Answers: (2009-10 HKMO Heat Events) Created by Mr. Francis Hung
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Individual Events

I

12

I3

14

In how many possible ways can 8 identical balls be distributed to 3 distinct boxes so that every
box contains at least one ball?
Reference: 2001 HG2, 2006 HI6, 2012 HI2
Align the 8 balls in a row. There are 7 gaps between the 8 balls. Put 2 sticks into two of these
gaps, so as to divide the balls into 3 groups.
The following diagrams show one possible division.

o o | o o o o o | o
The three boxes contain 2 balls, 5 balls and 1 ball.
The number of ways is equivalent to the number of choosing 2 gaps as sticks from 7 gaps.
7x6

=21

The number of ways is C] =

If o and B are the two real roots of the quadratic equation x> —x—1 =0,
find the value of a® + 8B .
Reference 1993 HG2, 2013 HG4
at+tB=1,ap=-1
al=a+1
al=(a?’=(a+1P=c’+3c*+3a+1
=o(a?)+3(a+1)+3a+1
=a(a+1)+6a+4
=o?+7a+4=(a+1)+7a+4=8a+5
a’+8p=8(a+P)+5=8+5=13
1 1 1
= + + ot —
5x10 10x15 15x20 100x105

1 1 1 1 1 1 1 1 1 1 1 1 1

a=—- + + 4+t = J]l-——+--——+et———|=— 1=

25 \1x2 2x3 3x4 20x21) 25 2 2 3 20 21) 25 21
20 4

Ifa

, find the value of a. (Reference: 2015 HG1)

25-21 105

Given that X +y+z =3 and X’ + y* + 2> = 3, where X, Y, Z are integers.

If x <0, find the value of 'y .

Let X =—a, where a> 0, theny+z=a+3 ...... Q),y+2=al+3 ... 4)

From (4): (y +2)’ - 3yz(y+2)=a’+3

s(@+3)y-at-3=3yza+3)

_a’+9a’+27a+27-a'-3 9a’+27a+24 3a’+9a+8 as 8

3(a+3) ~ 3(@+3) a+3 a+3

yzis an integer =>a=1or5

(-2t =(y T2’ -4y

Whena=1,x=-1,y+z=4 from (3) and yz =5 from (5)

o (Y —2)* = 4% — 4x5 = -4 < 0, impossible. Rejected.

Whena=5,y+z=8andyz=16

Solving fory and z gives x=-5,y=4,2=4
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Answers: (2009-10 HKMO Heat Events)

IS

16

17.

Given that a, b, c, d are positive integers satisfying loga =% and logc d =%.

Ifa—c =29, find the value of b —d.

1 3 4
a’=band c*=d=a=b*andc=d3
Sub. them intoa —c = 9.

b?-d*=9
2 2
£b+d3 b—d3]=9
2 2 2 2
b+d3=3, b—d>3=3 (no solution, rejected) or b+d3=9, b—d3=
2

b=5, d*=4=b=5d=8=b-d=-3

If X4/1—-y* +yV1-x> =1, where 0 <X,y < 1, find the value of x> + y2.
Method 1

Let x=sin A,y =sin B, then 4/1— y2 =cos B, v1-x*=cos A

The equation becomes sin A cos B+ cos AsinB =1

sin(A+B)=1

A+B=90°=B=90°-A

x>+ y? = sin® A + sin?B = sin® A + sin?(90° — A) = sin? A+ cos’ A= 1
Method 2 X/1-Yy> =1—y1-X

X2(1 -y =1-2y1-x>+y*(1-x3)

yN1-x*=1+y>—x?

(1 —x) =y =232 + x* + 2y7 — 2x% + 1

X232 +yt—2y? 2 +1=0

C+y)P -2 +y)+1=0

C+y*—172=0

=>x+y*=1

In figure 1, ABCD is a trapezium. The lengths of segments AD, BC and 4

DC are 12, 7 and 12 respectively. If segments AD and BC are both >
sin o

Created by Mr. Francis Hung

perpendicular to DC, find the value of ——.
sin 3 12
Method 1

Draw a perpendicular line from B onto AD.

