Answers (2016 HKMO Heat Individual Sample)

2016 Heat Individual (Sample Paper) answer

Created by: Mr. Francis Hung
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An integer x minus 12 is the square of an integer. x plus 19 is the square of another integer. Find
the value of x.

x—12=n%reeen (1); x+19=m? -+eevven (2), where m, n are integers.
2)—(1): (m+n)(m—-n)=31
“+ 31 is a prime number
~mt+n=3landm-n=1
m=16,n=15
x=152+12=237
Given that (107 ] =0.000-+-01. Find the value of 7.
%/_/

n times

107%°%% =0,000---01
—

n times

n=201500 - 1=201499

As shown in Figure 2, ABCD is a cyclic quadrilateral, D
where AD=5,DC =14, BC =10 and AB=11. '
Find the area of quadrilateral ABCD.

Reference: 2002 HI6

AC* =102+ 112 = 2x11x10 coS LB ++++++--- (1)
AC? =52+ 14% - 2x5x14 cos LD +++++++-- (2) A C

(1)=1(2): 221 — 220 cos£B =221 —140 cos«D ...(3)
/B + 2D = 180° (opp. Ls, cyclic quad.)
..cos LD =—cos 4B
(3): (220 + 140) cos LB=0= £B=90°= /D
Area of the cyclic quadrilateral
= area of AABC + area of AACD

~L 111041 5.14=90
2 2

Figure 1 shows a right-angled triangle ACD where B
is a point on AC and BC = 24B. Given that AB = a
and ZACD = 30°, find the value of 6.

In AABD, AD = —2—
tan 0

AD +3a

tan30° tan®
However, AC=AB+BC=a+2a=3a

In AACD, AC =
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Created by Mr. Francis Hung

A school issues 4 types of raffle tickets with face values $10, $15, $25 and $40. Class A uses
several one-hundred dollar notes to buy 30 raffle tickets, including 5 tickets each for two of the
types and 10 tickets each for the other two types. How many one-hundred dollars notes Class
A use to buy the raffle tickets?

100 is an even number, the face values $15 and $25 are odd numbers. Only 5 tickets of $15 and
5 tickets of $25 can make a sum of even numbers.

10(10) + 15(5) + 25(5) + 40(10) = 700 = Class A uses 7 $100 notes.

Find the remainder when 22°!! is divided by 13.

26=64=13x5-1=-1mod 13;2?=1mod 13

2011 =12x167 +7

2201 = 1216747 = (R12)1675 27 = 27 = 26x2 = —1x2=-2 =11 mod 13

Find the number of places of the number 22°x25!2, (Reference: 1982 FG10.1, 1992 HI17)
2202512 = 220% 524 = 1020x54 = 625x10%°

The number of places = 23

A, B and C pass a ball among themselves. 4 is the first one to pass the ball to other one. In how
many ways will the ball be passed back to A after 5 passes?

Construct the following table:

Number of passes 1 2 3 4 5
A 0 1+1=2 1+1=2 3+3=6 5+5=10
B 1 0+1=1 1+2=3 3+2=5 5+6=11
C 1 0+1=1 1+2=3 3+2=5 5+6=11

There will be 10 ways for the ball to pass back to A4.
Given that a and b are distinct prime numbers, a*> — 19a + m = 0 and b> — 195 + m = 0. Find the

value of %-f‘ g. Reference: 1996 HGS8, 1996FG7.1, 2001 FG4.4, 2005 FG1.2, 2012 HI6

a and b are prime distinct roots of x> — 19x + m =0
a + b =sum of roots = 19 (odd)

-+ a and b are prime number and all prime number except 2, are odd.
sna=2,b=17(ora=17, b—2)
a b 17

2,017,229 21,
b a 2 17 34
Itis given that a1, az, ... , an, ... is a sequence of positive real numbers such that a; = 1 and a,+

1 .
=a,+ \/a_n +— . Find the value of a2o1s.

a=?2 -l-1 =g
4 4
9 3 1 16
az=—+-+===
4 2 4 4
2
Claim: a, = (n ;1) forn>1
Pf: By M.I. n =1, 2, 3, proved already.
(k+1) .
Suppose a; = 2 for some positive integer £.
1 (k+1? k+1 1 (k+1f+2(k+1)+1 (k+1+2)
i+l = art4/ +—= + +—= =
4 4 2 4 4 4
By M.L., the statement is true for n > 1
2
axis = 2016° _ 10082 = 1016064
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If the quadratic equation (k> — 4)x? — (14k + 4)x + 48 = 0 has two distinct positive integral roots,
find the value(s) of .

Clearly k? — 4 # 0; otherwise, the equation cannot have two real roots.

Let the roots be a., f.

A= (14k+ 4)2 - 4(48) (K> — 4) = 22[(Tk + 2)> — 48k> + 192] = 22(k* + 28k + 196) = [2(k + 14)]?

14k +4+[2(k+14)f 7k+2+k+14 8k+16 8  6k-12 6
a= 2 - 2 L2 - = 2 - :
2(k* - 4) k2 -4 k2-4 k-2 k2-4 k+2

For positive integral roots, k — 2 is a positive factor of 8 and & + 2 is a positive factor of 6.
k—-2=1,2,4,8andk+2=1,2,3,6

k=3,4,6,10and k=-1,0,1, 4

- k=4 only

Method 2 provided by Mr. Jimmy Pang from Po Leung Kuk Lee Shing Pik College

The quadratic equation can be factorised as: [(k—2)x — 8][(k+2)x—6]=0

ck#2and k#-2 . x 8 or 6

“k-2 7 k+2
By similar argument as before, for positive integral root, k = 4 only.
Given that y = (x + 1)(x + 2)(x + 3)(x + 4) + 2013, find the minimum value of y.

