(x)), where n = 2, 3, 4, .... Find the value of 2009(2008).
- X
Reference: 1999 FI12.4

fZ(X):f](fl(x)):fl( 1 j: 1 _ 1-x _X—l
1-x 1

1-L 1-x-1 x
x-1 1 e
f3(x) = fi(f2(x)) =1, = =x, .. f3,(x) = x for all positive integer 7.
PEEE
2008-1 2007
12000(2008) = 12(£2007(2008)) = f2(*: 2008)) = 12(2008) = =
2009( ) = H2(f2007( )) = H2(H3(669)( ) = 12( ) 2008 2008
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17

I8

19

110

In Figure 2, ABCDEF is a regular hexagon centred at the point s
P. APST is an equilateral triangle. It is given that AB = 6 cm,
OD =2 cm and PT'= 12 cm. If the area of the common part of
the hexagon and triangle is ¢ cm?, find the value of c.
Reference: 2016 F12.3
Join PD and CP. ACDP is an equilateral triangle, side = 6 cm
ZOPR + 2 ODR = 60° + 120° = 180°
.. DOPR is a cyclic quadrilateral (opp. sides supp.)
/ZPQOD = ZPRC (ext. Z, cyclic quad.)
ZDPQ =60°—- ZDPR = ZCPR
CP = DP sides of an equilateral triangle
.. ACPR = ADPQ (AAS)
Shaded area = area of APDQ + area of APDR

= area of ACPR + area of APDR

= area of ACPD

:%.62 .sin60° :9\/§CH’12; 029\/§

Find the unit digit of 72°%°.
Reference: 2006 HI9: Given that the units digit of 7% is C, .....
7'=7,7?=9 (mod 10), 7} = 3 (mod 10), 7* =1 (mode 10)
72009 — (74)50257
=7 mod 10
Given that a and b are integers. Let a — 7b = 2 and logz, a = 2, find the value of axb.
by =a
— 4b2=Th+2
=4b>-Th—-2=0
— (h=2)(db+1)=0

b=2or —% (rejected)

a=7h+2=16
axb =32

In Figure 3, ABCD is a rectangle. Points £ and F lie on CD and AD 4
respectively, such that AF = 8 cm and EC = 5 cm. Given that the area
of the shaded region is 80 cm?. Let the area of the rectangle ABCD be

g cm?, find the value of g.
Let DF=xcm, DE=ycm

g=%xy+%(8+x)~5+%(y+5)-8+80

oy e
~

1 Iy
=§(xy+5x+8y+40+ 200)

:%[(x+8)(y+5)+ 200]=%g +100

— g=200
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IS  Given that a is a negative real number. If =2, find the value of a.

1:2a+i

a+2
=1 —2a=i

a+2

=2-3a-2a*>=2

3
>a=——

2

Group Events
1 1 272

G1 Ifais apositive integer and find the value of a.

ala+1) (a+lfa+2)  2008x2009 30135’

1 1 1 1
—— + - +
(a a+1j (a+1 a+2j

L1 272
2008 2009) 30135

1 1 _ 22z
a 2009 30135
1 272 1
=== +
a 2009x15 2009
:272+15: 287
2009x15 3x5x7%x41
_ 1 _ 1
15x7 15x7
a=105

G2 Letx=1++/2, find the value of x5 — 2x* + 3x3 — 4x2 — 10x — 6.
Reference: 1993 HI9, 2000 HG1, 2001 FG2.1, 2007 HG3
Method 1

x—1=42

x-1P=2=x>-2x-1=0

By division, x° — 2x* +3x3 —4x2 -~ 10x -6 = (x> - 2x — 1)(x* + 4x +4) + 2x - 2
=2x—2=201+2)-2=212

Method 2 Divide x° — 2x* + 3x* — 4x? — 10x — 6 by (x — 1) successively:

11 2 3 4 - %
10 Let y = x — 1, the expression in terms of y becomes
1 -1 2 2 - Y4353+ 3yP - 12y - 18

12 _ 2% +aV2) +5(V2f +3lVaf ~12v2-18
1| 18 =4J2+12+10J2+6-124/2-18
1 0 2 0 =242

12
1 1 3
1l 1 1 3| 3
1 2
1l 1 2] 5
1
1] 3
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G3

G4

GS

Go6

Given that p and g are integers. If 2 +1 =1, find the maximum value of pxq.

