Answers: (2009-10 HKMO Final Events) Created by: Mr. Francis Hung
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Sample Individual Event (2009 Final Individual Event 2)

SI.1

SI.2

SI.3

SI.4

Let [x] be the largest integer not greater than x. If a = [(\/5 2 )2009} +16, find the value of a.
1
0<\3-v2=—"—<1
J3+42

0<(v3-v2f" <1
a =[(\/§—\/§)2°°9}+16= 0+16=16

In the coordinate plane, if the area of the triangle formed by the x-axis, y-axis and the line 3x +
ay = 12 is b square units, find the value of b.
3x+16y=12

. . 3
x-intercept = 4, y-intercept = Z

Area:b:1-4-§:E
2 4 2
Given that x——=2b and X3——3:C,find the value of c.
x—1=3:x2—2+i2=9:»x2+i2=11
X X X

X X X
In Figure 1, oo =c¢, B =43, y=159 and ® = d, find the value of d.
ZBAC = ®° (s in the same seg.)
ZACD = B° (s in the same seg.)
/BAD + ZBCD = 180° (opp. Zs cyclic quad.)
c+d+43+59=180
d=180-43-59-36=42 (" c=36)

1 1 1
c=x° ——3=(x——j(x2 +1+—2j=3><(11+1): 36
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Answers: (2009-10 HKMO Final Events) Created by: Mr. Francis Hung
Individual Event 1

I1.1

I1.2

I1.3

11.4

Three cubes with volumes 1, 8, 27 are glued together at their faces. If a is the smallest possible
surface area of the resulting polyhedron, find the value of a.
The lengths of the 3 cubes are 1, 2 and 3 with surface areas 6,
24 and 54 respectively.

As shown in the figure, if the three cubes are glued together,
the faces stuck together are 2x2, 2x2, 1x1, 1x1, 1x1 and 1x1.
The smallest possible surface areais 6 +24 + 54 —4 — 4 — 4,
a=172

Given that /' (x) = x>+ 10x + 9, and 2 < x S%. If b is the difference of the maximum and

minimum values of £, find the value of b.
f(xX)=—x*+10x+9=—(x-5)>+34for2<x<8
Maximum = f(5) = 34; minimum = ' (2) =f(8) =25
b=34-25=9

Given that p and g are real numbers with pg = b and p?q + ¢’p + p +q =70.
If ¢ = p? + ¢, find the value of c.
pg=9..(),andpg(p+q)+(P+q)=70=(pg+ 1)(p+q)=70...(2)
Sub. (1)into 2): 10(p +q)=70=>p+g=7 ... (3)
c=p*+q*=(p+q)P-2pg=7>—-2x9 =31

Remark: The original question is

Given that p and g are integers with pg = b and p’>q + ¢°p +p + q = 70.
However, pg =9, p + ¢ = 7, which give no integral solution.

There are c rows in a concert hall and each succeeding row has two more seats than the previous
row. If the middle row has 64 seats, how many seats (<) does the concert have ?

There are altogether 31 rows. The 16" row is the middle row, which has 64 seats.

The 15" row has 64 — 2 = 62 seats.

The 14™ row has 64 — 2x2 = 60 seats.

The 1°' row has 64 — 2x15 = 34 seats.
Total number of seats =g[2a +(n-1)d]= 3—21[2 -34+(31-1)-2]= 1984

Method 2 Total number of seats = (1% row + 315 row) + (2" row + 30" row) + ... + 16" row
=(64+64)+(64+64)+ ... +64 (31 terms) = 1984
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Answers: (2009-10 HKMO Final Events) Created by: Mr. Francis Hung

Individual Event 2
12.1 Ifa,p, q are primes with a <p and a + p = ¢, find the value of a.
‘2’ 1s the only prime number which is even. All other primes are odd numbers.
If both a and p are odd, then ¢ must be even, which means that either ¢ is not a prime or ¢ = 2.
Both cases lead to contradiction.
soa=2
12.2 If b and h are positive integers with b < 1 and b* + h?> = b(a + h) + ah, find the value of b.
Reference: 2000 FI5.2, 2001 FI2.1, 2011 FI3.1, 2013 HG1
b<hand b*>+h>=bQ2 +h)+2h
b*>+ h*>=2b+bh+2h

2
(b+hY2—2(b +h) = 3bh <3[bL2hj (G.M. < A.M., given that b < h)