Reference 1993HGS, 1993 HG6, 1995 F14.4,1996 FG10.1, 2000 FG3.1, 2004 FG3.1, 2012 FI2.3

113

114

y=0+Dx+4)(x+2)(x+3)+2013 = (x> + 5x +4)(x*+ 5x + 6) + 2013
= (x?+ 5x)> + 10(x? + 5x) + 24 + 2013 = (x% + 5x)> + 10(x* + 5x) + 25 + 2012
=(x*+5x+5)2+2012 >2012
The minimum value of y is 2012.
How many pairs of distinct integers between 1 and 2015 inclusively have their products as
multiple of 57
Multiples of 5 are 5, 10, 15, 20, 25, 30, ..., 2015. Number = 403
Numbers which are not multiples of 5 =2015 - 403 = 1612
Let the first number be x, the second number be y.
Number of pairs = No. of ways of choosing any two numbers from 1 to 2015 — no. of ways of
choosing such that both x, y are not multiples of 5.
2015x2014 1612x1611 5x2014 4x1611
2 2 2 j
=403x (5><1007— 2><1611)= 403x%(5035 —3222) =403x1813 = 730639

— (2015 1612 _
=C2% _Cl2=

=403x[

Let x be a real number. Find the minimum value of \/X2 —4X+13+ \/X2 —-14x+130.

Reference 2010 FG4.2 T Q(7,9)
Consider the following problem: T
Let P(2, 3) and Q(7, 9) be two points. R(x, 0) is a variable point T
on x-axis. To find the minimum sum of distances PR + RQ. T

Lety = sum of distances = /(x—2)? +9 ++/(x—7) +81

If we reflect P(2, 3) along x-axis to P’(2, —3), M(2, 0) is the foot |
of perpendicular, oL
then APMR = AP’MR (S.AS)
y=PR+RQ=P’R+RQ>P’Q (triangle inequality)

y>(7-2) +(0+3) =13
The minimum value of vx? —4x+13++/x? —14x+130 is 13.

l(zl '3)
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In figure 2, AE =14, EB="7, AC =29 and BD = DC = 10. !
Find the value of BF”.

Reference: 2005 HI5
AB=14+7=21,BC=10+10=20

AB? + BC?=21%2+20%=841=29*=AC*?

.. ZABC =90° (converse, Pythagoras’ theorem)
Let BF =a, ZCBF =0, ZABF =90° -0

Area of ABEF + area of ABCF = area of ABCE

%-20><asin6+%-a><7cose:M B 5 c

=
Figure 2

20a sin O+ 7a cos =140 ...... (1)
Area of ABDF + area of AABF = area of AABD
10x21

%-le acose+%-ax105ine =

2lacos 0+ 10asin =210 ...... (2)
2(2)—(1):35a cos 6 =280
acos0=8...... 3)

3(1)-(2): 50 asin =210

21
mO=— ...... 4
a sin c 4)

2
B2+ @) BF2=a>=82+ 21 =&41(=81E=81.64)
5 25 25
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1 8 2| -1007 |3 45 4 12 5 5985
15-16 14 7 200 8 46 9 14 10 32
Individual 1 17
11] —— (12 — 13 522 14 20 15 -1
2016 3
1 * 63
1 > 2| 75em? 3| Tomm |4 6 50 J7
see the remark
15-16 281
Group EZ
6 672 7 72 8| 386946 |9 8 10| 4062241
21—
13
Individual Events
11 ;J‘—Er 0,1252016><(22017)3 mf_@ °
Find the value of 0.1252016x(22017)3,
1 2016 l 2016
0125216522073 = = | x (23" =[Zx8| x8=8
8 8
2 ¢ e qe {Xl Xy =X, X3 = X3+ Xy == Xogs + Xop15 = Xop15 + Xop16 =1 s oy Hhig o
X+ Xy + Xg 04 Xopis + Xoo1s = Xo016
. . X1+X2:X2+X3:X3+X4:"':X2014+X2015:X2015+X2016:1
Given the equations
Xy + Xy + X5+ Xopis + Xopis = Xoo16
find the value of x;.
X1txX2=x2tx3=Xx1=Xx3
X2t X3=X3tX4a= X2=Xa
X3+ X4=X41TX5= X3= X5
Inductively, we can prove that x; =x3 = --------- = X20155 X2 = X4 = ceeeeees = X2016
Leta=x1+x3+ «cccvnvee +x2015 = 1008x1; b=x3 + x4+ <vveeeen + x2016 = 1008x>.
Sub. the above results into equation (2): 1008(x1 + x2) = x2016 = X2
1008 = x»
x1+tx=1=x1=1-1008=-1007
13 4 50 x 7 2016-X 5 A ?
How many x are there so that /2016— JX isan integer?
Reference: 2018 FG4.1, 2019 FG2.1
45 =1/2025>+/2016—+/x
2016—/x =0, 1,2, --- or 44.
There are 45 different x to make /2016—+/X an integer.
4 F xy i 75 % x -y PAREL x+1)>+(p-2P=507?

If x, y are integers, how many pairs of x, y are there which satisfy the equation
(x+1)*+(y-2)*=50?

The integral solutions to @ + b*> = 50 are (a, b) = (&5, +5), (7, £1) or (%1, £7).