12 12 12 D
tan=—=1;tan(a + B) =——=— :
B=1 (@+B) =15~ 12

tan(o+f)—tanp _2-1_12-5_7
2

tanoc=tan[(OL+B)—B]:1+tan(a+[3)tan[3 1+1? 5+12 ﬁ

7 7 7 a1
NS N R A
sina _ 7
sin 3 13
MethodZAACB—B(alt /s, AD // BC)

sinae _ 7 _ 7 (Sine law on AABC)

sinB AB 13

sino =
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Answers: (2009-10 HKMO Heat Events) Created by Mr. Francis Hung

I8.

19

110

In Figure 2, ABC is a triangle satisfying X >y > z and 4x = 7z. If the
maximum value of X is m and the minimum value of X is n, find the
value of m + n.

x=7K,z=4k,x+y+z=180 =y =180 11k

cXx>y>z .0 Tk>180— 11k > 4k

18k > 180 and 180 > 15k
12>k>10

84 >x=7k>70
m=84,n=70
m-+n=154

Arrange the numbers 1, 2, ..., n (n > 3) in a circle so that adjacent numbers always differ by 1
or 2. Find the number of possible such circular arrangements.

When n = 3, there are two possible arrangements: 1, 2, 3 or 1, 3, 2.

When n = 4, there are two possible arrangements: 1, 2, 4, 3 or 1, 3, 4, 2.

Deductively, for any n > 3, there are two possible arrangements:

1,2,4,6,8, ..., largest even integer, largest odd integer, ..., 7,5,3 or

1,3,5,7, ..., largest odd integer, largest even integer, ... , 6, 4, 2.

If |x] is the largest integer less than or equal to X, find the number of distinct values in the

2 2 2
following 2010 numbers: ! , 2 N 2010 .
2010 || 2010 2010

Reference: IMO Preliminary Selection Contest - Hong Kong 2006 Q13.

2

n
Let f(n) =
™ 2010

, Where n is an integer from 1 to 2010.

2n+1
f(n+1)-1f(n)=
( ) —1f(n) 2010
fn+1)— f(n) < 1 < 2”*()1<1@n<1004.5
2
f(1005) =1005" 1005 _ 55 s
2010 2

Lf(1)]=0,Lf2)]=0, ..., f(1005)]= 502, the sequence contain 503 different integers.
On the other hand, when n > 1005, f(n + 1) — f(n) > 1

All numbers in the sequence | f(1006)], ... ,[ f(2010)] are different, total 1005 numbers
503 + 1005 = 1508. The number of distinct values is 1508.
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Spare individual

IS In Figure 3, ABC is an isosceles triangle and P is a point on A
BC. If BP?> + CP?: AP?> =k : 1, find the value of k.
Reference: 2003 FI12.3

Let AB=AC=a,BC=+2a,BP=x,PC=y,AP =t

Let ZAPC =0, ZAPB = 180° — 0 (adj. Zs on st. line) B C
Apply cosine rule on AABP and AACP P
2, 2 _ a2 2, g2 2 .
cose=t+y—a... (1); —cos9=t+x—a... (2) Figure 3
2ty 2tx

2

2 a2 42,2 a2
1)+ Q): t+y’-a’ t+x’-a’_
2ty 2tx
x+y*—-a?)+ytt+x*-a?)=0
Px+y) +xy(x +y)—a*(x +y) =0
X+y)(E+xy—a’)=0
X +y=0 (rejected, "> X>0,y>0)ort? +xy—a’=0
t2+xy=a’... (¥
BP2+ CP?2: AP?=x>+y?: 2 = [(Xx +Y)*> — 2xy] : t2 = [BC? — 2xy] : t? = (2> — 2xy) : t*
=2@%-xy):?=2t2:t* by (%)

0

=k=2
Method 2 (Provided by Chiu Lut Sau Memorial Secondary School Ip Ka Ho)
ZABC = ZACB (base s isosceles triangle)
:w (£s sum of A)
=45°
Rotate AP anticlockwise 90° about the centre at A to AQ. A
AP = AQ and ZPAQ = 90° (property of rotation)
Z/BAP =90° — ZPAC = ZCAQ
AB = AC (given) Q
AABP = AACQ (S.A.S))
ZACQ = LABP =45° (corr. £s =As) .
BP=CQ (corr. sides =As) B P C

/PCQ = /ACP + ZACQ = 90°

BP2 + CP2: AP? = (CQ? + CP?) : AP?
=PQ?: AP? (Pythagoras’ theorem)
=1:cos® 45°
=2:1
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Group Events

G1

G2

G3

G4

GS

Given that the six-digit number 503xyz is divisible by 7, 9, 11.

