Answers: (2013-14 HKMO Heat Events)

Created by Mr. Francis Hung
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Answers: (2013-14 HKMO Heat Events) Created by Mr. Francis Hung

I3  As shown in Figure 1, a point 7 lies in an equilateral P
triangle POR such that TP =3, TQ =33 and TR = 6. Find
the value of ZPTR .

Reference: 2019 HG10

Rotate APTR anticlockwise by 60° to AOSR .

Then APTR = AQSR, SR = 6 and ZSRT = 60° r
Consider ATRS, N
SR=6=TR

. ATRS is isosceles. 0 R
ZSRT = 60°

S LRTS = ZRST = 60° (£s sum of is0s. A) P
.. ATRS is an equilateral triangle

IS=6

Consider ATQOS,

OS2+ QT2 =32+ (332 =9+27=36=62=T5

= LTOS = 90° (converse, Pythagoras’ theorem)

tan ZTSQ =¥=\/§ 3 6
ZTSQO = 60° 60
ZOSR = ZTSQ + ZRST=60° + 60° = 120° Q R
ZPTR = ZQOSR = 120° (corr. ZLs, APTR = AQSR) 3 6

S

Reference: https://twhung78.github.io/Geometry/7%20Construction%20by%20ruler%20and%20compasses/others/345.pdf

I4  Leta and B be the roots of the quadratic equation x> — 14x+1=0 .
2 2
Find the value of ;x_ + E— .
B*+1 a”+1
o+ 1=14p>+1=14pa+B=14andaf=1
o+ B2 = (o +B)>—2ap =196 -2 =194
o B _l4o-1 14B-1 196a’—1da+1963" ~14B _196(0? +p?)-14°

BP+1 o’+1 148 l4a 19603 196
I5  Asshownin Figure 2, ABCD is a cyclic quadrilateral, D

where AD=5,DC=14,BC=10and AB=11. /

Find the area of quadrilateral ABCD .

Reference: 2002 HI6 5

AC?=10>+ 112 - 2x11x10 cos LB «-+--- (1)
AC? =52+ 142 - 2x5x14 c0S LD «++++++-- (2) A C

(1)=1(2): 221 — 220 cos£B=221-140cos«D ...(3)
4B+ ZD = 180° (opp. ZLs, cyclic quad.)
..cos ZD =—cos 4B
(3): (220 + 140) cos LB=0= £B=90°= 4D
Area of the cyclic quadrilateral
= area of AABC + area of AACD

:1.11.10+1-5-14= 90
2 2

=193
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16

Let n be a positive integer and n < 1000.
If (n?°'% — 1) is divisible by (n — 1)?, find the maximum value of 7 .

Let p =2014.
np—l_(n—ﬂ@”4+n”4+-~+n+1)_n“y+n“2+~~+n+l
(n-1y (n-1) n-1
B (n = —1)+(n P2 —1)+---+(n—1)+ p
n-1
-1 _ p-2 _
:n 1_|_n 1+...+1+L
n-1 n-1 n-1
Clearly n — 1 are factors of n?~' — 1, n?2 —1, ... ,n— 1.
n*-1 n"?-1
+ +---+1 is an integer.
n-1 n-1

_p 2014 2x19x53
n-1 n-1 n—-1
The largest value of n — 1 1s 2x53 = 106.

1.e. The maximum value of n = 107.

Remark: The original question is Let n be a positive number and n < 1000. If (n?°'* — 1) is

divisible by (n — 1)?, find the maximum value of n. 3%k n 3 * # > ® n<1000 - ---

is an integer

Note that » must be an integer for divisibility question.

17 Ifx?+x2+x+ 1 =0, find the value of x 2014 +x 2013 42012 ... 1 4+ | 4y +x2 +- . +x2013 + 52014,

I8

19

Reference: 1997 FG4.2
The given equation can be factorised as (1 + x)(1 +x*) =0 = x=—1 or +i
x72014 + x72013 + x72012 + o+ xfl +1+x +x2 + o+ x2013 + x2014

=x 20 +x+x2+x)+ xS +x+ 2+ ) Fx 2+ x T+ T+ x+ 2+ 3 (1 +Hx +x2+57)
+ ... +x2011,(1 +x+x2+x3)