2
Lett=b+h, 2 —2t< e = > — 8t< 0, where ¢ is a positive integer

1-8<0=t<8=b+h<8=2b<b+h<8=2b<8=b<4

b=1,20r3

Whenb=1,1+h*>=2+h+2h= h*>-3h—1=0 = his not an integer, rejected
Whenb=2,4+h*=4+2h+2h=>h*—-4h=0=>h=4

When b=3,9+h*>=6+3h+2h = h*>—5h+3=0= hisnotan integer, rejected
b=2

Method 2 4> — (b +2)h +b>—-2b=0

A= (b +2)> - 4(b*—2b) = m?, where m is an integer

—3b2+ 12b + 4 =m?

-3(b—-2)*+16 = m?

m?+3(b —2)?= 16, both b and m are integers

m = 0, no integral solution for b

m = 1, no integral solution for b

m=2,b=4,h*>—-6h+8=0= h=2orh=4,contradicting b < h, reject

m = 3, no integral solution for b

m=4,b=2,h=4 (accept)

12.3 Ina (2b+ 1)x(2b+ 1) checkerboard, two squares not lying in the same row are randomly chosen.
If ¢ is the number of combinations of different pairs of squares chosen, find the value of c.
There are 25 squares. First we count the number of ways of choosing two squares lying in the
same column or the same row: sC,x5 + sCx5 = 100
.. € =25C2—100 =200
Method 2 Label the two squares as A, B.

For each chosen square A (out of 25 squares), B has 16 possible positions.
.. There are 25x16 = 400 combinations.
However, A, B may be inter-changed. .. We have double counted. ¢ = 200.

12.4 Giventhatf(x)=cC 1 {l + %J‘ » where \_xj is the greatest integer less than or equal to the real
X X

number x. If 4 is the maximum value of f(x), find the value of d.

Let 1+%=a+b, where a is an integer and 0 < b < 1.
X

1 1 1 1 1 (11 1 1
—t—|l=Fa=>—|—-+-|lFa=>——|—+-|=atb-———a=b——
X 2 X 2 X Lx 2 2 2

1 1 1 ‘b_g

0£b<1:>—53b—5<—:> ZS% (equality holds when b = 0)

2
1—F+1J‘=zoox
X | x 2

d =100 (You may verify the result by putting x =2.)

1

£(x) = 200x <200 =100

-1
2

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOFina\HKMOfinalanswers\HKMO2010finalans.docx  Page 3



Answers: (2009-10 HKMO Final Events) Created by: Mr. Francis Hung
Individual Event 3
I3.1 If a is the number of distinct prime factors of 15147, find the value of a.

15147 = 3*x11x17

a=3

13.2 If X+£=a and X3+i3:b,ﬁndthevalueofb.
X X

Reference: 1983 FG7.3, 1996 FI1.2, 1998 FG5.2
x+1:3:x2 +2+i2:9:>x2 +i2:7
X X X

1
b:X3+F

ot

= 3%(7 - 1)
=18

x+5 if xisan odd integer
13.3 Let f(x) =1 x o _ .
5 if xisan even integer

If ¢ 1s an odd integer and f(f(f(c))) = b, find the least value of c .
f(c) = ¢ + 5, which is even

c+5b
f(f(c)) =——
2
1t ST i odd, f(f(f(c))) = 18
A Y
2
=c+t5=26
=c=21
1t 52 s even, f(f(f(c))) = 18
SN
4
=ct5=72
=c=67

The least value of c =21 .

X
134 Let f (5} =x?+ x + 1. If d is the sum of all x for which f(3x) = c, find the value of d .

f(x) = (Bx)>+3x+1

=9x?+3x+ 1
f(3x) =81x*+9x + 1
f(3x) =21

= 81x2+9x+1=21

=81x2+9x—-20=0

= d = sum of roots
9

81
_ 1

9
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Answers: (2009-10 HKMO Final Events) Created by: Mr. Francis Hung
Individual Event 4
I4.1 In Figure 1, ABCD is a square, E is a point and ZEAB = 30°.

If the area of ABCD is six times that of AABE,

then the ratio of AE : AB=a : 1. Find the value of a .