Find the minimum value of the three-digit number xyz.

Reference: 2000 FG4.1, 2024 HI3

There is no common factor for 7, 9, 11 and the L.C.M. of them are 693.

504 is divisible by 7 and 9. 504504 is divisible by 693.

504504 — 693 = 503811, 503811 — 693 = 503118.

The three-digit number is 118.

Find the smallest positive integer n so that 20092009---2009 is divisible by 11.

n copies of 2009

Reference: 2008 FI1.2

Sum of odd digits — sum of even digits = multiples of 11

N0+ 9)—n(2 + 0) = 11m, where m is an integer.

7n=11m = Smallestn = 11.

In figure 1, ABC is a triangle. D is a point on AC such that AB = AD.

If ZABC — ZACB = 40°, find the value of x. Reference: 1985 FI2.2

Let ZACB =y°, then ZABC =y° + 40°

ZBAC = 180° —y° —y° —40° = 140° — 2y° (£ sum of AABC)

180" — (140" - 2y")
2

Figure 1

/ADB = ZABD = =20° +y° (base Ls iso0s. A)

x°=2/CBD = ZADB —ZACB = 20° + y° — y° = 20° (ext. £ of ABCD)
=x=20
Method 2 Let ZACB =y°
ZADB =x° +y° (ext. Z of ABCD)
ZABD =x° +y° (base s isosceles AABD)
S ZABC =X° + X% +y°=2x°+y°
ZABC — ZACB = 40°
2XO _|__ yO _ yO — 400
X =20
In figure 2, given that the area of the shaded region is 35 cm?. If the area of 4
the trapezium ABCD is z cm?, find the value of z.
Reference 1993 HI2, 1997 HG3, 2000 F12.2, 2002 FI1.3, 2004 HG7, 2013 HG2
Suppose AC and BD intersect at K.
10x12

= 60 = Scok + Seck = 35 + Seck => Seck =25 12 cm

Secp =

ABCK and ADCK have the same height but different bases. _
BK : KD = Sgck : Sock =25 :35=5:7 = BK = 5t, KD = 7t D
ABCK ~ADAK (equiangular) = Ssck : Spak = BK? : DK? = 7% : 52 =49 :25

AABK and AADK have the same height but different bases.

SaBk : Sabk =BK: KD =5:7 =2z=Sascp =35+25+49+35=144

Three numbers are drawn from 1, 2, 3, 4, 5, 6.

Find the probability that the numbers drawn contain at least two consecutive numbers.
Method 1

Favourable outcomes = {123, 124, 125, 126, 234, 235, 236, 134, 345, 346, 145, 245, 456, 156,
256, 356}, 16 outcomes

Method 2 Probability = 1 — P(135, 136, 146 or 246) = 1 —%Z 0.8

3
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Answers: (2009-10 HKMO Heat Events) Created by Mr. Francis Hung

G6 Find the minimum value of the following function:
fxX)=xX—=1|+[x=2|+ --- +|x—1000| , where X is a real number.
Reference: 1994 HG1, 2001 HGY, 2004 FG4.2, 2008 HIS8, 2008 FI1.3, 2011 FGS.1, 2012 FG2.3
Method 1
f(500) =500 — 1| + {500 — 2| + --- 4+ [500 — 1000 = (499 + 498 + --- + 1)x2 + 500 = 250000

Let n be an integer, for 1 <n <500 and x < n,
X—=n|+x—(1001 =n)j=n-x+ 1001 —n—x=1001 —2x > 1001 —2n
|500 — n| + {500 — (1001 —n)| =500 —n + 501 —n=1001 —2n

For 1 <n<x<500, x—n|+[x—(1001 —n)|=x—n+ 1001 —n—-x=1001 —2n

1000 1000
If x < 500, f(x) — f(500) =>"[x—n[->"[|500 —n|
n=1 n=1

500 500
={2|x—n|+|x—(1001—n)|}— [500—n|+|500—(1001-n)]

n=l1 n=1

500
>>"[1001-2n—(1001-2n)]> 0

n=1
f(1001 —x) ={1001 —x — 1] + 1001 —Xx — 2| + -+ + [1001 — X — 1000
=11000 —X| + 999 — x| + --- + |1 = X
=X—1|+ X =2|+ -+ + [x = 1000| = f(X)
- f(X) = £(500) = 250000 for all real values of x.
Method 2 We use the following 2 results: (1) |a—b|=|b—a| and (2) |a| + |b| > |a + b]
X — 1]+ x = 1000| = [x — 1| + [1000 — X| >]999| = 999
X — 2|+ [Xx=999| = |x — 2| + 999 — X| > |997| = 997
X —500] + |x — 501| =[x — 500] +|501 —x| > 1

Add up these 500 inequalities: f(x) > 1+ 3+ --- + 999 :%(1 + 999)>< 500 =250000.
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P 1 m 1 . .
G7 Letm, n be positive integers such that <—< . Find the minimum value of n.

