Answers: (2016-17 HKMO Final Events)

Created by Mr. Francis Hung

Individual Events

11| a 0 12| a 8 13| a 8 14| a 2
b -1 b 64 b 2 b 1
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c c c c v
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see the remark 3872
Group Events
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512
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Individual Event 1
. . 1 1 .
Il-l % a ;‘;\ = 1 ? ﬁtﬁ; ﬁﬁﬁ'{i , "1,\ a E”i”fg’t o

(x+2)(x+3) (x+1)(x+4)

If a is the number of real roots of

= , determine the value of a.

(x+2)(x+3)  (x+1)(x+4)

x+Dx+4)=x+2)(x+3)
x2+5x+4=x*+5x+6
0=2

#fE>a=0

x+Dx+4)=x+2)(x+3)
X2+5x+4=x*+5x+6
0=2

No solution, a =0

M2 Fx 2982 b 5 —x—a—-9—|10—x| ehd& & > £ b g o
If x is areal number and b is the maximum value of —|x —a — 9| — |10 — x|, determine the
value of 5. (Reference: 2008, HI8, 2010 HG6, 2011 FGS.1, 2012 FG2.3, 2016 FI4.3)

;\‘.TFB—N’H N A S S5 Ipl +1ql = p + 4l
—x =9 = [10 — x| = —(}x — 9| + |10 — x|)
<—x—9+10-x/=-1

Sob=-1

We use the triangle inequality |p| + |g| = |p + ¢
—|x =9 =10 = x| =—(Jx — 9| + |10 — x|)
<fx—-9+10-x=-1

nb=-1

13 FF#cx 5 y B 42+42+9%xy=-119b> F xp chd + fE co
If real numbers x and y satisfy 4x? + 4y2 + 9xy = —1195, determine c, the maximum value of xy.

4x? +4y? + 9xy =119
119 >2,/(2x)*-(2y)* +9xy (A.M.>G.M.)

119 > 17xy
72xy
c=17
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Answers: (2016-17 HKMO Final Events)

. 1 1
N4 FrFdx BT X+5=c Kd=xX"+
X

.. . 1 .
If a positive real number x satisfies X° + — = ¢, determine the value of d= X+ — -
X X

Reference: 1985 FI11.2,1990 HI12

Created by Mr. Francis Hung

o

X3

x2+i2=7
X

2
:{XJFEJ =9
X

1
=>X+—=3o0or-3(#2 > - x>0)
X

d=x3+%=(x+lj(x2—l+%j
X X X

=3x(7—1)=18

1
X+ =
X

:[H_T:g

1
= X+—=3 or -3 (rejected, . x>0)
X

d=x3+%=(x+£j£x2 —1+i2j
X X X

=3x(7—1)=18

=7

X [P
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Answers: (2016-17 HKMO Final Events) Created by Mr. Francis Hung

Individual Event 2

12.1

S ? 43 & 1-km E’f’»'lﬁ] q}ﬁé‘i J,E A BLEE 4 4 W 12 10 km/h 2 6 10 km/h 6 knvh
km/h e Fpain4pF > e gadh o § @ PO ACELE Ap @i Rk g o <o >
Foa e PRE BIEaipS CEhcEk Rk oa PE

Two students run in opposite directions from a starting point of a 1-km

circular track at speeds of 10 km/h and 6 km/h, respectively. They stop

running when they meet each other at the starting point again. If a is number

of times they cross each other after they start and before they stop, determine

the value of a.