Let AB=AD =1, AE = a, let the altitude of AABE from E to AB be . 1

area of ABCD is six times that of AABE < 12 = 6x % -1-h

D C

h=l,a= - h =2h=E
3 sin30° 3

Remark: The original questions is
fEE— » ABCD Fs—IEJ5IE » E RILIETT I LAY —&E c E
B ZEAB =30° - % ABCD HJFIRE AMBE HIERIN [
&> B AE:AB=a:1-°3K a HYE -

In Figure 1, ABCD is a square, E is a point outside the square
and ZEAB = 30°. If the area of ABCD is six times that of AABE, o
then the ratio of AE : AB = a : 1. Find the value of a. ]
In fact, £ must lie inside the square. ‘

log8® +10og27* +log125*
log9+log25+1log2—1logl5
alog8+alog27+alogl25  _a(3log2+3log3+3log5) 2

_ —x3=2
2log3+2log5+1log2—1log3-1log5 log3+log5+1log2 3

14.2 Giventhatb =

, find the value of b.

14.3 Let c be the remainder of 13 + 23+ ... + 2009 + 2010° divided by b, find the value of c.

Use the formula 1° + 23 + ... + n? :%nz(n+1)2’

13423 + - +2009% + 20103 =%~201o2 -2012= 1005220112 = (4x251 + 1)2-(4x502 + 3)?

=(4p +1)(4q + 1)=4r+ 1, where p, g, r are positive integers.
.. When it is divided by 22, the remainderis 1, ¢ = 1.

14.4 In Figure 2, EFG is a right-angled triangle. Given that F
His apoint on FG, such that GH : HF =4 : 5 and ZGEH
= /FEH.If EG = c and FG = d, find the value of d.
Let ZFEH=0= ZFEH, GH =4k, FH= 5k, EG=1

H
InAEGH, tan0=4k ...... (1)
In AEFG,tan 20 =9k ...... (2)
2-4k ul
Sub. (1) into (2): tan ZGZZLn?Q = ¢ F
1-tan?@ 1—(4k) o
9(1 -16k%*) =8 < k=%<:> d=FG=5k+4k= 9k=%
Method 2 Let /GEH =0= ZFEH
From P, draw a line segment F'P parallel to GE, which G 1 E
intersects with EH produced at P.
/FPH =0 (alt. Zs, PF /| GE)
AFPH ~ AGEH (equiangular)
GH _GE = 4 = L = PF=1.25 (ratio of sides, ~A's)
HF PF 5 PF
FE=PF=1.25 (sides opp. eq. £s)
d=FG=+125-1=0.75 (Pythagoras’ Theorem)
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Answers: (2009-10 HKMO Final Events) Created by: Mr. Francis Hung

Individual Spare

IS.1 Given that a =+/(19.19) +(39.19) — (38.38)(39.19) . Find the value of m.
Letx =19.19,y =39.19 then x < y and 38.38 = 2x

a=yx?+y?=2xy=4/(y=x) =y -x=39.19-19.19 = 20

IS.2 Given four points R(0, 0), S(a, 0), T(a, 6) and U(0, 6). If the line y = b(x — 7) + 4 cuts the

quadrilateral RSTU into two halves of equal area, find the value of b.

y = b(x — 7) + 4 represents a family of U(o, 6) T(20, 6)

straight lines with slope » which always

pass through a fixed point A(7, 4).

R(0, 0), S(20, 0), 7(20, 6) and U(0, 6).
RSTU is a rectangle whose base is parallel
to x-axis with centre at C(10, 3).

The line joining AC bisect the area of the

3-4 1 R(0, 0) S(20, 0)
rectangle. h=——=—=
10-7 3
N
IS.3 Given that ¢ is the minimum value of f(x) = 2—b . Find the value of ¢ .
2X°+2x+1
x* —2x-3
A N N

2yx2 +2yx +y=x>-2x-3
Qy-1D)x*+2(y+1x+(H+3)=0
For any values of x, the above quadratic equation has real solution.
L A20
G+1)?-2y-D(r+3)=0
V+2y+1-(22+5y-3)=0
3?2 -3y+4>0

y+3y—-4<0

y+4)(y-1)<0

—4<y<I1

¢ = the minimum of y = —4

IS.4 Given that f(x) = px% + gx* + 3x — V2 , and p, g are non-zero real numbers.