P
1 1 1
Reference 2008 HI3 --- =+ —=— . If 35 <)o <50 and xo + yo =z ...
X y 15
29+p=prq
pqg—p-Q2q-2)=2
p-2g-1)=2

(p-2,9-1)=(1,2),(2,1),(-1,-2), (-2,-1)

(p,q)=(3,3),(4,2),(1,-1),(0,0)

= maximum pxg =3x3 =9

Given that 0 <x < 180. If the equation cos 7x° = cos 5x° has r distinct roots, find the value of .
Tx=5x+360n or 7x=360->5x+360n

x=180n or x=30(n+1)

n=0,x=0 or 30

n=1,x=180 or 60

n=2 x=90
n=3 x=120
n=4 x=150
r=7

Let x, y and z be positive integers and satisfy zZ —/28 = Jx - \/V . Find the value of x +y + z.

228 =[x —yf

= 7-27 =x+ y—2\/x—y

=>xty=z;xy=17

snx=T7,y=landz=1+7=8

x+y+z=16

In Figure 1, ABCD is a square and AM = NB=DE=FC=1cm
and MN = 2 cm. Let the area of quadrilateral PORS be ¢ cm?, find
the value of c. (Reference: 2017 HG6)

DF=3cm, AD=CD =4 cm, AF=3?+4? cm =5 cm = DN R
AADF = ANFD (SAS) = LAFD = ZNDF (corr. /s = A's) 4em g
.. DS = FS (sides opp. eq. £s)

But ADSF = ANSA (ASA) = AS = SF = % AF =3 cm
Let H be the mid point of EF. EH=HF =1 cm

Suppose SQ intersects PR at G. A M N B
It is easy to show that AADF ~ ARHF ~ ARGS
FR_FH PRI pR=3cm (ratio of sides, ~A's)
AF AD 5cm 3 3
— _5 5 _5
SR=SF—-RF==-cm—--cm==cm
2 3 6

D1 cmEl cmylcm ‘Fl cm

2
= Area ARSG = % cm?

Area AADF | AF 1.3.4cm? 5

Area ARGS _( SR jz __ Area ARGS _ [2
5

Area of PORS = 4 area of ARSG =2 cm?, c =2
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G7

G8

G9

Method 2 Let ZRFH=0= /ZPCH= ZCMB (corr. Zs and alt. Zs, //-lines)
HR _HP 4

1cm 2cm 3

:>HR=§cm;HP=—

tan 0 = —

PR=HP— HR =[§——jcm=%cm

Further, FCQOS is a //-gram.
.. 8Q=FC=1 cm (opp. sides, //-gram)
Area of PORS=%PR-SQ=2-4x1lcm?

=2
€=3

Given that x is a real number and satisfies 228 + 1 = 32x2*. Find the value of x .
Lety=2%?=2%

Then the equation becomes: 2832 +1 =32y

256)2—32y+1=0

— (16y—12=0
=>y=i

= 2x=2"
x=-4

In Figure 2, ZABC is a right angle, AC=BC= 14 cm and CE = CF 4
=6 cm. If CD = d cm, find the value of d.
Reference: 2005 HIS, 2012 HI10

ZACD = ZBCD = 45°

We find the area of ACBD in two different ways.

Sacap = Sacp + Spep = Sacr + Spce — Scpe — Scpr E D
2x3%-14dsin45 =2x3-6x14—-2x1-6dsin45

20d -+ =84 ) \ P
L aon

Method 2 Set up a coordinate system with BC as x-axis, CA as y-axis, and C as the origin.

Equation of AF in intercept form: %4‘ ﬁ =1 ---(1)

Equationof CDisy=x --- (2)

y
Sub. (2) into (1 —+—=1
ub. (2) into (1): 1
21
=>x=—
5
gl 22
5 5

If there are 6 different values of real number x that satisfies ||x*> — 6x — 16| — 10| = f,
find the value of /. (Reference: 2002 FG4.3, 2005 FG4.2, 2012 FG4.2,2017 FG1.2)
Remark: The original solution is wrong. Thanks for Mr. Ng Ka Lok’s (from EDB) comment.

Absolute values must be non-negative, >0 ---(*)

2 —6x— 16— 10 =+f

2 —6x— 16| =10+ for |x>—6x— 16| =10 —f---  (*¥)
X2—6x—-16=10+fx>-6x—16=10—f,x>-6x—16=-10+f, x>~ 6x—16=-10—f
x2—6x—-26—=0...(1), x> — 6x —26+f=0...(2), x> = 6x — 6= 0...(3), x> — 6x — 6= 0--- (4)
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The respective discriminants are: A; =435 + f), A2 =435 1), A3 =4(15 + /), Aa =4(15 - f)
Consider the different values of /(> 0) by table:

F=0] o<f<15 [f=15]| 15<f<35 [ f=35|35<f
A+ + + + + +
A+ + + + 0 -
As| + + + + + +
Ad| + + 0 - - -

Consider the following cases: (I) the equation has 6 real roots and 2 complex roots

From the table, the range of possible values of fis 15 < f<35.