PR

=

& §a ¥ jEdE= (5 + 3)km = 8 km times and 3 times respectively.
BApg = fk=a=28

FrEtg e 88 88 8 8  |Theymeetat -

JPRER o s A B T4 EE S st e 3 & o |In half an hour, they will pass the starting point 5

Total distance travelled = (5 + 3)km = 8 km

Number of times they meet =a =8
510 1520 25 30 35 40 510 15 20 25 30 35 40

58868 6688

12.2

BY 3 FFkid 2 Fdonlizk nd BIRETFS BRI G5 310 Fh » aFé
SEIR 0 o IR TS IR HP 5 201 o FsEzReaniiEic D o

There is a set of red marbles and blue marbles. When a red marbles are added to the set, the
ratio of red marbles to the blue marbles is 3 : 1. When a blue marbles are added, the ratio of red
marbles to blue marbles becomes 2 : 1. Determine the total number of marbles, b.

BRRAF 3k iod MzR2 kg Fd Mk o |Let the original number of red marbles and blue
3k:(k+8)=2:1 marbles be 3k and k respectively.
3k=2k+16 3k:(k+8)=2:1
k=16 3k=2k+ 16
SR ek o= b = 4k = 64 k=16
The total number of marbles = b = 4k = 64

12.3

Zc 51000000 - BT H2 | pd > BP T3l b2 ey Fe i o
If ¢ is the smallest difference between 1 000 000 and a square, where the square is a multiple
of b, determine the value of c.

BT S #c L 64n’ - Let the square be 64n>.

1000 = 8x125 1000 = 8x125

1 000 000 = 64x1252 1 000 000 = 64x1252

1 000 000 — 64n = 64x(125> — n?) 1 000 000 — 64n> = 64x(125% — n?)
64x(125% — 124%) & 64x(126% — 125%) 64x(125% — 124%) or 64x(126% — 1252)
64x(125 + 124) & 64x(126 + 125) 64x(125 + 124) or 64x(126 + 125)
B] B=c = 64x249 = 15936 Minimum value = ¢ = 64x249 = 15936

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOFina\HKMOfinalanswers\HKMO2017finalans.docx  Page 3



Answers: (2016-17 HKMO Final Events) Created by Mr. Francis Hung

124 - B! oFF 222 8- BREZE dBFEIL yBF1L - F¢ dty=co
FPE d BFLII A - BRBESKE TR OFFINE y BHRIPAE RdehiEe
The building of a reservoir takes d technicians, or alternatively y labours to complete in a month,
where d + y = c. If d labours are employed to build the same reservoir, the time taken is 4 times
as much as the time taken when y technicians are employed. Determine the value of d.

d+y=15936 d+y=15936
F i EAMTE ~30d" Amount of work for one technician per day =ﬁ :
FrFaiE1MFE=rn Amount of work for one labour per day =i.
30y 30y
de¥F1m=149F P ﬁi—l+i=30—y Days for d labours to finish the job =1+i=30—y
30y d 30y d
. . y 30d |Days for y technicians to finish the job
LHI SR E P =l =
e AP AL 50d T5986—d |y, Y __ 30d
30(15936—-d)  4x30d 30d 15936 d
d 15936 —d 30 (15936 —d ) _ 4x30d
(15936 — d)? = 4d? d 15936 —d
15936 —d =2d (15936 — dy* = 4d>
d=5312 15936 —d=2d
d=5312

Remark: The Chinese version and the English version have different meaning.

Original version: ---#7% & cPpF et E y B H 1 07 41 ... the time taken is 4 times as
much as ---

New version: ---#7 % & cnpFF §_ pviF y B3 94 .- the time taken is 4 times as much

as cee
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Answers: (2016-17 HKMO Final Events) Created by Mr. Francis Hung

Individual Event 3

13.1 = {x0,y0,z0} ™M T3 fpleenfi» La=xo+yo+tzo FiE °
If {xo0, yo, zo} 1s a solution to the set of simultaneous equations below,
determine the value of a = xo + yo + zo.

2X—2y+z7=-15
X+2y+2z=18
2X—Yy+2z=-5
2 -2 1-15|R,—»>R |1 2 218|R-2R, |1 0 0]-2 1 0 0]-2
1 2 218 |R,—R ~|0 1 1j10 ~/0 1 110 |R,-3R,~|0 1 07

2 -1 2|-5|2R,—R, |0 5 2[41|5R,-R, [0 0 39| iR, |0 0 1|3

xo=-2,y0=7,z0=3
a=-2+7+3=8

j_}\b:\/6+2«/542r\/6—2«/§ v -
J6+2a +16-2a
. .

