Answers: (2010-11 HKMO Final Events) Created by Mr. Francis Hung

Individual Events
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Sample Individual Event (2009 Final Individual Event 1)
S1.1 Leta, b, c and d be the distinct roots of the equation x* — 15x% + 56 = 0.
If R =a? + b?> + ¢ + d?, find the value of R.
x*t—15x2+56=0= (x*-7)(x*—-8)=0
a:ﬁy b:_ﬁa C:\/ga d :_\/g
R=a>+b*+c*+d*=7+7+8+8=30
S1.2 InFigure 1, AD and BE are straight lines with AB=AC and AB A
/I ED.
If ZABC = R° and ZADE = §°, find the value of S. £
ZABC =30°= ZACB (base £ is0s. A)
ZBAC=120° (Zs sum of A) C
ZADE =120° (alt. Zs AB // ED) B
§=120 b
S13 LetF=1+2+22+23+ ... +2%and T'= w , find the value of T.
09
ol2l _4q
F=1+2+22+2%+ .., +212°=—2 . =211

121
7= log1+F) _ [log2 11
log2 log2

S1.4 Let f(x) be a function such that f(n) = (n — 1)f(n — 1) and f(n) # 0 hold for all integers n > 6.

IfU= L , find the value of U.
(T-1)f(T-3)

f(n)=(n-Dfn-1)=mn-1)n-2)f(n-2)="-----
f(11)  _10x9x8xf(8)

U= = =8x9=72
-1)f(11-3)  10xf(8)
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Answers: (2010-11 HKMO Final Events) Created by Mr. Francis Hung

Individual Event 1

I1.1 Ifthe average of a, b and c is 12, and the average of 2a + 1, 2b + 2, 2c + 3 and 2 is P, find the
value of P.

atb+c=36...... (D)
P:2a+1+2b+2+20+3+2:2(a+b+c)+8:2><36+8:

4 4 4

20

11.2 Let20112011 = aP’ + bP*+ cP? + dP? + eP + f, where a, b, ¢, d, e and f are integers and 0 < a,
b,c,d,e, f[<P.IfQ=a+b+ c+d+ e+, find the value of Q.
Reference: 2008 FG4.3
2002 011 201 1

20[1 005600 1
2005 02 8 0 - 0
w0l2 51 4 0

E ...... 14
6 e 5

a=6,b=5c=14,d=0,e=0,/=11;,0=6+5+14+0+0+ 11 =36

I1.3 If R is the units digit of the value of 82 + 710€ + 61000 + 510000 " fin( the value of R.
836 =6 (mod 10), 7°°° = 1 (mod 10), 63%° = 6 (mod 10), 53 = 5 (mod 10)
836 4 7360 4 43600 4 536000 =g+ 1 +6+5=8 (mod 10)
R=8

I1.4 IfSis the number of ways to arrange R persons in a circle, find the value of S.

Reference: 1998 FI5.3, 2000 FG4.4
First arrange the 8 persons in a row. Number of permutations = P> = 8!

Suppose the first and the last in the row are 4 and H respectively.
Now join the first and the last persons to form a ring.
A can be in any position of the ring. Each pattern is repeated 8 times.

8l
.. Number of permutations =§ =5040

Remark: the original version was ..."arrange R people" ...
Note that the word "people" is an uncountable noun, whereas the word "persons" is a countable
noun.
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Answers: (2010-11 HKMO Final Events) Created by Mr. Francis Hung

Individual Event 2
I12.1 Ifthe solution of the system of equations {3)()5:%% 253 are positive integers,
find the value of P.
5(1)—(2): 2x=5P—13 _ y=2P-13
(2)=3(1):2y=13 - 3P :>y=13_3p
P-13 13-3P

>0 and >0 and P is odd

-+ x and y are positive integers .".

