Answers: (2010-11 HKMO Heat Events) Created by Mr. Francis Hung
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Find the remainder when 22°!! is divided by 13.
Reference: 1972 American High School Mathematics Examination Q31, 2015 FI4.1
20=64=13x5-1=-1mod 13; 2" =1 mod 13
2011 =12x167 +7
22010 = 126747 — (12)167, 97 = 27 = 26x2 = —1x2 =2 =11 mod 13
Given that x*> + y? = 1, find the maximum value of 2x + 5y?.
Reference: 2003 FG1.2, 2009 HIS
2X+5y? =2x+ 5(1 = x}) = -5x> +2x + 5
2 2
4ac—b’ _4(-5)-5-2 26 5o
4a 4(-5) 5

Given that a+ b =4+/2011++/2010 and a—b =++2011—=+/2010 , find the value of ab.

(Give your answer in surd form)
(a+b)2—(a—b)>=42011++2010 —+/2011 ++/2010

The maximum value =

4ab =2+2010
ab=%«/2010

In AABC, the ratio of the altitudes perpendicular to the three sides AB, BC and CAis 3 : 4 : 5.
If the lengths of the three sides are integers, find the minimum value of AB.

Let AB =c, BC = a, CA =b. By calculating the areas in 3 different ways:

3a=4b=>5c

a:b:c=20:15:12

The minimum value of AB =20

An integer X minus 12 is the square of an integer. X plus 19 is the square of another integer. Find
the value of x.

X—12=n%.--... (1); x+19=m?-..... (2), where m, n are integers.

(2)—(1): (m+n)(m—-n)=31

"+ 31 is a prime number

Sm+n=3landm-n=1

m=16,n=15

X=15*+12=237

A, B and C pass a ball among themselves. A is the first one to pass the ball to other one. In how

many ways will the ball be passed back to A after 5 passes?
Construct the following table:

Number of passes 1 2 3 4 5
A 0 1+1=2 1+1=2 3+3=6 54+5=10
B 1 0+1=1 1+2=3 3+2=5 5+6=11
C 1 0+1=1 1+2=3 3+2=5 5+6=11

There will be 10 ways for the ball to pass back to A.
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17  Find the value of \/7—\/5—\/13—2\/5.

Reference: 1993 FI1.4, 1999 HG3, 2001 FG2.1, 2015 FI4.2, 2015 FG3.1
V13-2J12 =y12-2J1x12 +1
—JWiz-1f
=12 -1
V712 =13-2412 =/7T-12 12 +1
—\J6-242%6+2
V62

I8 A school issues 4 types of raffle tickets with face values $10, $15, $25 and $40. Class A uses

several one-hundred dollar notes to buy 30 raffle tickets, including 5 tickets each for two of the

types and 10 tickets each for the other two types. How many one-hundred dollars notes Class
A use to buy the raftle tickets?
Suppose x tickets of $10, y tickets of $15, z tickets of $25, t tickets of $40 are bought.
100 is an even number, the face values $15 and $25 are odd numbers.
Then either (X, Y, z, t) = (5, 10, 10, 5) or (X, Y, z, t) = (10, 5, 5, 10) will make an even sum.
Case 1 (X,y,z,t)=(5,10,10,5)
Total cost = 10(5) + 15(10) + 25(10) + 40(5) = 650, which is not a multiple of 100, rejected.
Case 2 (X, Y, z,1)= (10,5, 5, 10)
Total coast = 10(10) + 15(5) + 25(5) + 40(10) =700
.. Class A uses 7 $100 notes.
19  The length and the width of a rectangle are integers. If its area is larger than its perimeter by 9,
find the perimeter.
Let the width be x and the length be y.
Xy—2(X+y)=9
X(y—2)-2y+4=13
(xX=2)y-2)=13
Xx-2=1,y-2=13

x=3,y=15
The perimeter = 2(3 + 15) =36
110 In the figure, ABCD is a trapezium with ZC = 90°. If the area of the D, C

equilateral triangle ABD is 16+/3 , find the area of trapezium ABCD.