=x2+xt+l+x+x2=x2(1+x+x2+x%)+x*=x?
Whenx=-1,x*>=1
When x = i, x> = —

Let xy=10x+y.If E/Jr W( is a square number, how many numbers of this kind exist ?
EI-FW(: 10x+y+10y+x=10x+y)+x+y=11(x+y)
Clearly x and y are integers ranging from 1 to 9.
S 2<x+y<18.
In order that x_y+ W( = 11(x + y) is a square number, x +y =11
(x,»)=(2,9),3,8),(4,7),(5,6),(6,5),(7,4),(8,3) or (9, 2).
There are 8 possible numbers.
Given that x, y and z are positive real numbers such that xyz = 64 .
If § = x +y + z, find the value of S when 4x? + 2xy + y? + 6z is a minimum.
4x% + 2xy + 37 + 6z = 4x> — 4xy + y* + 6xy + 62
= (2x—y)? + 6(xy + 2) 0+ 6x2,/xyz = 96 (A.M. > G.M.)
When 4x? + 2xy +y? + 6z is a minimum, 2x —y =0 and xy =z
Sy =2x,z=2x?
wxyz=64 0 x(2x)(2x%) =64 = x* =16
x=2,y=4,z=8=>85=2+4+8=14
Remark: The original question is: Given that x, y and z are real numbers such that xyz =64
Note that the steps in inequality fails if xy <0 and z <0 .
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Answers: (2013-14 HKMO Heat Events)

110 Given that AABC is an acute triangle, where £4> /B> ZC.

Created by Mr. Francis Hung

If x° is the minimum of ZA4 — ZB, /B — ZC and 90° — £A4, find the maximum value of x .
In order to attain the maximum value of x, the values of Z/4 - /B, /B — ZC and 90° — £4 must

be equal.
LA—ZLB=/B—ZC=90°- Z4
2/B= LA+ LC +----- (1)
2/4=90°+ 4B ------ (2)

LA+ ZB+ZC=180° ------ (3) (£ sum of A)

Sub. (4) and (5) into (1): 2(60°) =75°+ £LC

LC=45°

The maximum value of x =75 - 60 =15

Method 2

90° — £A4 > x°

=90°- LA+ LA+ ZB+ ZC > 180° + x° (£ sum of A)
= /ZB+/ZC>290°+x°...... (1)

90° — /A4 > x°
= 90°—x° > /A

= 90° —x°> Z4>45°+2x° by (5)
= 90° — x° > 45° + 2x°

= 45° > 3x°

= 15°>x°

.. The maximum value of x is 15 .
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Answers: (2013-14 HKMO Heat Events) Created by Mr. Francis Hung

Group Events

G1 Given that v2014— x2 —+/2004— x? = 2, find the value of +2014— x2 ++/2004—x? .
Reference: 1992 F15.4

(V2014—x* —+2004—x* ). V2014= x* +/2004- x* |
J2014—x% ++/2004—X°

(2014— x?)—(2004—x?)
V2014-x* ++/2004— X
10 = 2(~/2014— x? ++/2004—x )
V2014-x? ++/2004-x* = 5

G2 Figure 1 shows a A4ABC, AB = 32, AC = 15 and
BC = x, where x is a positive integer. If there are

=2

=2

points D and E lying on 4B and AC respectively
such that AD = DE = EC = y, where y is a positive
integer. Find the value of x .

Let ZBAC=0,4AE=15-y,y=1,2,---,14.

Apply triangle inequality on AADE,y+y> 15—y

ZAED = 0 (base Zs, is0s. A)
By drawing a perpendicular bisector of AF,

Apply cosine formula on AABC,
x?=15%2+32%2-2(15)(32)cos 0

2= 1249 — 480x 15; Y by (2)

"+ x 1s a positive integer

. x% is a positive integer

7200

= is a positive integer.

= y is a positive factor of 7200 and y =6, 7, 8, --- , 14 by (1) and (3)

=y=6,8,9,100r 12.

When y = 6, x> = 1729 — 1200 = 529 = x = 23, accepted.

When y = 8, x> = 1729 — 900 = 829, which is not a perfect square, rejected.
When y =9, x> = 1729 — 800 = 929, which is not a perfect square, rejected.
When y = 10, x> = 1729 — 720 = 1009, which is not a perfect square, rejected.
When y =12, x> = 1729 — 600 = 1129, which is not a perfect square, rejected.
Conclusion, x = 23
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Created by Mr. Francis Hung

G3 1f0°<6<180°and cos@+sin9=%,ﬁndthevalue ofcosO+cos’0+cos’O+---.