2010 n 2009

Reference: 1996 FG10.3, 2005 HI1

Method 1

2009 1 n—m 1 2008
=1- > >1- =

2010 2010 n 2009 2009

1 2010 n 2009 1+ 1
2009 2009 n—-m 2008 2008

1 n m 1
< —1= <
2009 n-m n-m 2008
2008 1 m n—-2m 1 2007
=1- >1- = 1 =

= = >l -—m=—
2009 2009 nN-m n-m 2008 2008
1 2009 n-m 2008 1
= < < =1+
2008 2008 n-2m 2007 2007

1 n—-m m 1
< -1= <
2008 n-2m n—-2m 2007
Claim: — <M 1 fra=0,1,2 2008
2010—a n-am 2009-a
Proof: Induction on a. When a =0, 1, 2; proved above.
Suppose ! PO ! for some integer K, where 0 < k <2008
2010-k n—km 2009 -k
2000-k v, om _n-(k+«m . 1 2008-k
2010 -k 2010-k n—km n—km 2009-k 2009 -k
I _2010-k _ n-km _2009-k _ 1
T2009-Kk  2009-k n— 0<+1)n 2008—K ' 2008—K
1 n—km m 1
< -1= <
2009 -k n—(k+1)m n—(k+1)m 2008 —k
1 m 1

< <

2010 —(k+1) n—(k+1)m 2009 —(k +1)

By MI, the statement is true fora=20, 1, 2, ..., 2008
1 m 1

Put a =2008: < <
2010-2008 n-2008m 2009 —2008
1 m
—<— <1
2 n-2008m
. ) m 2
The smallest possible n is found by ——=—
n—2008m 3
m=2,n-2008x2=73
= n=4019
1 m 1 n
Method 2 ——<—<——=2010 > —> 2009 = 2010m >n > 2009m
2010 n 2009 m

" M, n are positive integers. We wish to find the least value of n

.. It is equivalent to find the least value of m.
When m=1, 2010 > n > 2009, no solution for n.
When m =2, 4020 >n> 4018

=n=4019
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G8 Let a be a positive integer. If the sum of all digits of a is equal to 7, then a is called a “lucky
number”. For example, 7, 61, 12310 are lucky numbers.

List all lucky numbers in ascending order a,, a,, a,,---.If a,=1600, find the value of a,,.
Number of digits smallest, --- , largest ~|Number of lucky numbers subtotal
1 7 1 1
2 16,25, .-+, 61,70 7
3 106, 115, ---, 160 7
205,214, ---, 250 6
304, 313, ---, 340 5
700 1 28
4 1006, 1015, ---, 1060 7
1105, 1114, ---, 1150 6
1204, ---, 1240 5
1600 1 ass = 1600 |
2005, ..., 2050 6
2500 1
3004, ---, 3040
3400 1
4XYZ 4+3+2+1
5XYZ 342+1
6XYZ 2+1
7000 1 84
5 100XY 7
10105 1

a,,= 10105

GY9 [Ifloga(x +2y) + loga(x — 2y) = 1, find the minimum value of |x| — |y|.
(X+2y)(x—-2y)=4
X2 -4y’ =4
X2 =4y*+ 4

TZVFﬁW=V4W2+ﬂ—W
T+|yy:1/4iy2+1i

TPy +2)y[T=4(y>+1)
By -2ly[T+@&-T)=0
A=4[T2—(3)4-T»]>0
4T2- 1220

T>3

The minimum value of [X| — |y| is V3.
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G10 In Figure 3, in AABC, AB=AC, x<45. If P and Q C
are two points on AC and AB respectively, and AP
=PQ =0QB =BC < AQ, find the value of x.
Reference:2004 HG9, HKCEE 2002 Q10

Method 1
Join PB. ZAQP =x° (base £s is0s. A)
ZBPQ = ZPBQ (base Zs is0s. A)
° C
=X? (ext. / of ABPQ)
Let R be the mid point of PB. Join QR and produce P

its own length to S so that QR = RS.
Join PS, BS and CS.