Area of ABCD :% area of AABD

Area of trapezium = 16 V3+8+3=2443
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Group Events
G1 If (1000 — a)(1000 — b)(1000 — ¢)(1000 — d)(1000 — e) = 24% where a, b, ¢, d and e are even
numbers and a>b > ¢ >d > e, find the values of a, b, ¢, d and e.
247 = 20x32 = _6x(—2)x2x4x6
= (1000 — 1006)(1000 — 1002)(1000 — 998)(1000 — 996)(1000 — 994)
a=1006,b=1002,c =998, d =996, e =994
G2 ab denotes a two digit number with a as tens digit and b as the unit digit. R is the remainder

when ab is divided by a + b. Find the maximum value of R..
ab=10a+b=(a+bm+R_, where 0<R_<a+b

To find the maximum value of R_.

We start searching R from ab=99 downwards to 10.
ab=99,99 = (9+9)=5------ 9=R_
ab=198,98 = (9+8)=5------ 13=R
ab=189,89 = (9+8)=5------ 4=R_
ab=97,97+(9+7)=6 ----- 1=R
ab=288,88+ (8 +8) =5 ----- 8=R_
ab=79,79 = (7+9)=4 ----.. 15=R

The maximum value of the divisor is 16, which gives the maximum value of remainder = 15
For other divisors, which must be less than 16, the remainders must be less than 15.
. The maximum value of R_ is 15.

G3 Given that a, b and ¢ are integers, and a + b = 2011, ¢ — a = 2010, a < b. Find the greatest
possible value of a + b + c.
atb+c=2011+c
c=a+2010
Maximum a = 1005, b = 1006, ¢ = 1005 + 2010 = 3015
Maximum a +b +c¢=2011+ 3015 = 5026
G4 Given that n is a positive integer and n* — 18n*> + 49 is a prime number, find the value of n.
n*—18n?+49=(n>-7)—4n>=(n*+2n-7)(N>*-2n—7)
cnP+2n-7>n*-2n-7
n>—2n—7=1and n*+2n—7 is a prime
n—-2n-8=0
(n-Hn+2)=0
n = 4 only (verification: n? + 2n — 7 = 17 which is a prime)

X

442

f 1 +f 2 +f 3 +-o+f 2009 +f 2010 .
2011 2011 2011 2011 2011
Reference: 2004 FG4.1, 2012 F12.2

X 1-x X 1-x
f(X)+f(l—X): 4 + j- _ 44+4+2-4"+2 417
4 4+2 4742 4+4+42-4"+2.47F

¢ 1 L f 2 L f 3 +---+f2009 Jrf2010
2011 2011 2011 2011 2011

:f( 1 j+f[2010j+f( 2 )+f(2009j+___+f(1005j+f[1006j:1005
2011 2011 2011 2011 2011 2011
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Go6

G7

G8

G9

In the figure below, M is a point on AC, AM = MC = BM = 3. Find the 4
maximum value of AB + BC. Reference: 2007 HG8
M is the centre of the circle ABC with AC as diameter.
ZABC =90° (£ in semi-circle)
Let ZACB=x, AB=6sin0, BC=6cos 0 M
AB+BC=6sin0+6cos0

=64/25in(0 +45°) <642

.. The maximum value is 6\/5 ) C B

2011 . . . .
Given that n! = nx(n — 1)x(n —2)x ... x3x2x1 and IOT is an integer, where K is a positive

integer. If S is the sum of all possible values of k, find the value of S.

Reference: 1990 HG6, 1994 FG7.1, 1996 HI3, 2004 FG1.1, 2012 FI1.4, 2012 FG1.3
When each factor of 5 is multiplied by 2, a trailing zero will appear in n!.

The number of factors of 2 is clearly more than the number of factors of 5 in 2011!

It is sufficient to find the number of factors of 5.

5,10, 15, ..., 2010; altogether 402 numbers, each have at least one factor of 5.

25,50, 75, ..., 2000; altogether 80 numbers, each have at least two factors of 5.

125, 250, 375, ..., 2000; altogether 16 numbers, each have at least three factors of 5.
625, 1250, 1875; altogether 3 numbers, each have at least four factors of 5.