%<P<1—33 and Pisodd=> P =3

122 Ifx+y=P,x*+y*=Qand x>+ = P2, find the value of Q.
Reference: 2002 FG1.2
x+ty=3,x*+y’=Qandx*+)*=9
G+ =3 =x2+12+2y=9=0+2xy=9 ...... (1)
G ENE+Y-x)=9=3(0-x)=9=0-xy=3 ...... (2)
(1)+2(2):30=15=0=5

12.3 If @ and b are distinct prime numbers and a> — aQ + R = 0 and b*> — bQ + R = 0, find the value
of R.
a>—5a+R=0and b>-5b+R=0
a, b are the (prime numbers) roots of x> —5x + R=0
a+tb=5.... (1),ab=R ...... (2)
a=2,b=3=>R=6

12.4 IfS>0and 1 + 1 1

=1—% , find the value of S.

ss5-1) " (5+1s " (5+20)s+19)

(1 1) 1 1} ( 1 1 j 5

RN i N [ + — ——

s-1 s)'\s s+1 S+19 S+20) 6
1 1 .
S-1 S+20 6
21 5

(S-1)S+20) 6
5(5%+ 195 —20) =126
55%+955-226=0
 —95+./13545
- 10
_ —95+34/1505

10

S
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Answers: (2010-11 HKMO Final Events) Created by Mr. Francis Hung

Individual Event 3

13.1

13.2

13.3

If P is a prime number and the roots of the equation x> +2(P + 1)x + P> — P— 14 = 0 are integers,
find the least value of P.

Reference: 2000 FI5.2, 2001 FI2.1, 2010 FI12.2, 2013 HG1

A=4P+ 172 -4P*-P-14)=m?

2
(gjzfﬁ+2P+1[ﬁ+P+l4=3P+15

The possible square numbers are 16, 25, 36, ---

3P+ 15 =16 (no solution); 3P + 15 =25 (not an integer); 3P+ 15=36 = P=7
The least possible P =7

Given that x> + ax + b is a common factor of 2x> + 5x? + 24x + 11 and x* + Px — 22 .
IfQ=a+ b, find the value of 0.

Reference 1992 HIS5, 1993 F15.2, 2001 FI11.2

Let f(x) = 2x* + 5x* + 24x + 11; g(x) = x> + Tx — 22
g(2)=8+14-22=0=x—2is a factor

By division g(x) = (x — 2)(x? + 2x + 11); f(x) = 2x + 1)(x> + 2x + 11)
a=2,b=11;0=a+b=13

Method 2

Let f(x) = 2x* + 5x% + 24x + 11 = (x> + ax + b)(cx + d)

g)=x3+7x -22=(*+ax + b)(px + q)

fx) — 2g(x) = 2x> + 5x% + 24x + 11 = 2(x* + 7x — 22) = (x*> + ax + b)[(c — 2p)x + d — 2q]
5x2+ 10x + 55 = (x> + ax + b)[(c — 2p)x +d — 2q]

By comparing coefficients of x* and x? on both sides:

c=2pandd—-2qg=5

5x%+ 10x + 55 =5(x* + ax + b)

a=2,b=11

O=a+b=13

If R is a positive integer and R* + 4R> + (O — 93)R + 14Q + 10 is a prime number, find the value
of R.

(Reference: 2004 F14.2)

Let f(R) = R* + 4R> - 80R + 192

f(4)=64+ 64 -320+192=0 = x —4 is a factor

By division, f(R) = (R — 4)(R*> + 8R - 48) = (R - 4)*(R + 12)

-+ f(R) is a prime number

L R-4=1
= R=5and R+ 12 =17, which is a prime.
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Answers: (2010-11 HKMO Final Events) Created by Mr. Francis Hung

I13.4 In Figure 1, AP, AB, PB, PD, AC and BC are line segments and
D is a point on 4B. If the length of 4B is R times that of 4D,

ZADP = ZACB and S =% , find the value of S.

Consider AADP and A4BP.
ZADP = ZACB = ZAPB (given, Zs in the same segment AB)
ZDAP = ZPAB (Common)
ZAPD = ZABP (£s sum of A)
.. AADP ~ AAPB (equiangular)
Let AD =k, AB = 5k, AP=y
PB_AB_AP (Ratio of sides, ~A's)
PD AP AD
PB_Sk _y
PD y Kk
2
y y_
L] =5=2=5
(&) ==
PB NG
—=1/5
PD
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Answers: (2010-11 HKMO Final Events) Created by Mr. Francis Hung

Individual Event 4

I4.1 Consider the function y = sin x ++/3 cos x . Let a be the maximum value of y .
Find the value of a .