Sub. 15 < f< 35 into (**):|x*> — 6x — 16| = 10 + for |x*> — 6x — 16| = 10 — f(no solution, RHS<0)
=>x2-6x-16=10+forx*—6x—-16=-10—f
=x>-6x—-26—f=0...(1)orx?>—6x—6+1=0...(4)

 For15<f<35,A1>0,A4<0

.. The equation has only 2 real roots,contradicting to our assumption that there are 6 real roots
(IT) The equation has 8 real roots. 6 of these roots are distinct and 2 other roots are the same as
the first 6 roots.
If(1)=(2),then 26 — f=-26+f= f=0,if 3)=(4),then -6 —f=-6+f= =0
If (1) =(3), then —26 — f=—6 — f = no solution, if (2)= (4), then —26 +f=—6 + f = no solution
If (1) = (4), then 26 — f=—6 + f = f=—10 (contradict with (*), rejected)
If (2)=(3), then 26 +f=-6 —f= =10
If /= 0 the equations are x> — 6x — 26 = 0 and x> — 6x — 6 = 0, which have only 4 roots,rejected
If /= 10, the equations are x> — 6x —36 = 0, x> — 6x — 16 = 0 and x> — 6x — 4 = 0, which have 6
distinct real roots, accepted.

Method 2

The following method is provided by Mr. Jimmy Pang from Sai Kung Sung Tsun Catholic School

(Secondary).

First sketch the graph y = ||x? — 6x — 16| — 10|.

From the graph, draw different horizontal lines.

The line y = 10 cuts y = ||x* — 6x — 16| — 10] at 6 different points.

- =10

y=a"—tr—16 y=|x® — 6z — 16

80 {
601
40

20

5 A= (3& 0 5 B3 (8, 0)1‘0 15
204

P = (3, -25)

Q=(3, 25)

T
15
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y= |;;:2 — 6z — 16/ — 10 \' K y > 15 (2 intersections) |

80
\ * y = 15 (3 intersections) /

Q=3 15
14
604

10/<y <15 (4 intersectioRs)
E=(-2,10) F=i( 10

40 \ /\ v = 10 (6 intersections) \ /\ /
04 Q=@ 15

5

o

0 < y <10 (8 intersections)
5 V 10

€=(2-10 D=(8.-10) . y =0 (4 intersections)
G10 In Figure 3, ABC is a triangle, E is the midpoint of BC, F'is a 4
point on AE where AE = 3AF. The extension segment of BF D
meets AC at D. Given that the area of AABC is 48 cm?. F

GS

Let the area of AAFD be g cm?, find the value of g.
From E, draw a line £G // BD which cuts AC at G.

AE=3AF = AF: FE=1:2; let AE = k, FE = 2k B E ¢
E is the midpoint of BC = BE=EC=t¢ A
Sape = Sace =5 -48cm* = 24 cm? (same base, same height) D
AD : DG = AF : FE =1 : 2 (theorem of equal ratio) G
DG : GC=BE: EC=1:1 (theorem of equal ratio) x
LAD:DG:GC=1:2:2
Suec : Scec =3 : 2 (same height, ratio of base =3 : 2) B t E T ¢
3 72
Supc = 24x cm? =— cm?
T 048 5
1 172 8 8
AADF ~ AAGE = Supr=—=Sapc == -—cm>*=—cm?; g =—
ADF 9 AEG G s g s

Let R be the remainder of 5882°% divided by 97. Find the value of R.

Reference: 2008 FIS.4 ... the remainder of 588298 divided by 97 ---
5882009 = (976 +6)20%9

= (97%6)20%42009C1-(97x6)?°Px6+. . . +6299 = 97m+620 where m is an integer.
Note that 25x3 =96 = 97 — 1 =1 (mod 97); 2x3° = 486 = 97x5 + 1 = 1 (mod 97):;
5.6%=(25x3)x(2x3%) =1 (mod 97)

62009 = (6934x6° = (—1)*34x24x(2x3%) = 16 (mod 97); d = 16
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HKMO 2009 Geometrical Construction Sample Paper solution
1. EM=Akd  fEH—BE TS =PSB AR -
Reference: 2012 HC2, 2014 HC1, 2019 HC3
First, we find the locus of a point D which is equidistance to a given angle ZBAC. (Figure 1)

(1)
2)

A A

Figure 1 Figure 2

From D, let E and F be the feet of perpendiculars onto 4B and BC respectively. (Fig. 2)
Join BD.

