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f32> 42 logsatlogsa=logsa-logsa> 2*® a>1 57 FH-

Solve the equation logs a + logs a = logs a - logs a for real number a > 1.
loga loga _loga loga

log5 log3 log5 log3

Multiple both sides by log3-log 5 and divide both sides by log a (# 0).
log 3 +log5=1loga

a=15

% Jb=v8+Ja+\8—va » & b hP i -

If \/B = \/8+ Ja + \/8—\/5 , determine the real value of b.
Reference: 2007 FI1.1, 2019 FI2.1

bz[\/8+JE+\/8—JEj2

=8+\/1_5+2(\/8+\/1_5-\/8—\/Ej+8—\/1—5

=16+264-15

=16+ 249
=16 +2x7 = 30

FEMRC-—cx+tb=0 FABFEPTTEAPT2ZLL 1 fa R femdb AT idce
If the equation x? — cx + b = 0 has two distinct real roots and their difference is 1, determine the

greatest possible value of the sum of the roots, c.
Reference: 2008 FIS.3

Let the roots be a, B.
atP=c,afp=0=30,a-pB=1
(a—B)y=1

= (a+B)P-4ap=1

?—4x30=1

=>c=1lor-11

The greatest possible value of ¢ = 11
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Answers: (2015-16 HKMO Final Events) Created by: Mr. Francis Hung

11.4

Wod=xyz i - B RAL 10 Rz lee Foxyz & zyx 2 AeT Ak c B 0 Rt Flen
BV iEde
Letd =xyz be a three-digit integer that is not divisible by 10. If the sum of integers xyz and

zyx is divisible by ¢, determine the greatest possible value of such an integer d.

100x + 10y +z+ 100z + 10y + x
=100(x+z)+20y+x+z
=101(x +z)+ 20y
=99(x +z) + 22y + 2(x + z — y), which is divisible by 11
x +z—yis amultiple of 11
x+z—y=0orll
To maximize d, x should be as large as possible
x+tz=11+y
x=9,z=9,y=7
The greatest possible value of d =979
Check: Xyz+ zyx=979 + 979 = 1958 = 11x178, which is divisible by 11.
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Individual Event 2
121 - BEF=422 - B2 F0mB R0 55 101 5= £358 287 PRI F A 2ia0 R

12.2

a i o

Let the ratio of perimeter of an equilateral triangle to the perimeter of a regular hexagon be 1 : 1. If
the ratio of the area of the triangle to the area of the hexagon is 2 : a, determine the value of a.
Reference: 1996 FI1.1, 2014 FI4.3

Let the length of the equilateral triangle be x, and

that of the regular hexagon be y.

Since they have equal perimeter, 3x = 6y

Sox=2y

The hexagon can be divided into 6 identical

equilateral triangles.

. . X
Ratio of areas =%X2 sin60° :6><%y2 Sin60°=2:a g
xX2:6)°=2:a
2y)»:6y’=2:a
=>a=3

[EY

Fe b=[logz( ) Iog{%ﬂ {Ioga2+log ( ﬂ FIE o

Determine the value of b = {Iog2 IOQ{ H {Ioga 2+log, (%ﬂ .
a

b :_Iogz(32)+ Iog{g—lzﬂ{'o% 2+log, ( H
w2 el

=|log, 9+ ———%|x|log, 2+
% log, 4 % log, 9

N |

afy]],.. =02

= I0929+T x| log, 2+

=|log, 9+ Iogz(%j

il -3
bl

_ Iog3x%logzzi
log2 log3 2

1)2
X I0932+Iogg(§j

N
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123 A27@*® > >3 ABCD 3 XYZW 4pE @ 2 3 4p R 88 4 b XYZW 4P w
2EE AB REEYZ G 1120 % XVZW g FE s dm fFreF 5 el
Fc g o
In the figure below, identical squares ABCD and XYZW overlap each other in such a way that
the vertex A is at the centre of XYZW and the line segment AB cuts line segment YZ into 1 : 2.
If the ratio of the area of XYZW to the overlapped region is ¢ : 1, determine the value of c.