.. The number of pairs of integral solutions are 2x2x3 = 12.
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The sum of 63 consecutive integers is 2016, find the sum of the next 63 consecutive integers.
The sum of next 63 consecutive integers = 2016 + 63x63 = 5985

Chr 8 BREBhT IR Y o AP AvE- RBIDL 80 % 4 L35 8 BAEEKY o
BoA oo koA kot @ o

Given that the mean, median, range and the only mode of 8 integers are also 8. If 4 is the largest
integer among those 8 integers, find the maximum value of A.

Suppose the 8 integers, arranged in ascending order, are a <b<c<d<e<f<g<A.

a+b+c+d+e+f+g+A:8:>a+b+c+d+e+f+g+A:64 ,,,,,, (1)

Hzgjd.q.e:m ...... )

Sub. (2)and 3)into (1): 4 -8 +b+c+16+f+g+A=64=24+b+c+f+g=56---(4)
* Median=8 = d<8<e

 Mode=8=d=e=8

In order to maximize A4 and satisfy equation (4), b, c, f, g must be as small as possible.
f=g=8,b=A4-8,c=A4-8; sub. these assumptions into (4):

24+24-16+8+8=156

= The maximum value of 4 = 14.

LEH] 2 5002 R By T2, 9

How many ‘2’s are there in the numbers between 1 to 500?

1to 9, ‘2° appears once. 10 to 99, ‘2’ appears in 12, 20, 21, 22, --- , 29,32, ---,92: 19 times.

100 to 199, ‘2’ appears 20 times, 200 to 299, ‘2’ appears 120 times,

300 to 399, ‘2’ appears 20 times, 400 to 499, ‘2’ appears 20 times.

‘2’ appears 200 times.

#1684 =4 1140 7 - F o g =4 240> R a-

A number in base 16 is 1140. The same number in base a is 240, what is a?

114016 =163+ 162 + 4x16 = 441619 = 240, = 2a*> + 4a

a’>+2a-2208=0

(a—46)(a+48)=0

a =46 or —48 (rejected)

P gLt i (6,240° % P v+ T4 16 i R P cnif i imghz FF chjedt o
The polar coordinates of P are (6, 240°). If P is translated to the right by 16 units, find the
distance between its image and the pole. Reference: 2019 HI2

Before translation, the rectangular coordinates of P is (6 cos 240°, 6 sin 240°) = (-3, — 3V3 ).
After translation, the rectangular coordinates of Pis (13, — 33 ).

The distance from the pole is 1/13° + (— 3\/5)2 = 14 units

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOHeat\HKMOheatanswers\HKMO2016heatans.docx ~ Page 6
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110 4§ - » & AABC * »BD 4v CE A~ %% AC fv AB & 1+ A

I11

"85 BDICE- 2 % BD=8>CE=6° RAABC 1% #f o
As shown in Figure 1, BD and CE are the medians of the sides AC
and AB of AABC respectively,and BD 1 CE. Given that BD =8, CE =
6, find the area of AABC.

Suppose BD and CE intersect at the centriod G.
Then G divides each median in the ratio 1 : 2.

CG=4,GE=2; BG=%,GD=§.

3
SABCE:%'G'?: 16 sq. units

Saasc =2 Sapce =32 sq. units

¢ 5 42 100[log(63x)][log(32x)]+1=0 7 = B R PP &P o 2 B> K aff FiE -
It is known that the equation 100[log(63x)][log(32x)] + 1 = 0 has two distinct real roots a and
B. Find the value of a.f3.
100[log(63x)][log(32x)] + 1 =0 = 100(log 63 + log x)(log 32 + logx) + 1 =0
100 (log x)* + 100(log 32 + log 63) log x + (100 log 32 log 63 + 1) =0
This is a quadratic equation in log x . The two distinct real roots are log a and log 3.
log af =log a + log B = sum of roots

~100(log32+1l0g63)

100

1

=lo
g32x63

=B =5016
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112 4c® = #r5F » ABC > CDEF 3 FGH ¥ 5224 » % ABC// c
FGH > AB=42 > GH=40 > EF=6 % FG=8-° ¢ i ABC &
FGH 2. B engedg s 41 » £ BC -
As shown in Figure 2, ABC, CDEF and FGH are straight lines, A
ABC /| FGH,AB =42, GH =40, EF = 6 and FG = 8. Given that
the distance between ABC and FGH is 41, find BC.

Let the mid-point of 4B be M. H
Draw the perpendicular bisector MN of 4B cutting GH at N.

AM= MB =21 and AB 1 MN. B]= Figure 2 s
ZHNM = ZAMN = 90° (alt. Zs, AB // GH)

MN must pass through the centre O of the circle.

GN=NH=20 (L from centre bisect chord)

Let ON = x, then OM = 41 — x. Join OA, OH. Let the radius be 7.

212+ (41 —x)> =72 -oeeee (1) (Pythagoras’ theorem on AAMO)

202+ x2 =72 enns 2) (Pythagoras’ theorem on AHNO)

(1)=1(2): 441 + 1681 — 82x + x> =400 + x2

x=21

Sub. x =21 into (2): »=20>+212=r=29

FGxFH = FExFD (intersecting chords theorem)

8x48 = 6x(6 + ED)

ED = 58 =2r = diameter of the circle

.. O is the mid-point of ED.

It is easy to show that AOMC ~ AONF  (equiangular)
MC NF

OM ON
21+BC 8+20
41-21 21

17

BC="
3

(corr. sides, ~As)

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOHeat\HKMOheatanswers\HKMO2016heatans.docx ~ Page 8
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M3 KA-B e CLz B#cF - 1" gz B#cF whz 28y 0T EF
(a) ACB ¥ ri# 3 i&f",lf ;
(b) BAC ¥ ri#t 4 i&f“,’f ;
(c) BCA7# i 5 i&f‘,’f ; %
(d) CBA e Fichicp 5 ¥ % -
Fz =48 ABC -
Let A, B and C be three digits. The number formed by these three digits has the following
properties:
(a) ACB is divisible by 3;
(b) BAC is divisible by 4;
(c) BC(CA is divisible by 5;
(d) CBA has an odd number of factors.
Find the 3-digit number ABC.