Reference: 1992 HI20, 1993 HG10, 1995 HIS, 2007 HI7, 2007 FI1.4

Similar question: 2006 HG3

cose+sin9=l = (1)
13

(cos 6 + sin 6)224—9
169
c0526+2sin6cose+sin29=4—9
169
1+2sinecos9=4—9
169
2s1necos6=—g e (%)
169
-2 sin6c0s6=ﬁ
169
1—2sin6cos9=@
169
c0s26—2sin9cos9+sin28=@
169
(cos 6 —sin 6)2=@
169
cose—sinezg or 17
13

From (1), sin 6 cos 6 <0 and 0° <0 < 180°

s.cos0<0andsin©>0
S.cosB—sinf=—— --- (2)

10
1)+(2): 2 cos 0=—"—
(1) +(2): 2 cos T

cosf=——
13
_5
cosO+cos’0+cos’O+---= COSGZ _ 13 _—65
1-cos° 0 1_§ 144
169
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Answers: (2013-14 HKMO Heat Events)

G4  Asshown in Figure 2, ABCD is a square. P is a point lies in ABCD 5

Created by Mr. Francis Hung

such that AP=2 cm, BP=1 cm and ZAPB = 105°.

If CP2 + DP? = x cm?, find the value of x .

Reference: 1999 HG10

Let CP=ccm, DP=d cm

Rotate AAPB about 4 anticlockwise through 90° to AAQD.
Rotate A4APB about B clockwise through 90° to ACRB .
Join PQ, PR .

2cm

10%°

l1cm

AQ=AP=2cm, LZPAQ=90°, BR=BP =1 cm, ZPBR =90° B

AAPQ and ABPR are right angled isosceles triangles.
ZAQP =45°, ZBRP =45°

PO = 272 cm, PR =+/2 cm (Pythagoras’ theorem)
ZDQP = 105°—45°=60°, ZCRP = 105° — 45° = 60°
Apply cosine formula on ADQP and ACRP.

DP= (V2] +1% — 20122 Jcos60" =9 - 24/2 cm?
cP= (V2f +22 - 2(2)2)o0s60° =6 - 242 em?
x=6-2J2+9-2J2=15-4y2

2cm

R

G5 Ifx,y are real numbers and x? + 3y = 6x + 7, find the maximum value of x? + 2.

A3 =6x+T = (x—3P+3H2=16 - (1)andy2=§(—x2+6x+7) ------ )

Sub. (2) into x? + y*:

2432 2%(3x2 —X? +6x+7)
=%(2x2 +6X+7)
=%[2(x2 +3x)+7]
=%[2(x2 +3X+15%)-2x1.5% +7|
=%[2(x+1.5)2 +2.5]

2 , b
=— 15 —
3Q+ )+6

From (1),3y?=16 - (x-3)*>0
— 4<x-3<4

=>-1<x<7
0.5<x+15<85
025<(x+15)2<72.25

153(x+1.5)25@
63 6

1 52(x+1.5)2 Fo<E g9
3 6

The maximum value of x? +y? is 49.
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Answers: (2013-14 HKMO Heat Events) Created by Mr. Francis Hung

G6 Asshown in Figure 3, X, Y and Z are points on BC, C
CA and AB of AABC respectively such that 2 %
LAZY = /BZX, /BXZ = /ZCXY and
LCYX=LZAYZ. It AB=10,BC =6 and CA =9,
find the length of AZ.
Let LZAZY=v, /BXZ=a and LCYX = .
Z7ZXY=180°—2a. (adj. Zs on st. line) g z

ZXYZ=180° -2 (adj. Ls on st. line)
ZYZX=180° -2y (adj. Zs on st. line)
LZXY + LXYZ+ £YZX =180° (Ls sum of A)
180° — 20 + 180° — 2B + 180° — 2y = 180°
Soat+tp+y=180°---- (1)

In ACXY, ZC+ o+ 3 =180° (Ls sum of A)

ZC=180°—(a.+ B)=7vby (1) A th z cib

Similarly, ZB =B, ZA=«a

= AAYZ ~ AABC, ABXZ ~ ABAC, ACXY ~ ACAB (equiangular)
Let BC=a,CA=b,AB =c.