Reference: 2011 HI7, 2013 HI1, 2013 FI3.1, 2015 FG3.1, 2016 FG4.3

b:\/6+2\/§+\/6—2\/§
2

13.2

Determine the value of b =

WY +2da 2+ (2) + [[Va) ~2a 2 +(2)

G 0]

2
A2+ 42
2
133 #x 2.1 gﬁif logio b*>3 > F x g B o
If xisapositive integer and logio b* > 3, determine ¢, the minimum value of x.
logio 2* > 3 =logio 1000
29=1512<1000< 1024 =210
c=10
134 & f(x)=204+21+22+ ... £ 252421 £ d=f(c) ¢hiE o
If fx)=2°+2'+22+... + 2524+ 2! determine the value of d = f(c).
Reference: 2009 FI1.3, 2015 FI1.4
d=1(10)=20+21+22+ ... + 28+ 27

=210
= 1023

2
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Answers: (2016-17 HKMO Final Events) Created by Mr. Francis Hung

Individual Event 4

41 ¥a 328> Ffa b+ EREF axl?—(a-3x+@-2)=0 7 712 -
If a is a positive integer, determine the greatest value of a such that ax? — (a —3)x + (a—2)=0
has real root(s).

A=(a-3)-4a(a-2)=0 A=(a-3)-4a(a-2)=0
a’>—6a+9—-4a>+8a>0 a’>—6a+9—-4a>+8a>0
3a>-2a—-9<0 3a>-2a—-9<0
Let3a’>—2a-9=0 Let3a’?—2a-9=0
2+ (22 +4(3)(9) 2+ (22 +4(3)(9)
a= a=
2-3 2-3
azli@ a:1+\/§
3 3
T9. T5.
az1_53=2.1 or—1.4 azl 53=2.1 & 1.4
3 3
-14<a<2.1 -14<a<2.1
a ko =2 The largest integral value of a = 2.
. . 13 4
142 % x% y 29 #F 1<y<x % logxy+3logyx=—’,ﬂ‘ibzxjyzﬁﬂfﬁ_o
a X +y
. 13
If x and y are real numbers with 1 <y <x and logxy+3logyx=;,
4
determine the value of b = X2+y2.
X +Yy
1 1
F t=log.y, Rl logyx=¥ Let#=log, y, thenlogyx=¥
3 13 3 13
sl e t+?:5 The equation becomes: t+¥:?
22 -13t+6=0 24 -13t+6=0
Q2t-1)(-6)=0 2t-1)(t-6)=0
1
t=— & t=6 t=1 ort=6
2 2
cl<y<x . logey<l cl<y<x . logey<l
1 L | L
(0] X = (0] X =
gxY 5 gy 5
v =x v =x
CX+HY x+ Xt CX+Y x+xE
b_X2+ 27 2 =1 b_z 22 =1
y© o X“+X X“+y° X +X
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Answers: (2016-17 HKMO Final Events) Created by Mr. Francis Hung
43 - BR? 5 o b+2 B> o R DO+3 B2 EHRO+4 B> KB TP N3 BT £ 37

e R o Rz B A SRR R B PR ¢ ehid o
A bag contains b + 2 red balls, b + 3 white balls and b + 4 blue balls. Three balls are randomly
drawn from the bag without replacement. Determine the value of the probability, ¢, that the 3

balls are of the same colours.