From (a),A+B+C=3m ------ (1), where m is a positive integer.
From (b), 104+ C=4n ------ (2), where n is a positive integer.

From (¢),A=0o0r5 ------ 3)

If 4 =0, then ACB is not a three digit number. .". rejected
Sub. 4 =5 into (2),C=2o0r6

From (d), CBA has an odd number of factors = CBA is a perfect square ------ 4)

Sub.A=5,C=6into(1): B=1,4o0r7

CBA =615, 645 or 675, all these numbers are not perfect square, rejected.
Sub.A=5,C=2into(1): B=2,50r8

CBA =225, 255 or 285

Of these numbers, only 225 is a perfect square

A=5B=2,C=2

ABC =522
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114 “RB=*" "ABCD 5 - T iw #3, E 5 AD *} eh¥ B D F C
2 FLDClrengk® 38 DF:FC=1:2-F4 3 FB
[ H
PETETEY EC%?G&H’_ﬁMﬁj@_o G
AFGH 15 f

As shown in Figure 3, ABCD is a parallelogram. E is the

mid-point of 4D and F is a point on DC such that DF : FC A B
=1:2. FA4 and FB intersect EC at G and H respectively. Find W=

Area of ABCD Figure 3
the value of .

Area of AFGH
Reference: 1998 HGS, 2019 HI11

D g F 2k C
H
G
| 3k A 3k B

Produce CE to meet BA produced at I. Let DF =k, CF = 2k.
AB =3k (opp. sides //-gram)
ACDE = AIAE (DE =EA, given, A.A.S.)
I4=DC =3k (corr. sides, = As)
ACFG ~ AIAE (equiangular)
CG:GI=CF:IA=FG:GA=2:3 - (1) (corr. sides, ~As)
ACFH ~ AIBH (equiangular)

CH:HI=CF:IB=FH:HB=2k:6k=1:3 ------ (2)  (corr. sides, ~As)

Let IC=20m. By (1), CG =8m, GI = 12m.

By (2), CH=5m, HI = 15k

S GH=CG—-CH=8m—-5m=3m

CH:HG=5m:3m=5:3

Let Sareu = 3p, then Sacru = 5p (AFGH and ACFH have the same height)
= Sacre=3p +5p=8p

3
Sacac = > x8p=12p (ACFG and ACAG have the same height & by (1))
= Sacar=8p + 12p=20p

1
Sapar = > x20p=10p (ADAF and ACAF have the same height)
= Sacap = 10p +20p =30p
AACD = ACAB (A.S.A)
= Sacas =30p

= Suscp =30p + 30p = 60p
Areaof ABCD 60p 20

Areaof AFGH 3p

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOHeat\HKMOheatanswers\HKMO2016heatans.docx Page 10
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115 & w#Fl{an) » B amr=am—ane % aa=-1 %2 az=1> % axis FE -
Given a sequence {a,}, where a,+2 = an+1 — an. If ax =—1 and a3z = 1, find the value of a216.
as=az3—a=1-(-1)=2
as=as—az=2-1=1
as=as—as=1-2=-1
ar=as—as=—1-1=-2
as=ar—as=-2—-(-1)=-1=a
av=as—ar=—-1-(2)=1=a3
aln=as—ag=1—-(-1)=2=ay
.. The sequence repeats the cycle (-1, 1, 2, 1, -1, -2) for every 6 terms.

2016 = 6x336

a2()16=612()1()= ceeenn =a6=_1

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOHeat\HKMOheatanswers\HKMO2016heatans.docx  Page 11
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Group Events
Gl i " 5UE} 1 22 i - @ 5L g e

LA 2 . pa . L2 2 e 2 1 ’
b1 =0 BT EL 2 INAEE ) ¢ HLY o K 2 ke iiifﬁ%mz F|w ® Hy

3 v jﬁi;ﬁ#ﬁé’-éﬁ%f@l‘}‘" L AL § 4 oo gi,ﬁﬁtm% FIWw T AL 2 eeeees o

%2016 = fs > " Hgsk G 50 a2 EH
At the beginning, there was 1 litre of alcohol in bottle 4 and bottle B is an empty bottle.

1
First, pour all alcohol from bottle 4 to bottle B; second, pour — of the alcohol from bottle B

back to bottle A; third, pour % of the alcohol from bottle 4 to bottle B; fourth, pour % of the

alcohol from bottle B back to bottle 4, --- . After the 2016™ pouring, how much alcohol was left

in bottle 4?
No. of times Amount of alcohol in A Amount of alcohol in B
1 0 1
2
1.1 1
2 2
3 1 2 1 1 2
ZxZ== 1-===
2 3 3 3 3
4 1 1 2 31
l——=— —x—==
2 2 3 4 2
5 1 4 2 2 3
2 5 5 5 5
6 1 1 3 51
l——=— —x—==
2 2 5 6 2
Let the amount of alcohol in 4 and B be a, and b, after » trails.
1 n-1 n
Cl F >1 n:bn:_, n— :—,bn—: .
aim: For n , a2 2 > an-1 o1 2m-1 on_1

Proof: Mathematical induction on n. n = 2, 3, proved by the above table.
1
Suppose ax = b ZE for some positive integer k> 1.