AZ AY

——=——=t (corr. sides, ~A’s), where ¢ is the proportional constant
AC AB
LAYt saz=br AV =t
b C
BZ=AB—AZ=c—tb; CY=AC—-AY=b—1tc
BZ BX
—— =——(corr. sides, ~A’s)
BC AB
2
- c” —bhct
C tb Z% :> BX: ...... (1)
a C a
Y X
cv = cx (corr. sides, ~A’s)
BC AC
- b? —bct
H = C_X :> CX: ...... (2)
a b a
BX+ CX=BC
2 2
c”—bct b —bct
a + a =a by (l)and(2)

b%+ c*—2bct=a?

2 A2 2 2 2 _p2
AZ=tb=b +c°—-a :9 +10° -6 :ﬂszg
2C 2x10 20 4

(=17.25)
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Method 2

Join AX, BY, CZ.

Let LZAZY=v, Z/BXZ=a and LCYX = .
Z7ZXY=180°-2a (adj. Zs on st. line)
/ZXYZ=180° -2 (adj. £s on st. line)
ZYZX=180° — 2y (adj. Zs on st. line)
LZXY + LXYZ+ £YZX =180° (£ sum of A)
180° — 2o + 180° — 23 + 180° — 2y = 180°
Soat+tp+y=180°---- (D)

In ACXY, ZC+ o+ 3 =180° (£ sum of A)
ZC=180°—(a+B)=yby (1)

Similarly, ZB =B, ZA =«

.. ABXY, BCYZ, CAZX are cyclic quadrilaterals (ext. £ = int. opp. £)
Let LZXZC=p, LYZC=q.

Then LXBY= ZCBY = ZCZY = q (£s in the same segment)

LXAY = LXAC = LXZC = p (s in the same segment)
But £LXAY = ZXBY (Zs in the same segment)
S P=q
On the straight line AZB, y + g + p +y=180° (adj. £s on st. line)
o LAZC = /ZBZC=90°
1.e. CZis an altitude of AABC.
b?+c*-a® 9*+10°-6> 145 29

By cosine formula, cos 4 = -~
2bc 2x9x10 180 36
29 29

AZ=ACcosA=9x —=—
36 4

G7 Given that a, b, c and d are four distinct numbers, where (a +c)(a +d)=1 and (b +c)(b +d)=1.
Find the value of (a + ¢)(b + ¢). (Reference: 2002 HI7, 2006 HG6, 2009 FI3.3)

a’+ac+ad+cd =1 - @)
b?+bc+bd+cd =1 - (2)

(H)-Q):a®>-b*+(a—b)c+(a—-b)d=0
(a—b)a+tb+c+d)=0
va-b#0. .atb+c+d=0
=>b+c=—(a+d)
(a+tc)btc)y=—(a+c)a+d)y=-1
G8 Leta;=215,a>=2014 and a,+ = 3a,+1 — 2a,, where n is a positive integer .

Find the value of a2014 — 2a2015.

an2 = 3ant1 — 2an

= Ap2 — 2an+1 = An+1 — 2an

a2014 — 2a2013 = a2013 — 2a2012 = a2012 — 2ao11
=i =g — 24y

=2014 -2(215)=1584
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G9 Given that the minimum value of the function y = sin? x — 4 sin x + m is _? .

Find the minimum value of m” .
y=sin?x—4sinx+m=(sinx—-2>+m—4
m—-3<(sinx-2)+m—-4<m+35

m—3=_—8
1
m:_
3
8 16
<y <—
3 7773

.. The minimum value of m” is (gj =3 3,

o0
G10 Given that tan[t jx tan (90° tan X): 1 and 1 <tan x < 3. Find the value of tan x .
an X

o o

50 +90°tanx=90° or £+90°tanx=270° or £+90°tanx=90°-(2m+1),m €eZ
tan X tan X tan x
1 1 1
—+tanx=1 or ——+tanx=3 or ——+tanx=2m+1
tan x tan x tan x

tan’x —tanx+1=0 or tan?x—3tanx+1=0 or tan?’x—(2m+ )tanx+1=0

+ + L
A =-3 <0, no solution or ‘[anx=3_\/g or 2m+1+ (§m+1) 4
.+ 1<tanx<3and 3+2\/§z2.6, 3_2\/§z0.4

Sotanx = only
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Geometrical Construction
1.  Figure 1 shows a AABC. Construct a circle with centre O inside the triangle such that the three
sides of the triangle are tangents to the circle.
Reference: 2009 HSC1, 2012 HC2, 2019 HC3
B

C

The steps are as follows: (The question is the same as 2009 construction sample paper Q1)

(1) Draw the bisector of ZBAC.