Ik =363k =4-Fk =5 Red balls = 3, White balls = 4, Blue balls =5
3x2x1+4x3x2+5x4x%x3 3x2x1+4x3x2+5x4x3
P(lr ¢ )= P(same colour) =
12x11x10 12x11x10
_3 _3
a4 44

144 % cos20=c> ¥ d=sin*0+cos*0 =g o
If cos 20 = ¢, determine the value of d = sin* 0 + cos* 0.
d = (cos? 0 + sin? 0)> — 2 sin® 0 cos?> O
d=1-0.5sin?20

1
d =1—§(1— cos’ 26)

2
d=t1e 3
2|~

1936+9

© 2.1936
1945

3872
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Answers: (2016-17 HKMO Final Events) Created by Mr. Francis Hung

Group Event 1

, X 1
Gl Z3¥%x-y2% z& ix+£=—1 ’y+1=—2 2 op4i= 50 hg=—" E o
y z X Xyz
If real numbers x, y andzsatisfnyrl:—l,y +1= 2 and z+1=_5. Determine the value of a
y z X

=i. (Reference: 2008 FG2.4, 2010 FG2.2)
Xyz

(Dx2)x(3) = (1) - (2) - 3):

11 1 1 1 1 1 1
XYZ+X+Y+2+—+—+—+——| X+Y+Z+—+—+— |=-10+8= Xxyz+—=-2

X Yy z Xz X y z Xyz
(xyz+1)’=0
1
a=—n=-1
Xyz

' 1 Y % & A
Gl2 % ‘X_|2X_]”:§ SF AR KPR b hE -
1. :
If ‘X—|2X—i|” =5 is a real equation, determine the value of b, the number of real solutions of

the equation.
Reference: 2012 FG4.3, 2005 FG4.2, 2009 HGY, 2012 FG4.2

1 1 1 1
— — = — 2 — — = —— —_ —_ = — — — = ——
x|2x1|25 x—|2x-1 > x|2x]420rx|2x14 5
x—£=|2x—14 & x+£:|2x—1| x—1:|2x—1| or x+£:|2x—14
2 2 2
2x—1=i(x—1j B 2x—1:i(x+1] 2x—1:i(x—1j or 2x—1=i(x+l)
2 2 2 2
1 . 3 1 1 3 1
X=— BX=—, = X=— orx=—, —
2 2 6 2 2 6
b=%#&#=3 b = number of real solution = 3
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Answers: (2016-17 HKMO Final Events) Created by Mr. Francis Hung

Gl3 #7#x 2y R x>0 2 x+y=3> & (1—1j[1—£j g S B C o
X y
If real numbers x and y satisfy xy > 0 and x + y = 3,

find ¢, the maximum value of (1—1] {1—£J .

X y
cxy>0,x+y=3 cxy>0,x+y=3
Sx>0,y>0 Sx>0,y>0
2 2
0<xy<[ XYV =2 (aMm >oM) 0<xy<[ XYV =2 (AMm zoM)
2 4 2 4
. 9 9
0<xy<1 & leySZ 0<xy£10r1£xy£z
lorwdclagtt Lotor el it
Xy 9 xy 9 xy Xy 9 xy 9 xy
_4, 1 _4, 1
9  xy 9
Xy—(x+y)+1 Xy—(x+y)+1
[1_lj(1_£j:w:l_iglzc (1_1J[1_1j:&:1_islzc
X y Xy xy 9 X y Xy Xy 9
Gl4 =5 #x &% X—§:3 v R d=x5—%rﬁ’1t§_o
. 1 . 5 1
If a real number x satisfies X —; =3, determine the value of 4 =X _F'

d=x5—%:(x—lj(x4+x2+l+%+%j
X X x* X

d=3%(119 +11 + 1)
d =393
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Answers: (2016-17 HKMO Final Events) Created by Mr. Francis Hung

Group Event 2

G211 A= 4] ® > F A 5 123456+ 136 ctk#ic » K 4 g o
In base-6 system, if 123456 + 136 has remainder 4, determine the value of 4.
123456 = 6%+ 2x63 + 3x62 + 4x6 +5=1296 + 2x216 + 108 + 24 + 5=186519