PQBS is a //-gram (diagonals bisect each other) A Q ' B
. PS=PQ =BQ = BS (opp. sides of //-gram)

.+ PS//QB

- LCPS =x° (corr. Zs, PS // AB)

PC=AC-AP=AB-BQ=AQ

.. ASPC = APAQ (S.A.S)

- SC=PQ (corr. sides, = A's)
.. BS=SC=BC

ABCS is an equilateral triangle.

ZSBC = ZSCB = 60°

ZSCP =ZAQP =x° (corr. Zs, = A's)

ZSBQ =X?+X? =X° (corr. Zs, = A's)
In AABC, x° + x° + x° + 60° + 60° = 180° (£ sum of A)

Xx=20

Method 2 Let AP=PQ=0QB=BC=t,1let AQ=y

ZAQP =x° (base Zs is0s. A)

AQ=y=2tcosx°=y+t-t=AC-AP=CP

/ZBPQ = ZPBQ (base Zs is0s. A)
=X7 (ext. / of ABPQ)

ZQPC =2x° (ext. £ of AAPQ)

/BPC = /QPC — /BPQ = 2x° —X? =%

ZABC = ZACB =90° —X? (£ sum of isos. AABC)

/CBP = /ABC — /PBQ = 90° _%_%: 90° — x°

- cP =— BC (Sine law on ABCP)
sin ZCBP  sin ZBPC
2tcos X” t

sin(90° - X°) sinﬁ

sin>X_ -1 . x—20
2 2
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Method 3 Reflect AABP along PB to ARPB

AABP = ARPB (by construction) R C
Join AR, AB = BR (corr. sides, = A's)
ZAQP =x° (base £s is0s. A)
/ZBPQ = ZPBQ (base Zs is0s. A) -

X

=— t. Z of ABP !

5 (ext. Z o Q) A Q B

/PBR =X? (corr. /s, = A's)

/ABR = /ABP + /RBP =X7 +X?= X°

.. ZABR = ZBAC =x°

AC =AB (given)
=BR (corr. sides, = A's)
.. AABR = ABAC (S.A.S)
AR =BC (corr. sides, = A's)
= AP =PR (given)
AAPR is an equilateral triangle. (3 sides equal)
ZPAR = 60° (£ of an equilateral triangle)

Z/BAR = 60° + x°
Z/ABC = 90° —X? (/ sum of isos. AABC)
ZABC = ZBAR (corr. Zs, = A's)

60° + x° = 90° — X
2

X =20

Method 4 Let AP=PQ=QB=BC =t

Use Q as centre, QP as radius to draw an arc, cutting R C
AC at R. QR = QP =t (radius of the arc)

ZAQP =x° (base Zs is0s. A) P t
ZQPR = 2x° (ext. £ of AAPQ)

ZQRP =2x° (base £s is0s. A)

Z/BOR = 3x° (ext. Z of AAQR) A Q t B

ZOBR = 90° —3% ( sum of isos. AQBR)
3x° X’
ZBRC=00°—22+x"=00° =X (ext. £ of ABR)

/ABC = /ACB = 90° —X? — /BRC  (/ sum of isos. AABC)

.. BR=BC=t (sides opp.eq. £s)

ABQR is an equilateral triangle. (3 sides equal)
Z/BQR = 3x°=60°

X=20
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Method 5 Let AP=PQ=QB=BC=t,AQ =y

ZAQP =x° (base £s is0s. A)
ZBPQ = /ZPBQ (base £s is0s. A)

=X7 (ext. Z of ABPQ)
ZQPC = 2x° (ext. Z of AAPQ)

/BPC = ZQPC — ZBPQ = 2x° —X?=%
Z/ABC = Z/ACB = 90° —X? (/s sum of AABC)

As shown, construct two triangles so that

AABC = AACD = AADE
Join BE, BD, BP.
AP=BC=t,PQ=CD=t (corr. sides=A's)

/ZBCD =2x/ACB = 180° — x° = ZBQP (adj. Zs on st. line)
.. ABCD = ABQP (S.A.S.)
BD=BP...... (1) (corr. sides = A's)
ZCBD = ZQBP =X7 ; /BDC = /BPQ =X? (cort. Zs = A's)
/BDE = Z/ADE + Z/ADC — /BDC