y=sinx++/3cosx
=2 sinx-l+cosx-£
2 2

= 2(sin X-c0s60° + cosx~sin60°)
=2 sin(x + 60°)

a = maximum value of y =2

I14.2 Find the value of » if b and y satisty |[b—y|=b+y—aand |b+y|=b+a.
From the first equation :
(b-y=b+y-2o0ry—-b=b+y—-2)andb+y—-22>0
(y=lorb=1)andb+y—-22>0
Wheny=1=5b2>1":---- 3)

Whenb=1=y>1:.---- €))

From the second equation:
(b+y=b+2orb+ty=-b-2)andb+22>0
(y=2o0r2b+ty=-2)and b>-2
Wheny=2andb>-2 ------ (5)

When2b+y=-2andb>-2=(y<2andb>-2and2b+y=-2) - (6)

(3)and (5): y=1,b>1and y =2 and b > -2 = contradiction

3)and (6):y=1,b>1land (y<2,6>2-2,2b+y=-2)=y=1landb=-15and b>1!!!
4)and (6): (y>1,b=1)and (v <£2,b>-2,2b+y=-2)=>y=—4,b=1landy>1!!!

@ and (5):(b=1,y>21)and (y=2,b>2-2)=b=1andy=2

Sb=1

14.3 Letx, y and z be positive integers. If |x — |10+ |z —xP’!"'=pand c=|x —y| + |y — 2| + |z — x],
find the value of c.
Reference: 1996 FI12.3, 2005F14.1, 2006 F14.2, 2013 FI1.4,2015 HG4, 2015 FI1.1
Clearly |x — y| and |z — x| are non-negative integers
Ix — 2010 4 |z — P01 =
= (x-y/=0and|z—x|=1)or (x—y|=1and |z—x| =0)
Whenx=yand |z—x|=1,
c=0+|y—z|+t|z—x|=2]z—x|=2
When [x —y|=1and |z—x| =0,
c=1+y—z|+t0=1+|y—x|=1+1=2

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOFina\HKMOfinalanswers\HKMO2011 finalans.docx  Page 6



Answers: (2010-11 HKMO Final Events)

I14.4 1In Figure 1, let ODC be a triangle. Given that FH, AB,
AC and BD are line segments such that AB intersects FH
at G, AC, BD and FH intersect at EGE =1, EH= c and
FH /! OC. If d = EF, find the value of d.

AAGE ~ AABC (equiangular)
Let C—EZk,AEZx,AGZ .
AE

BC=k+ 1, EC=kx, GB =kt (corr. sides, ~As)
ADEH ~ ADBC (equiangular)

BC k+1 DB

EH 2 DE
Let DE=2y = DB=(k+ 1)y
EB=DB—-DE=(k-1)y
AAFG ~ AAOB (equiangular)

OB AB

FG=d-1, —=—— (corr. sides, ~As)
FG AG

(corr. sides, ~As)

0B =(d —1)-@#61— Dk +1)

ADFE ~ ADOB (equiangular)

=d=2

Created by Mr. Francis Hung

D

Method 2

AAFG ~ AAOB and AAGE ~AABC

d-1 OB

=—— (corr. sides, ~As)

1 BC

ADFE ~ADOB and ADEH ~ ADBC

d_0O8B (corr. sides, ~As)
2 BC

Equating the two equations
d-1_d
2

I =

Remark: There are some typing mistakes in the Chinese old version:

-+ AC [z AD Fs4%3E% --- FH// BC ---
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Answers: (2010-11 HKMO Final Events) Created by Mr. Francis Hung