X Y X Y

D

Reference: 2009 HI7
A is the intersection of the diagonals XZ and YW. Suppose AB cuts YZ at P and AD cuts WZ at
Q. By the property of squares, ZPAQ = ZPZQ = 90°
o LPAQ + LPZQ =90° + 90° = 180°
= A, P, Z, Q are concyclic (opp. Zs supp.)
ZAPM = ZAQN (ext. Ls cyclic quad.)
Let M, N be the mid-points of YZ and WZ respectively.
It is easy to show that AM = AN and ZAMP = ZANQ = 90°
o AAPM = AANQ (A.A.S.)
Area of shaded region = area of APM + area of AMZQ
= area of ANQ + area of AMZQ
= area of AMZN

2% x area of XYZW
c=4

124 F 76 & d i) 2> BH(L.CM.) 5 456 2 76 &2 d end ~ 2> Fl#(H.CF) 5 ¢
0 e d i
If the least common multiples (L.C.M.) of 76 and d is 456 and the highest common factor
(H.C.F.) of 76 and d is ¢, determine the value of the positive integer d.
Reference: 2005 FI1.2
76xd =L.C.M. x H.C.F. = 456x4
d=24
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Individual Event 3
13.1 & f)=x*+x+x2+x+1 £ %) 1 f(x) HAkEa -
If f(x) = x* + x3 + x> + x + 1, determine the remainder a of f(x*) divided by f(x).
Reference: 1996 FG10.2
Clearly f(1) = 5.
By division algorithm, f(x) = (x — 1)Q(x) + 5, where Q(x) is a polynomial
fo’) = (x> = 1O + 5
=(x-DE*+3+x2+x+ 10K + 5
= fx)(x - DOG"?) + 5

The remainder is a = 5.

132 % n 2 %F#ce fni-n "$ 1130 ek iE b o
Let n be an integer. Determine the remainder b of n* — n divided by 30.
n—n=nn*-1)=nm*+ 1>~ 1)=m—- Dnn+ 1)(n>+1)

n—1,nand n + 1 are three consecutive integers, the product of which must be divisible by 6.

If any one of n — 1, n or n + 1 is divisible by 5, then the product is divisible by 30.

Otherwise, letn—1=5k+1,n=5k+2, n+1=5k+3,n*+1=(5k+2)>+1=25k>+20k +5

which is a multiple of 5, the product is divisible by 30.
Ifn—1=5k+2,n=5k+3,n+1=5k+4,n*+1=5k+3)>+1=25k+30k+ 10
which is a multiple of 5, the product is divisible by 30.
In all cases, n° — n is divisible by 30. The remainder when n° — n divided by 30 is 0.

133 % O<x<l>dge=| X 1=x L f ) 1 g 1 g
VIFX=v1-X 1-x®+x-1 X2 —b X—b

If 0 <x <1, determine the value of
B V1+ X 1-x 1 1
c= + X 5 —1-— .
VI+X—=41-X J1-x®+x-1 x? —b x—b
Reference: 2017 FG3.2

[ Aex 1-x [1 1
c_(\/l—l-X—\/l—X—i_\/l_xz+X_1JX( F_l_;J
V1+x -(\/l+x +\/1_X)+ (l—x)-lel—x2 —(x—1)|}>{ 1-x° 1]

(1+x)-(@1-x) (L—x?)-(x-1y

=
2X (1—x2 —(1—2x+x2)
)

N1=%* +(1-x)

-\/1—7+(1—x)}

B 2X ’ 2x(1-x) X
lax+1-x V1= +(1-x)| [J1-x* -1
__ 2X " 2X * X

2+ 241-x° y VI-x2 -1 [1+v1-%° V1-x* -1
- 2X X - X * X
_fex)1

XZ

Remark: You may substitute x = 0.5 directly to find the value of c.
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134 7% x 2 y &HE >4 2logio(x+2cy)=1logiox +logioy > fd=X HE o
y

If real numbers x and y satisfy the equation 2 logio (x + 2¢y) = logio x + logio y, determine the

value of d . .