If d = f(c) — f(—c), find the value of d .
d=(pc®+qc* +3c -2 )= (pc® + gc* — 3¢ —~2 ) = 6c = 6(-4) = 24
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Answers: (2009-10 HKMO Final Events) Created by: Mr. Francis Hung
Sample Group Event (2009 Final Group Event 2)

SG.1 Given tan 0 Z%, where 180° <0 <270°. If 4 = cos 6 + sin 0, find the value of 4.

cos GZ—E, sin 0 __2
13 13
=12 5_ 17
13 13 13
SG.2 Let [x] be the largest integer not greater than x. If B = {10+ \/10+ v10++/10+--- } ,
find the value of B .

Reference 2007 FG2.2 ... x23+\/3+\/3+\/3+\/3+\/§

Lety:\/10+ 10++/10+---
»¥=10 +\/10+ 10++10+--- =10 +y

y2-y—-10=0
1+4/41 1-41
y= > or >

(rejected)

6<\/4_1<7:> %<1+;/4_1

135 <10+\/10+ v10++10+--- <14

B=13

<4

SG.3 Leta® b =ab + 10. If C = (1®2) @ 3, find the value of C.
192=2+10=12;C=12®3 =36 +10=46

SG.4 In the coordinate plane, the area of the region bounded by the following lines is D square units,

find the value of D .
L]Iy—2:0
L:y+2=0
L3:4x+7y—-10=0
La:4x+7T7y+20=0
D(-8.5, 2) y=2 C(-1,2)
2._

N

4x+7y-10=0

Ax+7y+20=0

A(L5, D) B(6, -2)

It is easy to show that the bounded region is a parallelogram ABCD with vertices A(-1.5, -2),
B(6,-2), C(-1, 2), C(-8.5, 2).
The area D =6 — (—1.5)|x|2 — (-2)| = 7.5x4 =30
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Answers: (2009-10 HKMO Final Events) Created by: Mr. Francis Hung
Group Event 1
G1.1 Find the value of sin? 1° + sin? 2° + --- + sin? 89°.

Reference 2012 HGY

sin? 1° + sin? 89° =sin? 1° + cos? 1° =1

sin? 2° + sin? 88° = sin% 2° + cos? 2° =1

sin? 44° + sin? 46° = sin? 44° + cos? 44° = 1

sin? 1° + sin? 2° + --- + sin? 89° = (sin? 1° + sin® 89°) + --- + (sin? 44° + sin? 46°) + sin? 45°

— 445

X+z _z+2y =£.Findthevalue of 1

G1.2 Letx, y and z be positive numbers. Given that

27-X  2X-1 y y
Reference 1998 FG1.2
It is equivalent to Xvz X . (1) and z+2y _X (2)
22—-X Yy 2X—2 Yy

From (2), yz +2)? =2x? —xz = (x + y)z = 2(x* — )?)
= x+y=0 (rejected,x>0and y > 0) orz=2(x—y) --- (3)

From (1):xy +yz=2xz—x*= Qx —y)z=x>+xy --- (4)
Sub. (4) into (5): 2(x — y)(2x —y) = x> + xy

2(2x% - 3xy +y?) =x* +xy

3x2—Txy +2y*=0

Gx—)r—20)=0= X=1 or2
y 3

When 'y = 3x, sub. into (3): z = 2(x — 3x) = —4x (rejected, x > 0 and z > 0)
X

y
Method 2 2=C =& Ckmu= bk, c=dk, e = fr = 23 CFE _DRrdk+ Tk
b d f b+d+f b+d+f
_x_a+c+e _ (x+z)+(z+2y)+x _2x+2y+2z
Ty bad+f (22-x)+(2x—=2)+y  x+y+z
X+ Z+2y X

= —. Find the value of 5
27—-X 2X—-1 'y

k

=2(-x+y+z>0)

Remark: The original question is: Given that

The question has more than one solution.

G1.3 Find the sum of all real roots x of the equation (2% — 4)3 + (4% — 2)% = (4 + 2 — 6)°.
Leta=2*—4,b=4%-2, a+b=4*+2¥—-6, the equation is equivalent to a> + b3 = (a + b)?
(a+ b)(a*>—ab+Db?) =(a+b)
a?—ab+b?=a?+2ab+b%0ra+b=0
3ab=0o0r4*+2x-6=0
2*=4or4*=2o0r(2x-2)(2x+3)=0

X=2, l orl
2

Sum of all real roots = 3.5
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Answers: (2009-10 HKMO Final Events) Created by: Mr. Francis Hung
G1.4 In Figure 1, if AB L CD - F is the midpoint of BE, ZA = 45°,

DF =3, BD =4 and AD = n, find the value of n.
Let G be the foot of perpendicular drawn from E onto CF.