Individual Spare

IS.1 Let P be the number of triangles whose side lengths are integers less than or equal to 9. Find
the value of P.
The sides must satisfy triangle inequality. i.e. a + b > c.
Possible order triples are (1, 1, 1), (2, 2, 2), ..., (9,9, 9),
(2,2,1),(2,2,3),(3,3,1),(3,3,2),(3,3,4), (3,3, 5),
(4,4,1),(4,4,2),(4,4,3),(4,4,5),(4,4,6),(4,4,7),
(5,5, 1),...,(5,5,4),(5,5,6),(55,7), (5,5, 8), (5, 5,9),
(6,6,1),...,(6,6,9) (except (6, 6, 6))
7,7,1), ...,(7,7,9) (except (7,7, 7))
(8,8,1),...,(8,8,9) (except (8, 8, 8))
9,9,1),...,(9,9,8)
(2,3,4),(2,4,5),(2,5,6),(2,6,7),(2,7,8),(2,8,9),
(3,4,5),(3,4,6),(3,5,6),(3,5,7),(3,6,7),(3,6,8),(3,7,8),3,7,9), (3, 8,9),
(4,5,6),(4,5,7),(4,5,8),(4,6,7),(4,6,8),(4,6,9),(4,7,8),(4,7,9), (4, 8,9),
(5,6,7),(5,6,8),(5,6,9),(5,7,8),(5,7,9),(5,8,9), (6,7,8),(6,7,9), (6, 8,9), (7,8, 9).
Total number of triangles =9+ 6+6+8x5+6+9+9+6+4=95
Method 2 First we find the number of order triples.
Case 1 All numbers are the same: (1,1, 1), ...,(9,9,9).
Case 2 Two of them are the same, the third is different: (1, 1, 2), ... , (9,9, 1)

There are C; x C{= 72 possible triples.
Case 3 All numbers are different. There are Cg? = 84 possible triples.

.. Total 9 + 72 + 84 = 165 possible triples.

Next we find the number of triples which cannot form a triangle,i.c.a + b <c.
Possible triples are (1, 1, 2), ... (1, 1, 9) (8 triples)

(1,2,3),...,(1,2,9) (7 triples)

(1,3,4), ..., (1, 3,9) (6 triples)

(1,4,5), ..., (1,4,9) (5 triples)

(1,5,6), ...,(1,5,9) (4 triples)

(1,6,7),(1,6,8),(1,6,9),(1,7,8),(1,7,9), (1, 8,9),

(2,2,4),...,(2,2,9) (6 triples)

(2,3,5),...,(2,3,9) (5 triples)

(2,4,6),...,(2,4,9) (4 triples)
(2,5,7),(2,5,8),(2,5,9),(2,6,8),(2,6,9),(2,7,9),

(3,3,6), ...,(3,3,9) (4 triples)
(3,4,7),33,4,8),(3,4,9),(3,5,8),(3,5,9),(3,6,9),(4,4,8),(4,4,9), 4, 5, 9).
Total number of triples which cannot form a triangle
=@+7+...+D+(O6+5+.. .+ D)+@A+3+2+ 1)+ 2+1)=36+21+10+3=70
.. Number of triangles = 165 — 70 = 95
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Answers: (2010-11 HKMO Final Events) Created by Mr. Francis Hung

IS.2 Let O =logizs 23+ logias 2° + logizs 27 + ... + logias 27, Find the value of Q.
O=3logis2+5logis2+ 7 logis 2+ ... + 95 logis 2

3+95

=@B+5+...+95) logig 2= x 47 x logizs 2 = logias 2239 = logi2s (27)3% = 329

IS.3 Consider the line 12x — 4y + (Q — 305) = 0. If the area of the triangle formed by the x-axis, the
y-axis and this line is R square units, what is the value of R?

1
12x—4y+24=0:>Height=6,base=2;areaR=E-6-2=6

Remark: the original question is ...12x -4y + 0 =0....
The answer is very difficult to carry forward to next question.

IS4 Ifx +%= R and x3 + % =S, find the value of S.
X

il
(3] 4

=R’ -3R
=216 - 3(6)
=198

=R
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Answers: (2010-11 HKMO Final Events) Created by Mr. Francis Hung

Sample Group Event (2009 Final Group Event 1)
SG.1 Given some triangles with side lengths @ cm, 2 cm and b cm, where a and b are integers and
a <2 < b. If there are ¢ non-congruent classes of triangles satisfying the above conditions, find
the value of g.
When a = 1, possible b =2
When a =2, possible b =2 or 3
S.q=3
3

SG.2 Given that the equation |X| _4 =——has k distinct real root(s), find the value of k.
X X

When x>0 : x> — 4 =3x
=>x*-3x-4=0
=>x+Dx-4)=0
=>x=4

When x <0 :—x?—-4=-3x
=x?-3x+4=0
A=9-16<0
= no real roots.

k=1 (There is only one real root.)

:1 and x —
12

SG.3 Given that x and y are non-zero real numbers satisfying the equations

vy
Jx

S

y=7.1fw=x+Yy, find the value of w.