y
2 logio (x — 2y) =logio x + logio y
(x—2y)*=xy

x> =5xy+47=0
(xr=y)x—4y)=0
d=X=10r4
y
Check: When x =y, LH.S. =2 logio (¥ — 2y) = 2 logio (), R.H.S. = logio y + logio y
When y > 0. L.H.S. is undefined and R.H.S. is well defined, rejected
When y =0, L.H.S. is undefined and R.H.S. is undefined, rejected
When y <0, L.H.S. is well defined, R.H.S. is undefined, rejected
When x =4y, L.H.S. =2 logio (4y — 2y) = logio 4 + 2 logio y = logio 4y + logio y = R.H.S.
When y > 0. L.H.S. is well defined and R.H.S. is well defined, accepted
- d=4 only
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Individual Event 4

m*n*)" (mZn?)
41 Fm fo n 5 & F#Z* a=log, (TJ +( _lJ v Roa E

mn

4,4\ 2.2
If m and n are positive integers and a = Iog{( j +(m n ] } , determine the value of a.
m

onf ) (5]

n15 m15
= |092 (ﬁj X (Fj}: IOgZ 1=0

142 3 #1108 + a ~ 1453 ~ 1844 + 2a % 2281 “ﬁ% IPEN 5 : (D)3t 4p FAardc b Fbeh

When the integers 1108 + a, 1453, 1844 + 2a and 2281 divided by some positive integer n (> 1),

they all get the same remainder b. Determine the value of b.
Reference: 2000 FG1.1

1108=pn+b----- (1)
1453=qn+b ----- 2)
1844=rn+b ------ 3)

()= (2):391 =0 —g)n -+ (6)
(@)~ (3): 437 =(s— P -+ (7)

.. n 1s the common factor of 345, 391 and 437.

345 =3x5%23, 391 = 17x23, 437 = 19%x23
son=1or23

When n=1, b= 0. (rejected)

When n =23, sub. n =23 into (1): 1108 =23x48 + 4
b=4

Remark: original question: ------ ‘,ﬁ% NI 3 ﬁtn‘%’fi B0 A Eh, - divided by some positive

integer n, they all get the same remainder b.
There are two possible answers for b: 0 or 4.

143 % E<x<10 s d o e=AUXE = 2X+1+ VX2 —6X+9 g o

b

If g< x<%, determine the value of ¢ =vX% —2X+1+/x2 —6X+9 .

Reference: 2005 HI2, 2018 FI1.2
15<x<25,c=(x=1f ++/(x=3f =x—1+3-x=2

Remark: original question: ------ B X F AL E e the greatest possible value of c.

The value of ¢ is a constant.
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44 R 143 HGP+EP+EY sk 143+ P +3 43 e do

Determine the remainder d when 1+ 3°+ (39 + (39)® + (39)* is divided by 1 +3 + 32 + 33 + 34,
-1

1+3+32+33+3%=

5
(3) -1 zv41 31
F-1 3+1 3-1
1+3° +(32)2 +(32)3+(32)4 3+l

1+3+32 43 +3° 341
(2+1)° +1
L
2°+C 2" +C2° +C2° +C72+1+1

4

=2°+C2% +C;2+C; +3, which is an integer

1+ 32 + (32)2 + (32)3 + (32)4 —

The remainder d =0
Method 2

-1
3-1

1+3+32+33+3%=

2 5
(3%) -1 341 31
33?1 3+1 3-1
2 2\ 2\ 2\ 5
1+3 +(3 )2+(33) +4(3 ) :3 +1: 244:6l,which is an integer
1+3+3°+3°+3 3+1 4
The remainder d = 0
Method 3
3=-1(mod4)
3°=(-1)°’=-1 (mod 4)
3%+ 1=0(mod 4)

1+ 32 + (32)2 + (32)3 + (32)4 —

F+1 .
1S an integer
3+1
4131, . . 3 _
. is an integral multiple of
3+1 3-1 3-1

5
(3) -1 w41 81
-1 3+1 3-1

1+32 +(3%)? +(3%)* + (3%)* = is an integral multiple of 1 + 3 + 3% + 33 + 34

The remainder d =0
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Group Event 1