1 2 k  (k+1)-1

G k41 2k+1 2(k+1)-1
k-1

——, byr.1 =——— for some positive integer k> 1.
k177 T k-1 POSTIVE Tee

kK k+1_ (k+1)
2k +1 2k +1 2(k+1)-1

s boknn =1 -

Suppose az—1 =

y ) _
2k-1 2k 27 2 2
By the principal of mathematical induction, the claim is true for all positive integer n>1.
1

al2o16 = d2(1008) = =

2

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOHeat\HKMOheatanswers\HKMO2016heatans.docx Page 12
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G2 Bl- BTAABC P i AB ¢ 2.2 O E_CP ¢
- BLo 2 BO1CP > PO=6cm ~ CO=9cm
2 AQ =13 cm o RAABC 15 Ff o 3¢

Figure 1 shows A4BC, P is the mid-point of AB and © 9cm Q[ 6cm
Q is a point on CP. It is known that BQ 1L CP, PQ
=6cm, CO=9cm and 40 = 13 cm. Find the area

of AABC. B
Produce QP to D so that PD = QP =6 cm

AP = PB (given that P is the mid-point of AB)

ZAPD = ZBPQ (vert. opp. £s)

. AAPD = ABPQ (S.A.S.) 3¢

ZADP = ZBQP = 90° (corr. £s, = As) 9cm Q[ [6cm “p 6cm

AD =+/13* —12° cm = 5 cm (Pythagoras’ theorem)
OB =AD =5 cm (corr. sides, = As)

5

Sascp =3 -15-5¢cm? =7crn2
5 .

Sascp = Sapcp = > cm- (They have the same base and the same height)

7
Saapc =2 X ;sz =75 cm?

Method 2 (Provided by Mr. Mak Hugo Wai Leung)

D

Using coordinate geometry method, we denote C as the ACL V)

origin, then Q = (9, 0), P = (15, 0). We may let B= (9, —
y), where y > 0. Since P is the midpoint of 4 and B, the

coordinates 4 = (21, y). 00 00.0) P(15, 0)
Now 40 = 13 gives /(y—0) +(21-9Y =13,
solving yields y = 5 (since y > 0).

Therefore, 4 = (21, 5), B = (9, -5), C = (0, 0), and the B, -v)

area of triangle ABC is given by:

0 O

9 -5
1 cm? 21(45+105)cm2 =75cm?
221 5 2

0 O
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G3 J'Jy}:%ﬁi;lj ai, az, asz, - o"i% Sn:a1+a2+"'+an '»ﬂﬂ n gi{f?if{ﬁi"
3 Sn=2—an—2n_l » Roaxie HIE o
Consider a sequence of numbers a1, a2, as, --- . Define S, = a1 + a> + --- + a, for any positive
. ) ) 1
integer n. Find the value of az16 if S, =2 — a, ot

. n
Claim: a, = —

. . 1
Prove by induction. S1=a1=2-a1—-1=a1=—

2
1 1 2
S2:a1"FClz:2—612—5:}54‘2&2:2—53612:522
Suppose am=2ﬂm is true form =1, 2, --- , k, where k is a positive integer.
1 2 3 4 k 1
Sk+1:E+Z+§+E+"'+2—k+ak+1:2—ak+l—2—k """ (1)
3 4 k 1
2Sk+1=1+l+z+§+---+F+2ak+1=4—2ak+1—F ------ 2)
1 11 1 k 1
ZSkH—SkJr]:1+E+Z+§+""FF—?‘Fakﬂzz—akﬂ—?
1 1
ok k 1 2 k 1 k+1
21 —?+2ak+l:2—2732—?—?4‘2&‘(&:2—2—k:>ak+1:F
1-=
2

By the principle of mathematical induction, the formula is true for all positive integer n.
2016 32x63 63

- 32)( 22011 - 22011
Remark: Original question

¥ REG| aLaxaz, - o TE Simartartoota, B¢ on hiEe EEce

F Snzz_an_F e anie FE e

Consider a sequence of numbers a1, a2, as, --- . Define S, = a1 + a» + --- + a, for any positive
1

2n—l .

integer n. Find the value of a6 1f S, =2 — a, —

The Chinese version is not the same as the English version. If n is ANY integer, S, is undefined
for negative values or zero of .
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Answers (2015-16 HKMO Heat Events)

Created by Mr. Francis Hung

G4 * x %2 y HIE#PEE logx+logy=logx—y)+1: F£ (x,y) “#E o
If x and y are positive integers that satisfy log x + log y = log(2x — y) + 1, find the number of
possible pairs of (x, ).
Reference: 2002 HGY, 2006 F13.3, 2006 FG2.4, 2012 Fi4.2
log(xy) =log(2x —y) + log 10 = xy = 10(2x — )
20x - 10y —xy=0
200 +20x —y(10 + x) =200 = (20 — »)(10 + x) =200
10 +x 20—y X y
1 200 rejected
2 100 rejected
4 50 rejected
5 40 rejected
8 25 rejected
10 20 rejected
20 10 10 10
25 8 15 12
40 5 30 15
50 4 40 16
100 2 90 18
200 1 190 19
There are 6 pairs of (x, y) satisfying the equation.
G5 Bl=-*° > LAOB=15°X~YH_OA } chg-> P~ Q~ v A
RA_OB } gkt OP=1% OR=3- X
F s=PX+XQO+ QY+ YR > F s k] & o Eo
. . 0 P o) R B
In Figure 2, ZAOB = 15°. X, Y are points on OA, P, O, R
are points on OB such that OP =1 and OR = 3. - Figure 2

Ifs=PX+ XQ+ QY+ YR, find the least value of s.
Reference: 1999 HGY9
Reflect O, P, O, R, B along OA to give O, S, T, U, C.
Reflect O, X, Y, A along OC to give O, V, W, D.
Reflect O, S, T, U, C along OD to give O, L, M, N, E.
By the definition of reflection,
ZAOC = ZCOD = ZDOE = ZAOB = 15°, ZBOE = 60°
OS=0L=0P=1,0T=0M=00,0U=0ON=0R=3
oV=0X,0W=0Y
s=PX+XQ+ QY+ YR

=PX+ XT+TW+ WN
s 1s the least when P, X, T, W, N are collinear.