The first equation is equivalent to X;\/_y = é = \/x_y =12=xy =144
Xy

144 . 144
Sub.y=7 intox—y=7: X—T=7:>x2—7x—144:0:(x+9)(x—16)=0
X =-9or 16; when x = -9,y =-16 (rejected X s undefined); when x =16;y =9
w=16+9=25

Method 2 The first equation is equivalent to )\(/__y = é = \/x_y =12=xy=144 ...... (1)
Xy

cx—y=7andx+y=w

w+7 w—7
X = y=——
2 2
. . C(wWH+T Y\ (w=7
Sub. these equations into (1): 5 > =144
wW? — 49 =576 = w =125
~. From the given equation %—ﬂ =—, we know that both x>0andy >0
y WX

~w=x+y=25only
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Answers: (2010-11 HKMO Final Events) Created by Mr. Francis Hung

1+\/y2—1=0.

SG.4 Given that x and y are real numbers and |X— 5

Let p = |x| + |y, find the value of p.
Reference: 2006 FI4.2 --- )2 + 4y + 4+ /x+y+k=0.1fr = x|, ---

and /y?—1 are non-negative numbers.

Both X—l
2

The sum of two non-negative numbers = 0 means each of them is zero
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Answers: (2010-11 HKMO Final Events) Created by Mr. Francis Hung

Group Event 1
G1.1 In Figure 1, BC is the diameter of the circle. 4 is a point on the A

circle, AB and AC are line segments and 4D is a line segment
perpendicular to BC. If BD = 1, DC = 4 and AD = a, find the ;

value of a.
AABD ~ ACAD (equiangular)

a 4 . .
—=— (ratio of sides ~A’s)

1
a?=1x4
a=?2
G1.2 Ifb =1—;1, find the value of b.
1—
1
=
1- —
_1
2
NE TN R SRS W SR
_1 1 3 1
’ -7 =
—1 1

G1.3 If x, y and z are real numbers, xyz # 0, 2xy = 3yz = S5xz and ¢ z%, find the value of c.
X+3y—-6z

2xy 3yz 5xz
Xyz Xyz Xyz

Letx =3k, y =5k, z=2k
_x+3y—-3z _ 3k+15k -6k _

x+3y—6z 3k+15k—12k
G1.4 Ifx is an integer satisfying log,, (2X +1)< log,, (X —1), find the maximum value of x.

log(2x +1) g log(x —1)

:z:§—§:>x:y:223:5:2
zZ X Yy

Iog1 log=

4 2
log(2x +1) B log(x —1)
—2log2 —log?2

log(2x + 1) > 2 log(x — 1)
2x+1>(x—1)?

X2 —4x<0

O0<x<4

The maximum integral value of x is 3.
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Answers: (2010-11 HKMO Final Events) Created by Mr. Francis Hung

Group Event 2

G2.1 In Figure 1, two rectangles with widths 4 and 5
units cross each other at 30°. Find the area of the
overlapped region.
LetAB=x, BC=y, ZABC = 30°
xsin30°=5=x=10
ysin30°=4=y=8
Area = xy sin 30° = 10x8x0.5 = 40

G2.2 From 1 to 100, take a pair of integers (repetitions allowed) so that their sum is greater than 100.
How many ways are there to pick such pairs?
Reference: 2002 FG3.3
(1, 100), (2, 100), ..., (100, 100) (100 pairs)
(2,99), ...,(99,99) (98 pairs)
(3,98), ..., (98, 98) (96 pairs)
(49, 52), (50, 52), (51, 52), (52, 52) (4 pairs)
(50,51), (51, 51) (2 pairs)

Total number of pairs =2 +4+ ... + 100 =

2 *2100 x50=2550
Remark: the original version was ..."take a pair of numbers".. {15 100EEE] i #4. ..
There are infinitely many ways if the numbers are not confined to be integers.

G2.3 In Figure 2, there is a circle with centre O and
radius r. Triangle ACD intersects the circle at B,
C, D and E. Line segment AE has the same
length as the radius. If ZDAC =20° and £ZDOC
= x°, find the value of x.
LAOE 20° (Given AE = OE, base /s isos. A)
ZOED =20°+20° =40° (ext. £ of AAOE)
ZODE = ZOED = 40° (base £s 1s0s. A)
X=20+40=60 (ext. Zof AAOD)

G2.4 Giventhat 424520 and 2-8 2_0.1£P=2+ Y+ % find the value of P.