.. Total number of factors of 5 is 402 + 80 + 16 + 3 = 501

!
There are 501 trailing zeros of 2011! = If 2011 is an integer, thenk =1, 2, ..., 501.

10

1+501

S=1+2+...+501= x501= 125751

Given that a, b, ¢ and d are non-negative integers and
ac + bd +ad +bc =2011. Find the value ofa+b +c +d. /N
(a+b)(c+d)=2011, which is a prime number A ¢
a+b=2011andc+d=1 or vice versa.
atb+c+d=2012
As shown in the figure, ABCD is a convex quadrilateral,
/BAC=27°, /BCA=18°, «BDC =54°, /BDA =36°. The
diagonals AC and BD intersect at P. Find ZCPB.
Reference: 2003 HGS, 2014 FG2.4 D
Draw a circumscribed circle ABC.
Produce BD to cut the circle at E.
/BEA =18°= ZBCA (Zs in the same segment)
/BEC =27°= /ZBAC (Zs in the same segment)
/DAE =36° — 18° = 18° (ext. £ of AADE)
/DCE = 54° —27° =27° (ext. £ of AADE)
.. DA =DE and DC = DE (sides opp. eq. £s)
.. D is the centre of the circle
.. DA =DB = DC (radii)
/DCB = ZDBC = (180° — 54°)+ 2 = 63°

(£ sum of isos. ABCD) E

/DCP = 63° — 18° = 45°
ZCPB = 45° + 54° = 99° (ext. £ of ACDP)
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G10 As shown in the figure, AC = 3, BC = 4 and

ZC =90°. M is a point on BC such that the radii a
of the incircles in AABM and AACM are equal.

Find the length of AM.

Reference HKAL Pure Mathematics 1967 P1Q8

Let D, F be the centres of the circles, with radii 3+
r, the points of contact be E, G, H, I, J, K as

shown. Let AM=x, AB=5,CH=CE=r.

AE =3 —r=AG (tangent from ext. point)

SaaBF+SAAMFFSaBMF+SaaMD+SaAcD+SacMD=SABC E
3+4+5 2x-r 3x4 r

2 2 2 C
r6+x)=6
6
' 6+X M)
In AACM, MG =x+r-3=MH (tangent from ext. point)
MC=Xx+2r—3=x+2x 6 -3 by (1)
6+ X
C(x=3)6+%)+12 x> +3x—6
6+X 6+ X
AM? — AC? = MC? (Pythagoras’ Theorem)
X2_9:(x2+3x—6I
6+ X

(X2 = 9)(X + 6)* = (X* + 3x — 6)?

(2= 9)(x>+ 12x +36) = x* + 6x> — 3x> — 36x + 36

6x> + 30x2 — 72X — 360 =0

X3+ 5x2 - 12x—-60=0

X —12)+5(x*-12)=0

X+35(x*-12)=0

AM =x =243

Method 2 Lemma In the figure, given a triangle ABC.
AD1BC, AD = h, O is the centre of the inscribed circle with

m&ustSz%(a+b+c)

_ Areaof AABC _ ah

S a+b+c
Proof: Area AOBC + areca AOCA + area AOAB = Area of AABC

Thenr

lar+l-br+l-cr:lah

(= Area of AABC _ ah

S a+b+c
Let CM =t, then BM =4 —t. Now apply the above lemma to AACM and AABM respectively.
r= o (1)
t+3+49+t
3(4-t)

r=

S . l.) S )
4—t+5++9+t7

C:\Users\85290\Dropbox\Data\My Web\Competitions\ HKMO\HKMOHeat\HKMOheatanswers\HKMO201 1 heatans.docx Page 5



Answers: (2010-11 HKMO Heat Events) Created by Mr. Francis Hung
3t 3(4-t)
H=2) = =
t+3+9+t> 9—-t+/9+t°
t t+3+v9+t?
4=t 9-t+9+t?

2t-4  2t-6
4 124249 +1t2
t—2 t—3

2 eAost?
(t—2)(6+\/9+t2):2t—6
6t—12+(t—2N9+t* =2t -6

(t—2W9+t* =64t

(12 — 4t + 4)(9 + t2) = 36 — 48t + 16t

t*— 483 + 4t2 + 9t2 — 36t + 36 = 36 — 48t + 16t>

th -4t -3+ 12t=0

t[t2(t—4) - 3(t-4)]=0

t(t—4)(t?-3)=0

- 1=0 (rejected), 4 (rejected because CM < BC =4) or V3.