In this case, by cosine rule,
§2=12+32_-2x1x3 cos 60° =7

s=A7
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G6 % y=px’tqgx+tr - Z G dn#ice © Ar
(1) y e¥fEdhs x=2016-
2) #ZIBOBYIEE x 3 A -BAE > HY AB=4 H i+ o
B) #H:EDBGEBELR y=-10* C~-DAag »H?¢ CD=16H i+ -
Foog g o
Let y = px? + gx + r be a quadratic function. It is known that
(1) The axis of symmetry of y is x =2016.
(2) The curve cuts the x-axis at two points 4 and B such that AB = 4 units.
(3) The curve cuts the line y =—10 at two points C and D such that CD = 16 units.
Find the value of g.
y=p(x—-2016)>+k
Let a,, B be the roots of y = p(x —2016)> + k=0
p(x*>—4032x +2016%) + k=0
px?—4032px +2016%p + k=0

20167 p +k k

=20162+—
P

o+ B=4032,0p =

o —B|=4=> (a— =16
= (a+pBP-4aB=16

= (4032)? - 4(20162 +£) =16
p

k=-4p
y=p(x—2016)> —4p = px* — 4032px + (2016> — 4)p
Let 7, s be the roots of px* — 4032px + (2016% — 4)p =10

r 4= 4032, ps = 2014 2018p+10_ 5 1 0018 +10

p p
I —s| =16 = (r+ 5)? — 4rs = 256

40322 - 42016>— 4 + 2%y = 256
p

16—4—02256

P

40_ 40 :sp=—l
p 6

g =—4032p =(—4032)x (— %jz 672

Method 2

y=p(x—-2016)>+k

Let a, B be the roots of y = p(x — 2016)> + k=0
a=2016-2=2014,3=2016+2=2018
(2018~ 20162 +k=0=4p+k=0 --- (1)
Let 7, s be the roots of p(x —2016)> + k=10
r=2016-8=2008,s=2016+8 =2024
(2024 - 20162 +k=0= 64p +k=—10 --- (2)

1 2
Solving (1), (2) gives p ==, k=%, 4 =~ 4032 =(- 4032){- %j: 672
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G7 K=&z g? EE RS 9122 150 Rz £2ch5 # -
The lengths of the three medians of a triangle are 9, 12 and 15. Find the area of the triangle.
A

Let the triangle be ABC, with medians AD =15, BE=12, CF=9.

The centriod G divides each median in the ratio 1 : 2.

. AG=10,GD=5,BG=8,GE=4,CG=6,GF=3.

Produce GD to H so that GD = DH = 5.

Join BH, HC. By the definition of median, BD = DC.

.. BHCG is a parallelogram. (diagonals bisect each other)

CH =8, BH = 6 (opp. sides of /-gram) ¥
In ABGH, BG? + BH?> = 6>+ 82=36 + 64 = 100 = 10> = GH?

.. ZGBH =90° (converse, Pythagoras’ theorem)

SABGH:%BH'BG:%'(6X8):24 5

24
SaspG = SasHG =? = 12 (equal base, same height)

Sacp = Sapc = 12 (equal base, same height)
= Sapcc=12+12=24

3 24
Sascr = 5 SagcG = > = 12 (different bases, same height)

= Sapcr=12+24 =36

Sascr = Sapcr = 36 (equal base, same height)

Saapc =36 +36="72

Method 2 (Inspired by Mr. Mak Hugo Wai Leung)

4
Claim: Area of triangle = 5\/ m(m -m, )(m -m, )(m - mc) ------ (*), where mg, my and m, are the

lengths of the 3 medians from vertices 4, B and C respectively, and m = >

The centriod G divides each median in the ratio 1 : 2. A

- 40-2m, 56~2m, co~2m,

1
Produce GD to H so that GD = DH = 3 m, . F

Join BH, HC. By the definition of median, BD = DC.
BHCG is a parallelogram (diagonals bisect each other) G
HC =BG, BH = CG (opp. sides of //-gram)

m, +m, +m,

ACGH is similar to a larger triangle whose sides are m,,
mp, mc. By Heron’ formula, 3 m

2
Sacor = @j Jm(m—m, Xm—m, Xm—m, )= Sascr

1 4
SaBcG = SapcH = ESBGCH =§\/m(m—ma)(m— mb)(m—mc)

Saacc = Saasc = g\/m(m - ma)(m -m, )(m — mc)

SAABc=3><g\/m(m—ma)(m—mb)(m—mc)zg\/m(m—ma)(m—mb)(m—mc)

m=1(9+12+15)= 18, m—m,=18-9=9,m—mpy=18 - 12=6,m —m.= 18— 15=3

SAABC=% 189 6 3 =72
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G8

FRLFES - EEAT T

(H 3 11 @i

2 FBi=El3 I BEALE

PIfLs s T o

(bl4e 22016 2~ B T4F# ;> %15 2016 = 111111000007 ° )
Feirg Thide ) e e

If the binary representation of a positive integer has the following properties:
(1) the number of digits = 11,

(2) the number of 1’s = 6 and the number of 0’s = 5,

then the number is said to be a “good number”.