X y z X y z y z X

1) - Q): %+§=o:y=—z

3)+@): 24t oo x=
X Z
p:§+ y+£___z+__z+i__1
y Z X = Z -7
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Answers: (2010-11 HKMO Final Events)

Group Event 3

G3.1 If a is a positive integer and a® + 100q is a prime number, find the maximum value of a.

a(a +100) is a prime number.

Created by Mr. Francis Hung

a=1,a*+100a = 101 which is a prime number

G3.2 Leta, b and ¢ be real numbers. If 1 isarootof x2+ax+2=0
and a and b be roots of x2 + 5x + ¢ = 0, find the value of a + b + c.

l+a+2=0=>a=-3
3+b=-5=b=-2
c=-3b=6
a+tb+c=1

G3.3 Let x and y be positive real numbers with x < y. If /X + \/V =1, \/g + \/E = %
Yy X

and x <y, find the value of y — x.

(L)Zx+y+2 [xy=1

\/X_yzwmg)

2
x+y 10
2): =—...(4
() R 4)
Sub. (3) into (4): 1> :%
2
6(x+y)=10(1 —x-y)
16(x +y)= 10
-|- =
X y 8
1-(x+y) 1(, 5) 3
== V21T |==
Jry 2 2( 8j 16
e
" 256
25 9 1
Xl =(x+1V)2-4xy=—"1- "=
(—x)"=(x+y)" —4xy 64 64 2
_.=1
YIS
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Method 2

Letz=\/g,then 1=\/g
y z \x

(2) becomes z+ 1 = E
z 3

322-10z+3=0
Bz—1)z-3)=0

z=— or3
3

...x<y

X 1
Sz=|—<1=z=— only
\'y 3

-V 1=y
\/V+\/;_1+\/%

' \/;+\/§=1 \/V—x/;=
v =Wy =y +vx)-

-

H
Wk Wl
N |~

+

N |-




Answers: (2010-11 HKMO Final Events) Created by Mr. Francis Hung

G3.4 Spilt the numbers 1, 2, ..., 10 into two groups and let P; be the product of the first group and

P> the product of the second group. If P; is a multiple of P, find the minimum value of Fl
2

P\ = kP>, where k is a positive integer.

.. All prime factors of P, can divide P.

10 .
—=2, 10 must be a factor of the numerator and 5 must a factor of the denominator

7 is a prime which must be a factor of the numerator.
Among the even numbers 2, 4, 6, 8, 10, there are 8 factors of 2.
4 factors of 2 should be put in the numerator and 4 factors should be put in the denominator.

Among the number 3, 6, 9, there are 4 factors of 3.
2 factors of 3 should be put in the numerator and 2 factors should be put in the denominator.

P 8x7x9x%x10

Minimum value of —+=
P, 1x2x3x4x5x6
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Group Event 4

G4.1 If P =24/2007-2009- 2011 2013+10-2010- 2010—9 — 4000, find the value of P.
Letx=2010,2007=x-3,2009=x—-1,2011 =x+1,2013=x+3

P =24/(x=3)-(x=1)- (x +1)- (x +3)+10x? —9 — 4000=24/(x? — 9)- (x? —1)+10x> —9 — 4000
= 24/x* —10x? + 9+10x? —9 — 4000= 2x — 4000 = 20

G4.2 If 9x* + nx + 1 and 4y? + 12y + m are squares with n > 0, find the value of n
m

Ix*+nx+1=0Bx+1)P2=>n=6
42+ 12y +m=Q2y+3)P°=>m=9

n_2
m 3
47(4 n e . : .
G4.3 Letn and 3 EJFM be positive integers. If r is the remainder of n divided by 15, find the
value of r.
47( 4 n 4 n n+12 C )
— | —=+t—|==+—== , Which is an integer
5147 141) 5 15 15
n + 12 =15k, where k is a positive integer
r=3
G4.4 In figure 1, ABCD is a rectangle, and E and F are points on » E A

AD and DC, respectively. Also, G is the intersection of AF
and BE, H is the intersection of AF and CE, and [ is the
intersection of BF and CE. If the areas of AGE, DEHF and
CIF are 2, 3 and 1, respectively, find the area of the grey g

region BGHI. (Reference: 2014 FI1.1, 2019 FG3.2) B N
Let the area of EGH =X, area of BCI = z, area of BGHI = w ~
Area of BCE = %(area of ABCD) = area ADF + area BCF ¢ =

x+wH+z=3+x+2+1+z

=>w=6

.. Area of the grey region BGHI = 6
Remark: there is a spelling mistake in the English version. old version: ... gray region ...
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Group Spare

GS.1 Let o and B be the real roots of y> — 6y + 5 = 0. Let m be the minimum value of
Ix — a| + |x — B| over all real values of x. Find the value of m.