=90° X + 900 XL X

2 2 2
=180° 3
2

=180° - ZBPC

= /APB (adj. Zs on st. line)
.. Z/BDE=ZAPB ...... (2)
AP=DE ...... 3) (by construction, corr. sides = A's)
By (1), (2) and (3), ABDE = ABPA (S.A.S.)
.. BE=AB=y+t=AE (corr. sides = A's)
.. AABE 1is an equilateral triangle
ZBAE =x° +x° + Xx° = 60° (angle of an equilateral triangle)
Xx=20
Method 6 The method is provided by Ms. Li Wai Man ) E t C
Construct another identical triangle ACD so that
ZACD =x°, CE=t=EP=PA=AD /%
CD = AB and AD = BC t P t
.. ABCD is a parallelogram (opp. sides equal)
CE=t=QBand CE//BQ (property of //-gram) t
.. BCEQ is a parallelogram (opp. sides equal and //) A Q B
S~EQ=1t=PQ=EQ (property of //-gram)
APQE is an equilateral triangle
ZQPE = x° + 2x° = 60°
X=20
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Method 7 Let AP=PQ=QB=BC=t,AQ =y

ZAQP =x° (base £s is0s. A)
ZBPQ = /ZPBQ (base £s is0s. A)

=X7 (ext. Z of ABPQ)
ZQPC = 2x° (ext. Z of AAPQ)

/BPC = ZQPC — ZBPQ = 2x° —X?=%

Z/ABC = Z/ACB = 90° —X? (/ sumof AABC)

As shown, reflect AABC along AC to AADC
AABC = AADD

Join BD, BP, PD.

AP=BC=t,PQ=CD=t (corr. sides=A's)
/BCD =2x/ACB = 180° — x° = ZBQP

.. ABCD = ABQP
BD=BP ...... (1)
BP =PD
.. ABDP is an equilateral triangle.
/BPD =2/BPC =2x % = 60°
X=20

Spare Group

GS

Created by Mr. Francis Hung

(adj. Zs on st. line)
(S.A.S.)

(corr. sides = A's)
(corr. sides = A's)

In Figure 4, ABCD is a rectangle. Let E and F be two points on 4

DC and AB respectively, so that AFCE is a rhombus.
If AB =16 and BC = 12, find the value of EF.

Let AF=FC=CE=EA=t

DE=16-t=BF

In AADE, 122 + (16 — t)* = t? (Pythagoras’ Theorem)
144 +256 — 32t + t> =12

32t =400

t=12.5

In AACD, AC? = 12% + 167 (Pythagoras’ Theorem)
AC=20

G = centre of rectangle = centre of the rhombus
AG=GC=10 (Diagonal of a rectangle)
LetEG=x=FG (Diagonal of a rhombus)
In AAEG, x> + AG>=1>  (Pythagoras’ Theorem)
xX*+10%=12.5°

X=17.5

EF=2x=15

F B
D E C
A t F16- E
t A 2
12\
Di6-E C
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Answers: (2009-10 HKMO Heat Events) Created by Mr. Francis Hung

Geometrical Construction

1.  Figure 1 shows a line segment AB of length 1 unit. Construct a line

1 unit
*——o0

segment of length V7 units. A B Figure 1

Method 1
(1) Extend AB. Use a pair of compasses to mark the points C, D, E
so that AB=BC = CD = DE. AE = 4 units.

(2) Use C as centre, CA = CE as radius to draw a semi-circle.

(3) Use E as centre, EB as radius (3 units) to draw an arc, which A ¢ )
intersects the semi-circle at P. 4 units
(4) Join AP.

ZAPC =90° (£ in semi-circle)

AP =442 -32 =\[7 (Pythagoras’ Theorem)
Method 2

(1) Extend AB. Use a pair of compasses to mark
the points C, D, E, F, G, H, | so that AB = BC
=CD=DE=EF=FG=GH=HI.

Bl = 7 units.
(2) Use E as centre, EA = EI (4 units) as radius to

draw a semi-circle.

(3) Use A as centre, AC as radius to draw an arc;
use C as centre, CA as radius to draw an arc.
The two arcs intersect at R and S.

(4) Join RS and extend it to cut the circle at P and
Q. respectively

Then PB =\/7 units.

Proof: PB = BQ (L from centre bisect chord)
ABxBC = PBxBQ (intersection chords theorem)
1x7 = PB?