(For example, 2016 is a “good number” as 2016 = 11111100000,.)
Find the sum of all “good numbers”.

Let the 11-digit binary number be X =abcdefghik , where a = 1 and all other digits are either 0

or 1. If X'is a “good number”, then, discard the leftmost digit, there are 5 1’sand 5 0’s.

The number of “good numbers” is CL°= 110 ><29 X38 X47 X56 =252
XLXIXEL4X

Starting from rightmost digit to 2°-digit, each digit has 126 1’s and 126 0’s
Sum of all “good numbers” is 252x2!10 + 126x2° + 126x28 + --- + 126

2" -1

=126x(1024 + 2047)
=126x3071 = 386946

=126x2" +126x
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GY *F¥#ca b2 ciziAmfd o fx)=x(x—a)x—>b)(x—c)> X x 5—- B+ a-
b2 cenfEfice Fx=(x—a)t(x-b)t(x—c)% f(x)=900 > R%= &£3}= ixLF cnitfr -
Let the three sides of a triangle are of lengths a, b and ¢ where all of them are integers. Given
that f(x) = x(x — a)(x — b)(x — ¢) where x is an integer of size greater than a, b and c.
I[fx=(x—a)+ (x—>b)+ (x—c)and f(x) = 900, find the sum of the lengths of the three altitudes
of this triangle.
x=(x-a)+(x-b)+(x—c)=>2x=a+b+c
2x—2a=b+tc—a,2x-2b=a+c-b,2x—2c=a+b-c
16 f(x) = 2x(2x — 2a)(2x — 2b)(2x —2¢c)=(a+ b+t c)b+c—a)a+c—b)a+ b—c)=16x900
Letatb+c=p---(1),btc—a=q--2),a+tc—b=r---Q3),atb—c=s--(4)

16x900 is even = at least one of p, ¢, r, s is even.

If p is even, then (1) — (2): 2a=p — ¢, L.H.S. is even = R.H.S. is even = ¢ is even
(H)-Q@B):2b=p-r=riseven,(1)—(4): 2c=p—s = s iseven

Similarly, if ¢ is even, then p,  and s must be even.

Conclusion: p = 2j, g = 2k, r = 2m, s = 2n and jkmn = 900 = 22x32x52 --- (5)

a+ b+ c =2jis the largest, without loss of generality, assume j > k>m > n
a=j—-kb=j—-m,c=j—-n=>c>2b>a
2ji=a+b+c=j—k+tj-m+j-—n=3j—(ktm+n)=>j=k+m+n - (6)
Sub. (6) into (5): (kK + m + n)kmn =900

4> jkmn=900=j>~/30 >5 - (7)

Ifj>30, o (5) jkmn =900 > 30kmn, then kmn < 30

j=k+m+n>30=3k>2k+m+n>30=£k>10
(k,m,n)= (12,1, 1), but (k + m + n)kmn # 900, rejected
(k,m,n)= (15,1, 1), but (k + m + n)kmn # 900, rejected
(k,m,n)= (18, 1, 1), but (k + m + n)kmn # 900, rejected
(k, m,n)= (20, 1, 1), but (k + m + n)kmn # 900, rejected
(k, m,n)= (25,1, 1), but (k + m + n)kmn # 900, rejected
Conclusion: by (7),6 <j=k+m+n <30
When j = 30, kmn =30 = (k, m, n) = (30, 1, 1), (15,2, 1), (10, 3, 1), (6, 5, 1) or (5, 3, 2)
butj=k+m+ n # 30, rejected
When j =25, kmn =36 = (k, m, n) = (18,2, 1),(12, 3, 1), (9,4, 1), (9, 2,2), (6,6,1),
or (6,3,2)butj=k+m+n#25, rejected
When j = 20, kmn =45 = (k, m, n) = (15,3, 1), (9, 5, 1) or (5, 3, 3)
butj=k+m+n# 20, rejected
When j = 18, kmn = 50 = (k, m, n) = (10,5, 1) or (5, 5, 2)
butj=k+m+n =18, rejected
When j =15, kmn = 60 = (k, m, n) = (10, 6, 1), (10, 3, 2), (6, 5, 2), (5, 4, 3)
only (10, 3, 2) satisfiesj=k+m+n=15
When j =12, kmn =75 = (k,m,n)=(5,5,3),butj =k +m+ n# 12, rejected
When j =10, kmn =90 = (k, m, n) =(9,5,2) or (6,5, 3), butj =k +m + n # 10, rejected
When j =9, kmn =100 = (k,m,n)=(5,5,4),butj=k+m+n=9, rejected
When j = 6, kmn = 150 = no integral solution, rejected
a=j-k,b=j-m,c=j—n=a=5,b=12,c=13, aright-angled triangle

The three altitudes of the triangle are: 12, 5, S—g .
Sum of all altitudes =12 + 5 +@ :&l.
13 13
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G10 % 1‘21 +2015‘21 +2016‘2‘ i -
12 +2015% + 2016
1* +2015" +2016'
12 +2015° +2016°
Reference: 2008 FGS.4, IMO HK Preliminary Selection Contest 2009 Q1
Letx =2015.5, then 2015 =x—-10.5,2016 =x + 0.5
1* +2015" +2016° 1+(x—0.5)" +(x+0.5)'
1242015 +2016% 1+ (x—0.5) +(x+0.5)
1+ 2% +6(0.5] % + 0.5 |
- 1+ 2(x* +0.5?)