(2) Draw the bisector of ZACB.
O 1is the intersection of the two angle
bisectors.

(3) Join BO.

(4) Let R, S, T be the feet of perpendiculars
from O onto AC, BC and AB respectively.

AAOT = AAOR (A.AS)

ACOS = ACOR (A.AS)
OT=O0OR=0S (Corr. sides, = A's)
ABOT = ABOS (R.H.S))

Z0OBT= ZOBS (Corr. Zs, = A's)

.. BO is the angle bisector of ZABC.

The three angle bisectors are concurrent at one point.
(5) Using O as centre, OR as radius to draw a circle. This circle touches AABC internally at
R, S, and T. It is called the inscribed circle.
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2.

Figure 2 shows a rectangle PORS. Construct a square of area equal to that of a rectangle.
P S

Reference:
https://twhung78.github.io/Geometry/7%20Construction%20by%20ruler%20and%20compass

es/others/rectangle into rectangle.pdf

3 R

B E 24,5 PORS» 27 PO=a> QR=b -

(1) MREFw RS HEEF-3%> 2 QR 3 D ¢ SE
WE BTG e P

Q) FOGHEE TAMR 05 OG ¢ B o S

() MO iEMe 00 5Xmic- X2 RS & )
dug £ R D> @ 0D~ DG -

@) " RIFeRD G- 582 QR Q boO| R G 4F
WE R F o

(5) M F Al FRGXj2iF - 358> DL
> DR 525 iF— 5% » g a st E o

(6) it DE - FE -

FRRRE o P 4o

ZGDQ = 90° (L% &)

RG=RS=a

ADRG ~ AQRD (% &)

RG DR

DR QR

(48 2= & 25 = f 50t Bl)

DR>=ab ------ (D

RF=DR=DE=EF 2 %)
£DRE=907 (B 401 SR &)

.. DEFR { §3%8 > 75> # & 42 £ > ) PORS 49 % o (4 (1)5% ¥ &)

c RS
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3. BT s8R ABE ACIHH L AR R v P2 FHiEa B ] 2 ki #
(i) =S Flpr>t- 8 %
(i) HEAB %2 AC¥ 5 FZ Rl & o
Figure 3 shows two line segments AB and AC intersecting at the point 4. Construct two circles
of different sizes between them such that
(i)  They touch each other at a point; and
(i) the line segments AB and AC are tangents to both circles.

Steps (Assume that ZBAC < 180°, otherwise we cannot construct the circles touching ZBAC.)

(1) Draw the angle bisector AH of ZBAC.

(2) Choose any point P on AH. Construct a line through P and perpendicular to AH, intersecting
AB and AC at E and F respectively.

(3) Draw the angle bisector EG of ZAEF, intersecting AH at G.

(4) Draw the angle bisector EH of ZBEF, intersecting AH at H.

(5) Use G as radius, GP as radius to draw a circle.

(6) Use H as radius, HP as radius to draw another circle.

The two circles in steps (5) and (6) are the required circles satisfying the conditions.

Proof: *.© G is the incentre of AAEF and H is the excentre of AAEF

.. The two circles in steps (5) and (6) are the incircle and the excircle satisfying the conditions.

Remark: The question Chinese version and English version have different meaning, so I have
changed it. The original question is:
RI=Z 577 2 4B ABAEEAB 2 AC- F v P2 FH®a B~ | 7 k@ F
(1) FESFl4p»c- 8L %
(i) HEAB %2 AC¥ 5 FZRlr» & -

o

A suggested solution to the Chinese version is given as follows:
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TR > 24T
(1) FAOB & T &2 % OU -

2) H-gBPF HLETLEF »i@HEOP-

Created by Mr. Francis Hung

B) “d&TALAEIIEP-BD - AWFHED Y LENO04% OBZER EfcGA 5B &

K o

4 MD:iFe o DE:XEE-f>2 0P C2 F»#% OC<OF -

(5) @ DF>EPir- 821 DFT {7 5 =
@R CD> B Pit- 8B CDTFH -

BT AN Qe
oy

T
L EI LRI

(6) A uFHEQELENO04%2 OB2ZBE »RIfrc S~ B 58 L8 -
ABEE UR 23 04 % OB2ZBE TV 2w i a8 o

(7) M Q5w QRS 2EEe-fH M UsRw o UT 52 E T - FH e
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