/BFD = ZCFE (vert. opp. £s)

BF =5 (Pythagoras’ Theorem)
EF=5 (Given F is the midpoint)
ZBDF =90° = ZEGF (by construction)
ABDF = AEGF (A.AS)

. FG=DF=3 (corr. sides, = A’s)
EG=4 (corr. sides, = A’s)
ZACD =45° (4s sum of AACD)

.. AACD is a right-angled isosceles triangle.

CD=AD=n (sides opp. equal angle)
EG 1 CD = EG /| AD = ACEG ~ ACAD (equiangular)
= CG=EG=4 (ratio of sides, ~A's)

n=AD=CD=3+3+4=10

Method 2

Draw EG // CD, which intersects AB at G.

GD=BD=4  (BF=FEandFD // EG, intercept theorem)
GE=2DF=6 (mid-points theorem)

ZAGE =90° (corr. £s, EG /I CD)

AAGE is a right-angled isosceles triangle.

.. AG=GE =6 (sides opp. eq. £9)
n=AG+GD=6+4=10
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Answers: (2009-10 HKMO Final Events) Created by: Mr. Francis Hung

Group Event 2
G211Ifp=2-22-23-2%_... - 292104211 find the value of p .

2%(2° 1)

p:2+211_(22+23+24+,_,+29+210):2+211_ :2+211_211+22:6

G2.2 Given that x, y, z are three distinct real numbers.
Reference: 2008 FG2.4,2017 FG2.1

If x+£=y+l=z+1 and m = x?y?z?, find the value of m.
y Z X
Let X+2=k.. (1) y+ick (@), 245=k-(3)
y z X
1 ky-1 1y

From (1), x=k-—="—"=-"=—"—
y X ky-1

2
Sub. into (3): 2 + Y = f = 7 = K YK

ky-1 ky -1
Sub. into (2): y + kzk_yl_yl_kzk:(kz—l)yz—ky+ky—1=k(k2— Ny — k2
— (R 12— k(2= 1)y + (R =1)=0
=kK-1=00ry*’~ky+1=0
Isz—l¢0,theny2—ky+1=0:>y=#

~+ The system is symmetric for x, y, z

ktvk? -4
Soxorz= T’ this contradict to the fact that x, y, z are distinct.
LY —ky+ 120
=k=1=k=1or-1
2
1 1 y-1_(P-y-k_ -1

Whenk=1,x=k——=1-—= ;
y y |y ky—-1 y-1
xyZ:y__l.y.__lz_l
y y-1
2— — J—
Whenk=—1,x=k—3=—1—i=—y+1;z=(k thy—k_ -1
y y y ky -1 y+1
xyZ:-y_-i_l.y.__lzl
y y+1
Lom=xy2 =1
Method 2 X+£:y+1©x_y:1_iax_y:u ...... (1)
y z z oy yz
1 1 1 1 Z—X
V+—=2+—SY—ZI=———SY—Z=— -:out (2)
VA X X Z XZ
X+£:Z+1<:>Z_X=£_1<:>Z_X=ﬂ ...... (3)
y X y X Xy

o B )L Y—Z Z-X X-y
@p@x(@):(x=yNy-2ke-x)= === 2=

1
x2y?z?
S m=xy*Zt=1

=l=
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Answers: (2009-10 HKMO Final Events) Created by: Mr. Francis Hung

G2.3 Given that x is a positive real number and x-3* = 3'3, If & is a positive integer and K < X <k + 1,
find the value of k.
The equation is equivalent to 3%~ — x = 0.
Let f(x) =38~ —x.
Clearly f(x) is a continuous function.
f(15)=3*-15=12>0,f(16)=32-16=-7<0
By intermediate value theorem (or Bolzano’s theorem), we can find a real root 15 <x < 16.
k=15

G2.4 Figure 1 shows the sequence of figures that are made of squares of white and black. Find the
number of white squares in the 95" figure.

u .