Reference: 1994 HG1, 2001 HGY, 2004 FG4.2, 2008 HIS8, 2008 FI1.3, 2010 HG6, 2012 FG2.3
a=1,B=5
fx<l,x—a|+x-B|=1-x+5-x=6-2x>4
fl<x<5@x—o|tx—Pl=x-1+5-x=4
Ifx>5|x—a|+|x—B|=x-1+x-5=2x-6>4
m=min. of |x —a|+ [x—B|=4
Method 2 Using the triangle inequality: |a| + |b| > |a + b|
x—a|+x—B|2x-1+5-x|=4=>m=4
Remark: there is a typing mistake in the English version. ... minimum value a of ...

GS.2 Let a, B, y be real numbers satisfying o + 3 +y =2 and afy =4. Let v be the minimum value
of |a| + [B| + |y|. Find the value of v.
If atleast one of a, B, y=0,then afy=4 =0, B,y =0
Ifa, B,y> 0, then

9HBHY S 8/6By (A M. >G.M.)
253
3

23 >27x4 =108, which is a contradiction
If B <0, in order that affy =4 >0, WLOG lety <0, o >0
a=2-B-y>2
lof + Bl + [y =a—(B+y)=2+2(-B-7)=2+4/(=B)=7), equality holds when B =y
4=(2-2p)p
B-B*+2=0
B+1)(B*-2B+2)=0
B =1 (For the 2" equation, A = —4 < 0, no real solution)
y=-l,a=4
o + Bl +ly|=1+1+4=6
v=min. of |a| + |B| + |y| =6

GS3 Lety=|x+ 1| =2|x| + |x — 2| and -1 <x < 2. Let a be the maximum value of y. Find the value
of a.
y=x+1-2x|+2—-x=3-2|x|
0<|x<£2=3>23-2x|>-1
oa=3
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GS.4 Let F be the number of integral solutions of x> + 2 +z2 + w? =3(x + y + z + w).
Find the value of F.
(x,y,z, w)= (0,0, 0, 0) is a trivial solution.
¥y + 2+ w?-3(x+ty+z+w)=0

(xz—3x+g)+(y2—3y+gj+(zz—3z+gj+(w2—3w+gj=9
4 4 4 4
() (3] (-3 ()
X=—| +|y——=| +|Z2—=| +|W—=]| =9
2 2 2 2

2x-3P+2y-3)%+Q2z-3)>+(2w-3)>=136
Leta=2x-3,b=2y—-3,c=2z-3,d=2w- 3, the equation becomes a? + b*> + c? + d*> = 36
For integral solutions of (x, y, z, w), (a, d, ¢, d) must be odd integers.

In addition, the permutation of (a, b, ¢, d) is also a solution. (e.g. (b, d, ¢, a) is a solution)

" a, b, c,d are odd integers and a® + b> + > +d* >0

If one of the four unknowns, say, a > 6, then L.H.S. > 36, so L.H.S. # R.H.S.
“a,b,c,d==1,43,+5
When a =15, then 25 + >+ 2+ d?> =36 => b* + > +d? =11
The only integral solution to this equation is b = £3, ¢ = 1 = d or its permutations.
When the largest (in magnitude) of the 4 unknowns, say, a is £3, then 9 + b> + ¢ + &> = 36
= b%>+ c? + d?> =27, the only solution is b = +3, ¢ = 3, d = £3 or its permutations.
.. The integral solutions are (a, b, ¢, d) = (5, 3, 1, 1) and its permutations ... (1) x P24= 12
(3,3,3,3)...2)x1
If (a, b, ¢, d) is a solution, then (+a, £b, tc, +d) are also solutions.
There are 16 solutions with different signs for (£a, £b, £c, £d).
S F=(12+1)x16
=208
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