Gll -1 FE=BHEP ‘4B fc Co 3P ABRW=21 > P B 417 B4pii7 o
B C PP EED B BArr R VHEAEFT o FRAEPD ABfr CHYEE
XA AfeT X RES A H (P) R D2IEIAR o
A project comprises of three tasks, 4, B and C. Suppose task B must begin 3 days later than task
A begins, and task C must begin 4 days later than task B begins. If the numbers of days to
complete tasks 4, B and C are 4, 6 and 5, respectively, determine the least number of days (P)
to complete the project.
P=3+4+5=12

Gl2 g7t 25 B E v > fFl“AAa\‘%'J & 3
O o~ F S ERFER®R FF OFF > % ==
% F Qi -
There are 3 blinking lights, red, yellow and green, on a panel. Red, yellow and green lights
blink at every 3, 4 and 8 seconds, respectively. Suppose each light blinks at the time ¢ = 0. At
time Q (in seconds), there is the third time at which only red and yellow lights blink, determine
the value of Q.
The L.C.M. of 3, 4 and 8 is 24. i.e. The lights blink patterns repeat for every 24 seconds.
If only red and yellow lights blink, but not the green light, then the first time it happens is 12 s,
the second time it happens is 12 + 24 = 36 s, in the third time it happens is 36 + 24 = 60 s.
0=60

f.+3 75 n 2%
-2 Z5ngugy
F fi=60> fnp BtV E S E m2n FFooRE fu>63 0
Let f {f +3 if niseven
f,—2 ifnisodd
If /i = 60, determine the smallest possible value of n satisfying f, > 63 for all m > n.
£ =58,=061,f1=59, =62, fc =60, f1=63, s =61, fo =64, fio =62, fi1 = 65, fia=63------

Now f, > 63
The smallest Snossible value of nis 11.

GL4 F 7= +1ele? +1lo? +1pc <62 +1) iz o (3 % gl 7 o)

Determine the value of T 2(320 +l)>< (321 +1)>< (322 +1)><--->< (3210 +1). (Leave your answer in
index form.)
Reference: 1994 FG6.2

T=(3-1)3+ DE+ DB+ DE + Dxerx (32 +1):2
= (32— 1)(32+ )34+ )38+ 1)x-++x (32“’ +1)+2
= (34— 134+ )38+ 1)><---><(3210 +1)+2

Gl3x% f, ={

Remark: The original question: & T= (320 +1)>< (321 +1)>< (322 +1)><---><(3210 +1) I o
Determine the value of 7= (320 +1)>< (321 +1)>< (322 + l)x X (3210 +1).
It is difficult to find the exact value of the expression.
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Group Event 2

G21 - BEFF IR e P AREFTHEHE3 4698 10cd £7 PRREHEN2 R
o TENAREOE e F 4 53 PR IohlcE o R4 DE -
A box contains five distinctly marked balls with number markings being 3, 4, 6, 9 or 10. Two
balls are randomly drawn without replacement from the box. If 4 is the number of possible
distinct sums of the selected numbers, determine the value of 4.
3+4=7,3+6=9,3+9=12,3+10=13,4+6=10,4+9=13,4+10=14,6+9=15,
6+10=16,9+10=19
The distinct sums are 7, 9, 10, 12, 13, 14,15, 16,19. 4=9

f . +3 = n 230z
G227 fi=9 2 f =4 ™ = Ea/j{”f .
fra—1 N A E3IEE
F B i kenhiEewaidk® o R fi<ll £ B eiE -

f.,+3 if nisa multiple of 3

Letfi=9and f,= '
etfi=9and T, {E4_1 if nisnota multiple of 3

If B 1s the number of possible values of & such that f; < 11, determine the value of B.
f[1=9.L=8,=11,/4=10,f/=9,fe =12, /=11, =10, fo =13, ---