AM =V AC2 +CM?2 =+/3% +4/3° =243

A-B C-D
A+B C+D

0w

)

A C
(: o=
B D
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Geometrical Construction

1.  Given a straight line L, and two points P and Q lying on the same side of L. Mark a point T on
L so that the sum of the lengths of PT and QT is minimal. (Hint: Consider the reflection image
of P about the line L.)
Reference: 2008 Heat Sample construction Q2

P
5 Q

e

1
L

A P B T
4

O
w

Figure 1 1

Figure 2
Let A be one of the end point of L nearer to P.
(1) Use P as centre, PA as radius to draw an arc, which intersects L at A and B.
(2) Use A as centre, AP as radius to draw an arc. Use B as centre, BP as radius to draw an arc.
The two arcs intersect at P1.
(3) Join PP: which intersects L at S.
(4) Join P1Q which intersects L at T °

AP = AP (same radii)
AB = AB (common side)
BP =BP: (same radii)

AAPB = AAP:B (S.S.S))

Z/PBA = ZP1BA (corr. sides =A’s)

BS=BS (common side)

APBS = AP1BS (S.A.S))

/BSP = ZBSP1 (corr. sides =A’s)
=90° (adj. Zs on st. line)

SP =SPy (corr. sides =A’s)
ST=ST (common side)
APST = AP1ST (S.A.S)
PT=PiT (corr. sides = A's)

PT+QT=PiT+QT
It is known that P1T + QT is a minimum when P1, T, Q are collinear.

.. T is the required point.
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2. The figure shows a line segment AB. D is a fixed point such that A, B, D are not collinear.
Construct a triangle ABC so that C, B and D are collinear and AC — BC = BD.

WE AR 42 AB - D Ry—[EER: > HA~B-D 4§ 4
A o GUFAABC » 15 C~ B R D 42 - 4 B

s AC-BC=BD -

Remark: The wording in both versions are ambiguous,

so [ have changed it.

The original question is: xD

Figure 2 shows a line segment AB which is a AABC and D is any point not lying on AB. If the
difference between the other two sides of AABC (i.e. AC — BC) is equal to BD and C, B and D
are collinear, construct AABC.

2 FR FBsAABC HYEL A —(5i8 AB K D fy—JF48E: AB LAVEEMRE - FHAABC HYHER
WifEEE] AC -BOWEEZIESEMBD » H C~ B K D 448 » 5HE(FAABC -

(1) Join DB and produce it further. C
(2) Join AD. 4
(3) Construct the perpendicular bisector of AD, cutting DB 4

produced at C. Let M be the mid-point of AD.
(4) Join AC, BC.
AABC is the required triangle.

Proof: AACM = ADCM (S.A.S)
AC=DC (corr. sides, = As)
BC=DC-BD=AC-BD
.. BD=AC-BC.

Discussion: There are some positions on the plane for which AABC is not constructible.
Use B as centre BA as radius to draw a circle.

Let AE be the diameter of this circle. AB = BE.

Draw 2 circles with AB, BE as diameters.

Let the region (including the boundary) bounded

by the circles with AB, BE as diameters be o and a B
[ respectively.

Let the region inside the great circle with AE as
diameter but not in o and B be . A E
Let the region on or outside the great circle be ®.

When D lies on ®, then BD > AB

So AC-BC > AB

AC>AB +BC

This inequality violates the triangle law:

The sum of 2 sides of a triangle is larger than the

third side.

1.e. AC > AB + BC > AC, which is false.
.. When D lies on or outside the circle, AABC is not constructible.

@
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When D lies on o,

AACIM = ADC1M (S.A.S.)

/CiAM = ZC:DM (corr. Zs, = As)

ZADC = ZBAD + ZABD (ext. Z of AABD)

> /ABD

.. ZCi1AM = ZADC, > ZABD

Z/CiAB > ZABD

ACi <BC: (greater sides opp. greater £s)

The contradicts to the fact that BD = AC; — BCi

because AC1 =BD + BC; > BCi

In this case the steps are as follows:

(1) Join DB and produce it further.