BD=BD (common side)

ZBED = ZBFD =90° (By construction)

DE = DF (given that D is equidistance to AB and BC)
.. ABDE = ABDF (RHS)

ZDBE = ZDBF (corr. Zs = As)

.. D lies on the angle bisector of ZABC.
. In AABC, if P is equidistance to ABC, then P must lie on the intersection of the three

angle bisectors. (i.e. the incentre of AABC.)

- The three angle bisectors must concurrent at one point

.. We need to find the intersection of any two angle bisectors.

The construction is as follows:

(M
)

3)
)

The 3 angle bisectors are concurrent at one point.
(5) Using P as centre, PR as radius to draw a

Draw the bisector of ZABC.

Draw the bisector of ZACB.

P is the intersection of the two angle
bisectors.

Join AP.

Let R, S, T be the feet of perpendiculars
from P onto BC, AC and AB respectively.

ABPR = ABPT (A.A.S)

ACPR = ACPS (A.A.S)
PT=PR=PS (Corr. sides, = As)
AAPT = AAPS (R.H.S))

ZLPAT = ZPAS (Corr. Ls, = As)

. AP is the angle bisector of ZBAC.

circle. This circle touches A4BC internally
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Answers: (2008-09 HKMO Heat Events)

at R, S, and T. It is called the inscribed circle.

Note that the 3 ex-centres are equidistance from
AB, BC, CA. 1 shall draw one ex-centre as

demonstration.

(1)
2)

)

4)
)

Extend AB and AC to S and T respectively.
Draw the exterior angle bisectors of ZABC
and ZACB respectively. The two exterior
angle bisectors intersect at /.

Let P, O, R be the feet of perpendiculars
drawn from [/ onto to BC, AC and AB
respectively.

Join A1.

AIBP = AIBR (AAS); AICP = AICQ (AAS)
- IP=1Q = IR (corr. sides, = A's)

.. 1'is equidistance from 4B, BC and AC.
AIAR = AIAQ  (R.H.S))

ZIAR = LIAQ  (corr. sides, = As)

.. IA4 is the interior angle bisector of ZBAC
Two exterior angle bisectors and one
interior angle bisector of a triangle are

concurrent.

Use [ as centre, IP as radius to draw a circle. This

circle touches triangle ABC externally. It is called

the escribed circle or ex-circle.

Created by: Mr. Francis Hung
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2. CEH—EHEZEL > KWE P~ QO it LINE—T - 8% L EfF—8E T {15 PT ) QT Hy&
F& 2 Figz /N o (Figure 1)

e U
°O
-
w
N -

A BT
4
L 2
2
Figure 1 1
Figure 2

Let 4 be one of the end point of L nearer to P.

(1) Use P as centre, PA as radius to draw an arc, which intersects L at 4 and B.

(2) Use 4 as centre, AP as radius to draw an arc. Use B as centre, BP as radius to draw an arc.
The two arcs intersect at P;.

(3) Join PP; which intersects L at S.

(4) Join P1Q which intersects L at T o

AP = APy (same radii)
AB=AB (common side)
BP = BP; (same radii)

AAPB = AAP\B (S.S.S))

ZPBA = ZP\BA (corr. sides = As)

BS=BS (common side)

APBS = AP1BS (S.A.S))

ZBSP = ZBSP; (corr. sides = As)
=90° (adj. Zs on st. line)

SP = SP; (corr. sides = As)

ST=S8T (common side)

APST = AP\ST (S.A.S)

PT=P\T (corr. sides = As)

PT+QT=P\T+ QT

It is known that P17+ QT is a minimum when P, T, Q are collinear.