There are 5 values of k such that f; < 11, B=15

Remark: ® 2 4% --.H*¢ k /R fi<ll--- 225 88 fr<ll--

5 ) ) a, +2a, +3a, +4a, +5a, +6a, =26
G23 X ar~ar~az~as~as~as » L p Bk TR °
a+a,+a;+a,+a, +a;=>5
FC AR AR E > R ¢ iE o
Let a1, a2, a3, as, as, as be non-negative integers and satisfy
a, +2a, +3a, +4a, + 53, +6a, =26
a+a,+a,+a,+a;,+3,=5
If ¢ is the number of solutions to the system of equations, determine the value of c.
Let (a1, a2, as, a4, as, as) be a solution, then 0 < a1, a», as, as, as, ag <5
The solutions are:
(07 17 0’ O’ O’ 4)’ (0’ 0’ 17 OJ l’ 3)’ (0’ 0’ O) 2’ OJ 3)’ (09 07 OJ l’ 2’ 2)5 (O’ 07 O’ O’ 47 1)'
c=5

3

d
-k d R R

4
G24% d 2 f A2 EEE a1=09° Fan=a) 2 []a=
i=1

e 2 3¢ .
Letd and fbe positive integers and a; = 0.9. [f a1 =a” and | I a = rE determine the smallest
L

possible value of d.

915 330
O.9X0.92X0.94X0.98 = 0.915 :10—15: 10—15
d=30
Remark # " ¥ s 52 5 &/ ¥ iy B
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Group Event 3

G3.1 TRIEIL cniE G RARE KR B PIE D BEEER > RBERINE o FEL
Ko b BH TR Y - BZ R L0423 KL3E ZEPpIck LIS R K h
B ¥ oA B o
The figure below represents routes of a postman. Starting at the post office, the postman walks
through all the 12 points and finally returns to the post office. If he takes 10 minutes from a
point to another adjacent point by walk and K is the number of hours required for the postman

to finish the routes, find the smallest possible value of K.
Post Office

A . ,,/""/ T — B
c . D, E . F .
G H | ] K L

Post Office > A—->C—->G—>C—->H—>C—>A—>D—>I->D—>J->D—>A—Post Office
—-B—>E—-K—E—L—>E—>B—>F—>B—>Post Office

Total time = 240 minutes = 4 hours

K=4

Remark # > ¥ 5 B2 5 ] ¥ iy B

G32 % n 2 E#Hc>a1=08 %2 au= a,f s KL g B B A arxazx o xap<0.3 e
Ifa; =0.8 and a,+1 =a’ for positive integers n, determine the least value of L satisfying
arxaxx -+ xar<0.3.
0.8x0.82x0.8%x-+-x 0.82 )< 0.3
0.8(l+2+4+"+2H) <03
087 V<03
(2F-1)1log 0.8 <log 0.3
1> log0.3 _ 1-1log3 N 1-0.48 _ 0.52 59

log0.8 1-log8 1-3x0.30 0.10

2L'> 6.2 = The least value of L =3
Remark & " & 23 & &
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G33 2= Y5+x +35-Jx =1 £% #cf2 x o

Solve %/5 +X + 3\/5 —Jx =1 for real number x.
Reference: 1999 F13.2, 2005 FI12.2,2019 HI10

3\/5+\/; +3\/5—\/; =1

(§/5+\/§+3\/5—\/§)3 =1

5% +35+Vx ) (5-x)* +36+Vx ) E-Vx)* +5-4x =1
10 +3(25-x)*(B5+Vx )" +3(25-x)4(5-x) =1

9 +3(25—x)%[(5+&)y3 +(5—\/§)y3}=o

3+(25-x)*=0

(25-x)* =-3
25 —x=-27
x=152

a+b+y=5
ab+by+ay=3
a+b+y=5
ab+by+ay=3’

G3.4%a‘b£y§‘?§£’i"}§'i{ s Ry ek s B oo

If a, b and y are real numbers and satisfy {

determine the greatest possible value of y.

From (1):a=5-(b+y) ------ 3)

Sub. (3) into (2): [5 — (b +)]b + by + [5 — (b + y)ly = 3

b*+ (y—5)b+ (3? -5y +3) =0, this is a quadratic equation in b.
For real values of b, A = (y — 5)> —4(* -5y +3)>0

-3+ 10y +13 >0

3210y —-13<0

Gy—13)y+1)<0

P
<y< 3

The maximum value of y 23 .
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Group Event 4

G4.1

G4.2

G4.3

Farbifk T a® e PL144 fd=a+bihk -

Let a and b are two integers and the difference between a? and b? is 144, determine the largest
possible value of d=a + b.

a’—bh>=144

(@+b)(a—b)=144=144x1=T72x2=-----.