1 figure 2" figure 3 figure
1 figure = 8 white squares; 2™ figure = 13 squares; 3™ figure = 18 squares
T(1)=8,TR2)=8+5,T3)=8+5x2,...,T(95)=8 +5%x(95-1)=478
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Answers: (2009-10 HKMO Final Events) Created by: Mr. Francis Hung
Group Event 3

G3.1

G3.2

G3.3 InFigure 1, Z4=60°, Z/B= /D =90°. BC=2, CD =3 and AB

G3.4

Find the smallest prime factor of 1013% + 301101,
Both 1013% and 301'%! are odd integers
10139 + 301" is even

The smallest prime factor is 2.

Let n be the integral part of N ! - . Find the value of n.

1980 + 1081 1981 R 2009

1 1 1 1 1 1 1
—— -t < + ot —— < ——+---+—— (30 terms)
2009 2009 1980 1981 2009 1980 1980

30 1 1 1 30
< + o —— < ——
2009 1980 1981 2009 1980
66 — 1980 - 1 - 2009 - 2010 _67
30 oo tios ot g 30 30

n = integral part = 66

= x, find the value of x.
AC*=x*+4 (Pythagoras’ Theorem on A4BC)
AD?>= AC? -3? (Pythagoras’ Theorem on AACD)

=x2-5
BD*=x?+ (x2 — 5) — 2x v/ x> =5 cos 60° (cosine rule on A4BD)
BD?=2%+3%2-2.2.3¢0s 120° (cosine rule on ABCD) |

L 2x2—5-xVx*-5=13+6
xVx?-=5=2x2-24
x2(x? — 5) = 4x* - 96x* + 576
3x*—91x2+576=0
(x> -9)(3x*-64)=0

8

—3or -2 Method 2
e V3 BD?> = 22 + 32 — 2.2.3 cos 120°
_ _fy? £ (cosine rule on ABCD)
Whenx=3,4AD=+/X"-5=2 BD =19

tan ZBAC = 2 ,tan ZCAD = 3 =tan (90° — ZBAC) ZABC + ZADC =180°
3 2 A, B, C, D are concyclic

(opp. £s supp.)
AC =+/x? + 4 = diameter = 2R

/BAD =90°#60° .. rejectx=3

Whenx:i,AD:\/xz—S: !

V3 V3 (converse, ~ in semi-circle, R = radius)
_V3 _3V3 BD .
tan /BAC =—,tan LCAD =—— _ =2R (Sine rule on AABD)
4 7 sm60°
V3, 38
_ T _19\/5_ _ o
tan (ZBAC+LCAD)—1_§'$— 9 =./3=tan 60 £ =Jx2+4
2
_8.8p 76 3x2+12
J3 3 =883
J3 3

Given that the function f satisfies f(2 + x) = f(2 — x) for every real number x and that f(x) =0
has exactly four distinct real roots. Find the sum of these four distinct real roots.
Reference: 1994 F13.4
Let two of these distinct roots be 2 + a, 2 + B, where o #  and o, § > 0.
fR+x)=f2-x)=f2+a)=f2-a)=0;f2+B)=1f(2-B)=0
If o = 0 and B # 0 = there are only three real roots 2, 2 + 3, 2 — 3 contradiction, rejected.
~a#0and #0< The fourrootsare2 +a,2—-a,2 + 3,2 - p.
Sum ofroots=2+oa+2-a+2+B+2-pB=8
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Answers: (2009-10 HKMO Final Events) Created by: Mr. Francis Hung

Group Event 4

G4.1 Let a be an integer and a # 1. Given that the equation (a — 1)x? — mx + a = 0 has two roots which
are positive integers. Find the value of m.

Let the 2 roots be a, f3.

a
a e —
P a-1

L+1
a-1

o, B are positive integers = is a positive integer

=a-1=1lor-1

= a =2 or 0 (rejected)

Put a = 2 into the original equation: x> —mx +2 =0
of=2=a=2,p=lora=1,=2
m=o+p=3

Remark: The original question is

Given that the equation (a — 1)x?2 — mx + a = 0 has two roots which are positive integers. Find
the value of m.

If a =1, then it is not a quadratic equation, it cannot have 2 positive integral roots.