PB =\/7 units
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Answers: (2009-10 HKMO Heat Events) Created by Mr. Francis Hung

2.  Given that AABC is equilateral. P, Q and R are distinct points lying on the lines AB, BC and CA
such that OP L AB, OQ L BC, OR L CA and OP = OQ = OR. Figure 2 shows the line segment
OP. Construct AABC.

O Figure 2

Construction steps

(1)
2
€)
(4)
©)

(6)
(7
(8)

Use O as centre, OP as radius to construct an arc; use P as centre, PO as radius to construct
another arc. The two arcs intersect at H and |. AOPH and AOPI are equilateral.

Use H as centre, HP as radius to construct an arc; use P as centre, PH as radius to construct
another arc. The two arcs intersect at O and J. APHJ is equilateral.

Use | as centre, IP as radius to construct an arc; use P as centre, Pl as radius to construct
another arc. The two arcs intersect at O and K. APIK is equilateral.

Use H as centre, HJ as radius to construct an arc; use J as centre, JH as radius to construct
another arc. The two arcs intersect at P and B. ABHJ is equilateral.

Use | as centre, IK as radius to construct an arc; use K as centre, Kl as radius to construct
another arc. The two arcs intersect at P and A. AAIJ is equilateral.

BP is the angle bisector of ZHPJ.AB L OP.

Use O as centre, OH as radius to construct an arc; use H as centre, HO as radius to
construct another arc. The two arcs intersect at P and Q. AOHQ is equilateral.

Use O as centre, Ol as radius to construct an arc; use | as centre, 10 as radius to construct
another arc. The two arcs intersect at P and R. AOIR is equilateral.

Join AB, AR produced and BQ produced to meet at C.

Then AABC is the required equilateral triangle.
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Answers: (2009-10 HKMO Heat Events) Created by Mr. Francis Hung

3.  Figure 3 shows a line segment AB. Construct a triangle ABC A B
such that AC : BC =3 :2 and ZACB = 60°.
Method 1
Step 1 Construct an equilateral triangle ABD.

Step 2 Construct the perpendicular bisectors of AB and AD
respectively to intersect at the circumcentre O.
Step 3 Use O as centre, OA as radius to draw the
circumscribed circle ABD.
Step 4 Locate M on AB so that AM: MB=3:2

(intercept theorem)

Step 5 The perpendicular bisector of AB intersect the minor
arc AB at X and AB at P. Produce XM to meet the
circle again at C. Let ZACM =606, ZAMC = q..
AAPX = ABPX (S.A.S)
AX =BX (corr. sides = A’s)
ZACX =~/ZBCX=0 (eq. chords eq. angles)
ZAMC = a, ZBMC = 180° — a (adj. £s on st. line)
3k:sin6=AC:sina...... (1) (sine rule on AACM)
2k : sin 6 =BC : sin (180° - ) ...... (2) (ABCM)
Use the fact that sin (180° — o) = sin a;
(1)+(@2):3:2=AC:BC
ZACB = ZADB = 60° (Zs in the same segment)
AABC is the required triangle.

Method 2

Step 1 Use A as centre, AB as radius to draw an arc PBH.

Step 2 Draw an equilateral triangle AHP (H is any point on
the arc) ZAPH = 60°

Step 3 Locate M on PH so that PM :é PH

(intercept theorem)

Step 4 Produce AM to meet the arc at B.

Step 5 Draw a line BC // PH to meet AP produced at C.
ZACB = 60° (corr. Zs, PH // CB)
AABC ~ AAMP (equiangular)
AC:CB=AP:PM (ratio of sides, ~A's)

=1:g =3:2
3

AABC is the required triangle.
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Answers: (2009-10 HKMO Heat Events) Created by Mr. Francis Hung

Method 3 (Provided by Mr. Lee Chun Yu, James from St. Paul’s Co-educational College)

Step 1 Construct an equilateral triangle ABD.

Step 2 Construct the perpendicular bisectors of AB, BD and AD respectively to intersect at the
circumcentre O.

Step 3 Use O as centre, OA as radius to draw the circumscribed circle ABD.

Step 4 Locate M on AB so that AM : MB = 3 : 2 (intercept theorem)

Step 5 Produce AB to N so that BN = 2AB.
Let AM = 3k, MB = 2k, BN = 10k, then AN : NB = 15k : —10k = 3 : -2 (signed distance)
N divides AB externally in the ratio 3 : —2.