Whena+b=144,a—-b=1,then a=72.5, b =71.5, which are not integers.
Whena+b=72,a—b=2,thena=37,b=35

.. The largest possible value of a + b =72.

Remark: The original question is

Fa> 2 DPPLEHR DL 144, fd=a+b ikt

Let a® and b?* are two integers that differ by 144, determine the largest possible value of d = a + b.
The original question is wrong because d can be any positive number.

e.g. a®> = 100000144, b* = 100000000, then a*> — b> = 144 and d = a + b ~ 200000
e.g.a’>=10'+144,p>=10' then a’> - b*= 144 and d =a + b =~ 2x10°

Fn oRERon OB R 0RsuNEuE T fuihiE e

If n is an integer, and the units and tens digits of n? are u and 7, respectively, determine the value
of u.

02=0,12=1,22=4,32=9,42=16,5%2=25,62=36,7>=49, 82 =64, 9> = 81

Letn =10a + b, n*> = (10a + b)> = 100a + 20ab + b*> = 70 + u (mod 100)

u=0,1,4,5,6or9

20ab + b> =70 + u (mod 100)

b(20a + b) =70 + u (mod 100)

Ifb=0,L.H.S. # R.H.S.

Ifb=1,20a+1=71= 20a=70.No solution
Ifb=2,40a +4 =74 = 40a = 70. No solution
If6=3,60a+9=79 = 60a=70.No solution
Ifb=4,80a+16=76 (mod 100)

80a = 60 (mod 100)

8a =6 (mod 10)

a=2or7 (e.g. 24>=576 and 74% = 5476)
Ifb=5,100a + 25 =75 = 100a = 50. No solution
Ifb=6,120a + 36 =76 (mod 100)

20a = 40 (mod 100)

a=2or7 (e.g. 26°>=676 and 76> = 5776)
Ifb=7,140a + 49 =79 = 140a = 30. No solution
If6=28, 160a + 64 =74 = 160a = 10. No solution
Ifb=9,180a+ 81 =71 = 180a =90. No solution
Conclusion u =6

(4+\/E)g+(4—\/ﬁ)g

SR S 3 3
(6+\/£)5—(6—\/£ﬁ

g o

(4+\/E)g+(4—\/ﬁ)g
(6+\/£)%—(6—\/£T2

V84215 =+/5+24/3x5 +3=/5+/3 ,1/8— 2415 =1/5-24/3x5 +3=/5-4/3
V1242435 =7+ 2J7x5 +5=+/7 +/5,112-2/35 =/7 - 24/Tx5+5 =17 /5

Determine the value of real number ¢ =
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Answers: (2015-16 HKMO Final Events) Created by: Mr. Francis Hung

N

@+vrﬁ @ \ﬂgf

c =
(635 — (6~ 35 )
22{(4+\/Eﬁ+(4—\/ﬁ3}
22{(6+\/£)2—(6—\/£)2]
_ (8+2\/_T (6215}
h2+2J35) —h2— 2435
_(VB++3) + (V53
(V7 +5) (7 - V5
@€T+3@@XJ§TZZ5@@)+9J§):Z_
AV7F(v5)+(vs] 21V5)+5(/5) 13
G4.4 £ 7|7 f2 x:1+—11 sl F #fF
1+ 1
1+~
+1+1
X
Determine the positive real root of the following equation: x=1+ —1 1
1+
1
1+~
+1+1
X
1 1 1 1
NPT S R
1+— —
X X
2-x 1
X 1_1+—£—
X+1
2-x_1
X—l 2xx++11
2-x  x+1
x—1 2x+1

C-x)2x+1DH)=x-Dx+1)
2 +3x+2=x*-1

3x*-3x-3=0
X-x-1=0
1++/5 1
= +2\/— 2\/— (<0, rejected)

Remark: “ 9 #----- e B ® o 7 is changed into “H T 73 Ao gt F #KfE o
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