If a is any real number = 1, the equality o3 :il +1 could notimpliesa =2
a_

t1=3=>0=1,p=3>a+p=4=—" S m=2

eg.a=15=aff=
g P 15-1 15-1

tl=llsa=1LB=ll=a+p=12=—" — m=12
11-1 11-1

There are infinitely many possible values of m !!!

eg.a=ll=af=

G4.2 Given that x is a real number and y = VX2 =2%+2 ++/x2 —10x +34 . Find the minimum value
of y. Reference: 2015 HI9

Consider the following problem: 1 Q(5, 3

Let P(1, 1) and Q(5, 3) be two points. R(x, 0) is a variable
point on x-axis. 2

To find the minimum sum of distances PR + RQ. P(]_, ]_)
Lety = sum of distances = /(x—1)° +1++/(x—5)* +9
If we reflect P(1, 1) along x-axis to P1(1, —1), M(1, 0) is ; ; ;
the foot of perpendicular, O M 1, R(X, 0) >
then APMR = AP:MR (S.AS) + ]_(]_’ -1)
y=PR+RQ=P:R+RQ>P1Q (triangle inequality)
y>(5-1F +(3+1) =442

G4.3 Given that A, B, C are positive integers with their greatest common divisor equal to 1.
If A, B, C satisfy A logsoo 5 + B 10gs0 2 = C, find the value of 4 + B + C.

10gs00 5A + l0gs00 2B = 100500 500¢ = logs00 5A.2B = l0gs00 500C€ = 5A.2B = 53C.02C
A=3C, B=2C (unique factorization theorem)

.+ A, B, C are relatively prime.

~C=1,4=3,B=2
A+B+C=6
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G4.4 In figure 1, BEC is a semicircle and F is a point on the
diameter BC. Giventhat BF : FC=3:1, AB=8 and AE = 4.
Find the length of EC.
Join BE. It is easy to show that ABEF ~ AECF (equiangular)
Let BF =3k, CF =k

EF :3k=k:EF (ratio of sides, ~A's)

EF=+3k B

BE? = BF? + EF? = 9k> + 3k* (Pythagoras’ Theorem on ABEF) = BE =12 k
ZBEC=90° (£ in semi-circle)

BE? + AE? = AB? (Pythagoras’ Theorem on A4BE)

12k +16=64 = k=2
EC?= CF? + EF? = 2% + 3x2?(Pythagoras’ Theorem on ACEF)

EC=4
Method 2
/BEC =90° (£ in semi-circle) A
/BEA =90° (adj. Zs on st. line)
cos ZBAE = AE_4_1
AB 8 2 4
/BAE = 60°
Let BF = 3k, CF =k, ZECB = 6. 8 E
ZCEF=90°-6 (£s sum of ACEF)
ZCBE=90°-0 (£s sum of ABCE)
/BEF =0 (£s sum of ABEF)
ACEF ~ AEBF (equiangular)
CF _EF (corr. sides, ~AS)
EF BF B 3k F kK C
EF? =k-3k
EF =3k
EF 3k
tan ZECF = CF o J3
ZECF =60°
AABE = ACBE (AAS)
EC=AE=4 (corr. sides, = As)
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Answers: (2009-10 HKMO Final Events) Created by: Mr. Francis Hung
Group Spare
GS.1 Given that n is a positive integer. If n*> + 5n + 13 is a perfect square, find the value of n.
n?+5n+13=n>+5n+2.52-252+13 =(n+2.5)*> + 6.75 = m?, where m is an integer
m—(n+257=675=>m+n+25m-n-25)=675=2m+2n+5)2n—-2m-5)=27
2m+2n+5=27 2m+2n+5=9
r
2m-2n-5=1 2m-2n-5=3
n=4orn=-—1 (rejected, *.- n>0)

2
GS.2 Giventhat 13+ 23+ ... + &3 :(@j . Find the value of 113 + 123 + ... + 243,
13 +123+ .. 4243 =13+23+ . +243 - (13+ 23+ ...+ 10%)
“Log o5 Lagear=L.62.1002 -1 102121
4 4 4 4

:%~(360000—12100)=%-347900= 86975

GS.3 If P is an arbitrary point in the interior of the equilateral triangle ABC, find the probability that
the area of AABP is greater than each of the areas of AACP and ABCP.

A D X B A

D, E, F be the mid-points of AB, AC and BC respectively.

The medians CD, BE and AF are concurrent at the centroid G.

Itis easy to see that ACEG, ACFG, AAEG, AADG, ABDG, ABFG are congruent triangles having
the same areas.

P is any point inside the triangle = P lies on or inside one of these six congruent triangles.