Find the value of

1+ 2x* +3x° +1

1+2x? +1

_16x" +24x7 +9

44 +3)

B (4x2 +3)2

_4x*+3

4

(2x20155) +3
4

_ 4031% +3

-

~ (4000+31) +3

4
_ 16000000+ 248000+ 961+ 3

4
=4062241

_ 16248964

Method 2 (provided by Mr. Mak Hugo Wai Leung)
In general, we have

L x* + (1) 2(x* +2° +3x +2x+1)_ (X2 +x+1f

= =x?+x+1
1+ x2 +(x+1) 2(x? +x+1) X* +x+1
Substituting x = 2015 yields
4 4 4

L #2015 +2016 _ ) 5015420152 = 1 +2015 + (2000 +15)
1° +2015 + 2016

=2016 + 4000000 + 60000 + 225

=2016 + 4060225

= 4062241
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Geometrical Construction

1.  Suppose there are three different parallel lines, L1, L, and L3. Construct an equilateral triangle
with only one vertex lies on each of the three parallel lines.
BRFZFARATEE L[ F Lo fpif- BEF= 42 Bd FRFTEFER §7
- BT R
Reference:
Dropbox/Data/My%20Web/Home_Page/Geometry/construction/triangle/Equilateral_tri
_on_3_parallel_lines.pdf

L, - >

L,e

Lye
(E®] = % 4o (Bl - ) - B
(1) #&AB P iE3 - 8. Yo

WY i¥- L3 AB> X CD* X% EF* R =

(2) fF— %= &35 XYZ-
(3) @& ZR-
(4) HZiFr- BLF*ZR» 2L AB* P2 CD* Q- C Q X D
(5) @& PRZ QR Bl -

APOR { B A1 enh= 435 iTRI= & o

FHP Ao ol

PO LZR % AB 1 YR (4 e o)

WP Y R-Zw ¥R (hE=p i)

/RPZ= /RYZ (F 3 250 ehfl % &)
=/XYZ=60°

POLZR = CDLRX (4 EH“9)

O X-R~Z v 22 (hb=p $ &)

/RQZ= /RXZ (F 3 250 enfl % &)
=/LYXZ=60°

ZPRQ =180°—60° - 60° = 60° (= &5 & 4r)

S APQR 5 - Ei= &30

c RS
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A EHT Y R A TRE)NFC)

(1) tAB FBix3- B Po
P ARl s ER LS~ 2 AB >N H 3
K o

2) M HLPw o XEs HP ff— 9% > A3 J;

18 LJPL=60° @ #xu £ PJ» 3 EF 3t X
2 CD* Ro#ifax stk PL» 2 CD* Qo

(3) @& X0 -
(4) B X T— BE XY & FLYXQ0=60°> 7 2 AB*t

Yo L
(5) @i YQ-
PIAXYO{ 2- BEF= 4257 - (TR o
ECA L g
AHPJ % AKPL 8 _%:8= & 7 (4 1% @)= )
ZHPJ=60°= Z/KPL (%= & 2501 7)
ZJPL = 60° (3 8+ chim g )
ZPRQ =60°= ZPOR (AB// CD 3 g &)
. APQR B - BEf= &7
Z0XY =60°= LQPY CRE )
PXQY 5 - BRIP #ew i) - (F 5 251 el % & chig 232
£LXYQ = £LXPQ = 60° (F 3 25F chlfl% &)
Z/X0Y= /HPX = 60° (R 2 82500 &)

LAXYQ R - RSBz A

ETEE
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ARz EELAA R BB
(1) tAB }Biz3 - B.Po

MR pEE S e s (X8 = £ AAPEG 2 APFH -
(2) @& GH>» 2 CD* Q»i# PQ -
(3) MUEPRE4 S B s (FLZQPR=60°> % EF* R o
(4) @4 OR-
RIAPOR { §.- B%8= 4251 -

TR =& -
Bl =

AR S
* LOPF=x>» LPFE=Yy
¥ B APEF % APGH
PE=PG > PF=PH (3= &0l
ZEPG =60°= /FPH (2= &5l
/EPF=60°+ /GPF = Z/GPH
.. APEF =~ APGH (S.A.S))
ZPEF= /PHG =y (252 4% R &)
ZRPF=60°+x=ZQPH
PF=PH (2 &)
.. ARPF = AQPH (AS.A)
PR=PQ (2% = &2 g
o APQR % — £9E= &7 GEEZEED
ZPOR = ZPRQ (3= 4R & 4p %)

= (180° — 60°)+2 (= £357 & 9r)

=60°

S APQR A - B E#= &7

AL
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2.

AX

Given four points 4, B, C and D as shown in the figure below, construct a square which passes
through these four points.
T BT 5‘;:‘3;&, A~B~C % D’ﬂ'{‘i%“ i@ig@gﬁe%'g&,ﬁ@}%n;o

X

X > S

Yo 1 xID/—

XC

) N/
A

The construction steps are as follows:

(1)
2)
)
4)
)

Join AD and extend 4D to both ends longer.

Construct a line through C and perpendicular to AD which intersects 4D produced at P.
Construct a line through B and perpendicular to PC which intersects PC produced at Q.
Use Q as centre and QP as radius to draw an arc, cutting OB produced at R.

Construct a line through R and perpendicular to DA which intersects DA produced at S.

Then PORS is the required square.
Proof: By construction, ZSPQ = ZPQOR = ZPSR = 90°

ZQORS =360°—-90°-90°—-90°=90° (Ls sum of polygon)
.. PORS is a rectangle

By step (4), PO = OR = radii of the arc.

.. PORS is a square.

Remark: 4, B, C and D may lie outside the square.
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