.. Tis the required point.
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3. s —EEERVEE > HaUsms—EEE P - GE © PAEZEII - )

T
*T

) Figure 2
Figure 1

First, we locate the centre of the circle. (Figure 2)

(1) LetAB and CD be two non-parallel chords.
(2) Draw the perpendicular bisectors of AB and CD respectively which intersect at O.
(3) Join OP.
(4) Draw the perpendicular bisector of OP,
K is the mid-point of OP. D
(5) Using K as centre, KP as radius to draw
a circle, which intersects the given circle
at M and N. A P
(6) Join OM, ON, MP, NP.
ZONP =90° = LZOMP (£ in semi-circle)
PM, PN are the required tangents.
(converse, tangent L radius) Figure 3

Method 2

(M

From P, draw a line segment cutting the
circle at R and Q. (Q lies between P and
R)

(2) Draw the perpendicular bisector of PR,
which intersects PR at O.
(3) Use O as centre, OP = OR as radius to
draw a semi-circle PTR.
(4) From Q (the point between PR), draw a
line OT perpendicular to PR, cutting the
semi-circle at 7.
(5) Join PT.
(6) Join TR. ‘ Figure 4
(7) Use P as centre, PT as radius to draw an
arc, cutting the given circle at M and N.
(8) Join PM, PN.
ZPTR =90° (£ in semi-circle)
APQT ~ APTR (equiangular)
P = PT (ratio of sides, ~As)
PT PR
.. PO-PR = PT*

By (7), PO-PR = PT* = PM* = PN?
.. PM and PN are the tangents from external point. (converse, intersecting chords theorem)
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Geometrical construction

1. In Figure 1, 4, B and C are three fixed non-collinear A
points. Construct a circle passing through the given ‘

three points. %

The 3 perpendicular bisectors of AB, BC and AC are

concurrent at the circumcentre O. It is sufficient to

locate the circumcentre by any two perpendicular

bisectors.

(1) Join AB, AC and BC. B x

(2) Draw the perpendicular bisector of 4B.
M is the mid-point of AB.

(3) Draw the perpendicular bisector of AC. x
N is the mid-point of 4C. C
The two perpendicular bisectors intersect at O.

(4) Use O as centre, OA as radius, draw a circle. Figure 1
AAOM = ABOM (S.A.S)
AAON = ACON (S.A.S)
OB=04=0C (corr. sides, = As)

.. The circle pass through 4, B and C.

Let L be the mid-point of BC. Join OL.
ABOL = ACOL (S.S.S)

/ZBLO = ZCLO (corr. Zs, = As)
/ZBLO + ZCLO = 180°(adj. £s on st. line)

- ZBLO = ZCLO =90°
.. OL is the perpendicular bisector of BC.

.. The 3 perpendicular bisectors of AB, BC and
AC are concurrent at a point O.

2. In Figure 2, AB is the base of a triangle ABC, and the Y
length of BD is the sum of the lengths of BC and CA.
Given that ZABC = 60°, construct the triangle ABC.

(1) Use 4 as centre, AB as radius to draw an arc, use B

B *D Figure 2

as centre, BA as radius to draw another arc. The two

arcs intersect at P. ABP is an equilateral triangle.

ZABP = 60°

(2) With B as centre, BD as radius, draw an arc, cutting
BP produced at D.

(3) Join A4D.

(4) Draw the perpendicular bisector of AD which cuts
BD at C. N is the mid point of AD.

(5) Join AC.
AANC = ADNC (S.A.S)) . .
.. AC=DC (corr. sides, = As) B D

AC+CB=BC+CD
AABC is the required triangle.
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3. InFigure 3, AABC is an acute angle triangle. P is a point on

AC. Construct a triangle P1.XY such that X is a point on 4B, 4
Yis a point on BC and the perimeter of AP1XY is the least.
(1) Use 4 as centre, AC as radius to draw an arc. P,
(2) Use B as centre, BC as radius to draw another arc.
These two arcs intersect at C.
AABC = AABC’ (S.S.S))
/BAC= ZBAC’ (corr. Zs, = As) B ¢

(3) Use C as centre, C4 as radius to draw an arc

(4) Use B as centre, BA as radius to draw another arc.
These two arcs intersect at 4’.
AABC = AA’BC (S.S.S)
ZACB= ZA’CB (corr. Zs, = As)

(5) Use 4 as centre, AP; as radius to draw

an arc, which cuts AC’ at P.

AX=AX (common side)
AP = AP, (radii)

AAPX = AAP1X (S.A.S))
PX=PX (corr. sides, = As)

(6) Use C as centre, CP; as radius to draw

an arc, which cuts CA’ at P».

CY=CY (common side)
CP1=CP; (radii)

ACP Y= ACP,Y (S.A.S.)
P\Y=PY (corr. sides, = As)

(7) Join PP, which cuts AB at X and BC at Y.

(8) Join PiX, YP>.

The position of P and P- are fixed irrespective the size and the shape of AP1.XY.
Perimeter of AP1.XY=PX+ XY+ YP>

PX+ XY+ YP; is the minimum when P, X, Y, P, are collinear.

AP1XY is the required triangle.
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