As shown in the diagram, P lies inside ABFG. Let the feet of perpendiculars from P; to 4B,
BC, CA be K1, L1, Hi with lengths x1, y1 and z; respectively.

P1Hy and AF meet at Ry, P1K intersects BE at M1, and AF at O1, L1P1 produced meet BE at N;
By the properties on parallel lines, we can easily prove that APiM\N: and APiQiR: are
equilateral triangles. Let PiM; = P\N1 = NiMi\ =t, P1Q1 = PIRi= Q1R1 = s

Let H and Y be the midpoints of Q1R and N1 M respectively. RiH = 0.5s, YM; = 0.5¢

Let U and T be the feet of perpendiculars from H to AC and AB respectively.

Let X and Z be the feet of perpendiculars from Y to BC and AB respectively.

UH=2z1—s5s+0.55s cos 60°=2z; —0.75s, YZ=x1— t + 0.5t cos 60° =x; — 0.75¢

HT=x1+0.75s, YX=y1 + 0.75¢

It is easy to show that AAHU = AAHT, ABYX = ABYZ (A.A.S.)

UH = HT and YZ = YX (corr. sides, = A’s) = z; — 0.75s =x1 + 0.75s, x1 — 0.75¢ = y1 + 0.75¢
zi=x1+ 13, xi=y1+15t=>z1>x1> )

" %AC-zl > %AB-xl >%BC-y1 = area of AACP; > area of AABP; > area of ABCP;

If P lies inside ABDG, using a similar method, we can easily prove that
area of AACP;, > area of ABCP, > area of AABP;.
If P lies inside AADG, then area of ABCP3; > area of AACPs > area of AABP;.
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If P4 lies inside AAEG, then
area of ABCP4 > area of AABPs > area of AACPa.
If Ps lies inside ACEG, then
area of AABPs > area of ABCPs > area of AACPs.
If Pg lies inside ACFG, then
area of AABP¢ > area of AACP¢ > area of ABCPs

In order that the area of AABP is greater than each of the
areas of AACP and ABCP, P must lie inside ACEG or ACFG

Required probability
:/VeaofACEG-+weaofACFG
Area of AABC

2_1
6 3

Method 2 Suppose P lies inside ABDG.

Produce AP, BP, CP to intersect BC, CA, AB at L, M, N

respectively.

Let Saxyz denotes the area of AXYZ.
SAAPB — SAABM _SABPM

SAAPC SAACM _SACPM

_ iBM - AM sin AMB — 1 BM - PM sin AMB
1CM - AM sin AMC — 1 CM - PM sin AMC
_ 1BMsinAMB-(AM —PM) BM sin AMB

~ 1CMsinAMC -(AM —PM) CM sin AMC
BM ) . _
:W (v sin AMB = sin (180°~AMC) = sin AMC)

SAAPB _ SAABN _SAAPN

SABCN - SACPN

_ 1BN-ANsinANB —1 AN - PN sin ANB
~ 1BN-NCsinBNC —1 NC - PN sin BNC
_ LANSsinANB-(BN —PN) AN sin ANB
~ LNCsinBNC-(BN —PN) NCsinBNC

SABPC

=% (. sin ANB = sin(180°— BNC) = sin BNC)

Created by: Mr. Francis Hung
C

A D L B

In order that the area of A4ABP is greater than each of the areas of AACP and ABCP,

BM> MC and AN > NC
.. P must lie inside ACEG or ACFG
S +S
Required probability = —2°E¢__ ACFE. :é :%

AABC
Remark: The original question is

P EFBR =AY ABC NHHIIEE 8

SKAABP B HTE[FIF AT AACP JABCP HYHITRAREE -
If P is an arbitrary point in the interior of the equilateral triangle ABC, find the probability that
the area of AABP is greater than both of the areas of AACP and ABCP.
There is a slight difference between the Chinese version and the English version.

GS.4 How many positive integers m are there for which the straight line passing through points A(—
m, 0) and B(0, 2) and also passes through the point P(7, k), where £ is a positive integer?
Let the slope of the variable straight line be a. Then its equation is: y = ax + 2

It passes through A(-m, 0) and P(7, k): {

7))+ m(2): 14+ 2m = km = m(k—2) = 14

—am+2=0--(1)
7Ta+2=k-(2)

m=1,k=16orm=2,k=9%9orm=7,k=4orm=14,k=3

Number of positive integral values of m is 4.
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