(2) Use B as centre, BD as radius to draw a
circle, cutting DB produced at F.

(3) Join AF.

(4) Construct the perpendicular bisector of
AF, cutting DB at Cz. Let M2 be the mid-
point of AF.

(5) Join ACy, BCo.

AABC: is the required triangle.

ZABC:= /BAF + ZAFB  (ext. Z of AABF)

> /AFB
= /FAC2 (corr. Zs, = As)
> /BAC:

.. ACz > BC: (greater sides opp. greater /s)

The triangle ABC is constructible.

When D lies on 3, relabel D as F and F as D, the

construction steps are shown above.

There is only one possible triangle.

When D lies on the boundary of a,

ZADB =90° (£ in semi-circle)

The perpendicular bisector of AD is parallel to
DB. .. It will not intersect DB produced.
Suppose DB produced intersects the boundary of
B at F3. Then the perpendicular bisector of AFs
intersects DB at Cs.

AABC: is the required triangle.

Proof: omitted.
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(1)
2)

€)
(4)

)
(6)

(7)
(8)

When D lies on v,

Use B as centre, BD as radius to draw a circle,
cutting DB produced at E on y.

The perpendicular bisector of AD cuts DB
produced at C4. The perpendicular bisector of AE
cut BD at Cs.

. We can construct 2 possible triangles
AABCs and AABCs satisfying the given
conditions.

Figure 3 shows a circle of centre C and a line segment MN. P is a point lies inside the circle.
Construct a chord QR with points Q and R on the circumference of the circle so that it passes
through P and its length is equal to that of MN.

Join CP and produce it to 2 ends A, B of the diameter of the
circle as shown.

Draw the perpendicular bisector of CP, O is the mid-point
of CP.

Use O as centre, OC as radius to draw a circle.

Use A as centre, MN as radius to draw an arc, cutting the Q
given circle at D.

Join AD.

Draw the perpendicular bisector of AD, E is the mid-point
of AD.

Use C as centre, CE as radius to draw an arc, cutting the
circle in step (3) at F.

Join PF and produce it to cut the circle at Q and R. Then QR M N
is the required chord.

Proof: Z/PFC=90° (£ in semi-circle)

CE=CF (by construction)
QR=AD=MN (chords eq. distance from centre are equal)
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Method 2: (Provided by Tsuen Wan Government Secondary School Tam Lok Him)

Let the radius of the given circle be R, the distance between CP be r.

(1) Use M as centre and R as radius to draw an arc, use N as
centre and R as radius to draw an arc. The two arcs intersect
at A.

(2) Use A as centre, R as radius to draw a circle Ci. The circle
C1 must pass through M, N.

(3) Use A as centre, r as radius to draw a circle C2, which cuts
MN at P;.

(4) On the given circle, use P as centre, MP1 as radius to draw
a circle, which cuts the given circle at Q.

(5) Join QP and produce it to cut the given circle at R.

Then QPR is the required chord.

Proof: QP = MP (by construction)
CP=AP; (by construction)
CQ=AM (by construction)
ACPQ = AAP1M (S.S.S))

height of ACPQ = height of AAP1M
QR =MN (chords eq. distance from centre are equal)

radius ¥ CR

Remark There are some positions of P inside the circle for which the chord is not constructible.
The circle in step 7 may not cut the circle in step 3. At the limiting position, CQ* = PQ? + CP?

4r* = QR? + 4CP? = QR =24/r* —CP?

M N

. For fixed position P, the length of chord must satisfy 2+/r> —CP* <MN < 2r.
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Percentage of correct questions

Created by Mr. Francis Hung

1 23.55% 2 26.6% 3 52.16% 4 25.87% 5 60.04%
6 31.34% 7 10.83% 8 70.35% 9 41.22% 10 62.88%
1 22.18% 2 24.69% 3 40.17% 4 43.1% 5 17.57%
6 37.66% 7 11.30% 8 58.16% 9 21.76% 10 3.77%
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