Step 6 Construct the perpendicular bisectors of MN to locate the mid-point L.

Step 7 Use L as centre, LM as radius to draw a semi-circle MCN which intersects the circle ABD
at C.

Step 8 Join AC and BC, then AABC is the required triangle.

Proof: Method 3.1

X

A

3 2

A(80)  M(-2,0) B[0,0) * L(4,0) 6 N(10,0))

For ease of reference, assume AM =3, MB =2

Introduce a rectangular co-ordinate system with B as the origin, MN as the x-axis.

The coordinates of A, M, B, L, N are (-5, 0), (-2, 0), (0, 0), (4, 0) and (10, 0) respectively.
Equation of circle MCN: (X +2)(X — 10) +y> =0 = y>* =20+ 8X —X* ...... (1)

Let C=(X,Y).

CA=/(x+5) +y* =v/x* +10X+25+20+8x — X*> =~/18X+ 45 =34/2x+5 by (1)
CB =1/X* + Y =/x? +20+8x— x> =+/8X+20=2/2X+5 by (2)

CA 3J2x+5 3

ZACB = ZADB = 60° (s in the same segment)
AABC is the required triangle.
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Answers: (2009-10 HKMO Heat Events) Created by Mr. Francis Hung

Proof: (method 3.2)
MN = 12k

ML = LN = 6k

BL = 4k

Join CM, CN.

Draw TL // CN

TL intersects AC, MC
and BC at S, R and Q
respectively.

jMCN %9.00 A * M * /B m L 6k "N
in semi-circle

T and P are the feet of perpendiculars from A and B onto TL respectively.
ZMRL =90° (corr. Zs TL//CN)

Let CR=x=RM (L from centre bisects chord)
ACSR = AMSR (S.A.S.) and ACQR = AMQR (S.A.S.)

S CS=MSand CQ=MQ ...... *) (corr. sides, = As)

ALMR ~ ALAT (AT // MR, equiangular)
AT : MR=AL : ML (ratio of sides, ~As)
AT ok, Xx=1.5x
ok

AATS ~ ACRS (AT // CR, equiangular)
AS:SC=AT:CR (ratio of sides, ~As)

=1.5x:X

=3:2 ... (1)
ALMR ~ ALBP (BP // MR, equiangular)
BP: MR=BL: ML (ratio of sides, ~As)
BP _dk, X _2x

ok 3
ABPQ ~ ACRQ (PB // CR, equiangular)
BQ:QC=BP:CR (ratio of sides, ~As)
2X
=—:X
3

=2:3 ... (2)
By (1):AS:SC=3:2=AM: MB
.. SM// CB (converse, theorem of equal ratio)
By (2):BQ:QC=2:3=BM:MA
- AC // MQ (converse, theorem of equal ratio)

.. CSMQ is a parallelogram formed by 2 pairs of parallel lines
By (*), CS=MS and CQ = MQ

.. CSMQ is a rhombus

Let ZSCM=0=ZQCM (Property of a rhombus)
Let ZAMC = a, ZBMC = 180° — o (adj. Zs on st. line)
3k:sin0=AC:sina...... 3) (sine rule on AACM)

2k : sin ® =BC : sin (180° — ) ...... (4) (sine rule on ABCM)

Use the fact that sin (180° — o) = sin a;

3)+@):3:2=AC:BC

ZACB = ZADB = 60° (s in the same segment)
AABC is the required triangle.
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Method 4 (Provided by Chiu Lut Sau Memorial Secondary School Ip Ka Ho)
P4 C

N
~
o—ft—
vy)

Step 1 Construct an equilateral triangle PQR. (QR is any length)

Step 2 Produce PQ and PR longer. On PQ produced and PW produced, mark the points S, T, U,
V and W such that PS = ST = TU = PV = VW, where PS is any distance.

Step 3 Join UW.

Step 4 Copy ZPUW to ZBAC.

Step 5 Copy £ZPWU to ZABC. AC and BC intersect at C.
AABC is the required triangle.

Proof: By step 1, ZQPR = 60° (Property of equilateral triangle)
Bystep2, PU: PW=3:2
By step 4 and step 5, ZPUW = ZBAC and Z/PWU = ZABC
APUW ~ ACAB (equiangular)
AC:BC=PU:PW=3:2 (corr. sides, ~As)
The proof is completed.
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