136=91¢
1865+9,4=2

G22 > > RHhiZ RS BERT AR - RNE - Z B 55 9 ehe ek ® > LB
G o

Any two vertices in a cube can form a line segment. If B is the greatest number of line
segments thus formed, determine the value of B.
=3 fF 8 BUEE There are 8 vertices in a cube.
P EBA ERA, A - A o Select any two vertices to form a line segment.
B=C! =28 B=C; =28
G233 F# x -y %z BE (x+y+2)=30 2 C=x>+y>+22> F C g | & -
If real numbers x, y and z satisfy (x +y + z) = 30 and C = x> + )? + 2, determine the least value
of C.

T P-2xt+x*=((—-x)* (1)
F=2pt+y*=(t—-y)* - (2)
P-2zt+22=(t—z)* - (3)
(H+@2)+ Q)

Consider 2 —2xt + x> = (t — x)? --- (1)
F=2t+y*=(t—y)* - (2)
P—2zt+22=(t—z)* - (3)
(H+@)+ )

LH.S.=32-2(x+y+z2)t + (x2+? + 22
LT ; #,;i
A=4x+y+z)2—4B)x2+)2+2) <0
(12+ 124+ 1) 2+ )2+ 2 > (x +y + 2)?

LH.S.=32-2(x+y+z)t+ (x*+y*+2?)
The function is always non-negative
A=4(x+y+z?-43)x*+)y*+2z5) <0
(124 12+ 1)+ )2 + ) 2 (x +y +2)?

3C > 302 3C=30°
C>300 C>300
C thi | 5=300 The minimum value of C =300
G24 = wD=x—-1P+3 % 3<x<3> R D ek xiE-
Given that D = (x — 1)? + 3. Determine the greatest value of D for -3 <x<3.
—4<x-1<2 —4<x-1<2
—64<(x—-1)°<8 —64<(x—-1)°<8
6l <(x—-1)P¥+3<11 61 <(x-1P3+3<11
D ek x B5=11 The greatest value of D = 11
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Answers: (2016-17 HKMO Final Events)

Group Event 3
G3d1*ka b2 csE#? 1<a<b<c-%

Created by Mr. Francis Hung

(ab - 1)(bc — 1)(ac — 1)¥ # abc %;_”,f )

Fab+bc+ac—1 “,/TT ™oagbe PriE 2 4% R hiE o
Let a, b and ¢ be integers with 1 < a <b <c. If (ab — 1)(bc — 1)(ac — 1) is divisible by abc,
determine the value of the remainder R when ab + bc + ac — 1 is divided by abc.

(ab—1)(bc—1)(ac—1)

= (abc)? —abc(a + b +c) + (ab + bc + ca) — 1
v ¥ Arabc g;_ﬂ,f o
soab+bct+ca—1=mabc > ms B #e o

(ab—1)(bc—1)(ac—1)

= (abc)* —abc(a + b+ c) + (ab + bc + ca) — 1
It is divisible by abc.

s.ab+ bc+ ca—1=mabc, mis an integer
The remainder R =0

HHHR=0
J1+x

1-x 1

G32 # 0<x<1>» & S:[

J1+x—J1—x+J1—x2+x—J{

X2

\/1+ X

1-x

If 0 <x <1, determine the value of S :[

Reference: 2016 FI3.3

{2

1-x

V1+X -(\/1+x +\/1—x)+ (1-

41+x—J1—x+J1—x2+x—1M

1 1
VI+X—41-x +\/1—x2 +X_JX(V7_1_;J

1+x)-(@1-x)

x)'|ﬂ—(x—1)|
X1 HV

(L)
: ﬂ+(1—

:

—(1—2x+x2)

-ﬁ+(l—

2x(1-x)

1-x*
P
x)}{ﬂ—l}

. L+x+J1—x2+\h—x2+«1—qu(vl—x2—1]
2X 2X X
_2+2J1—XZ}X[J1—XZ—1J£1+J1—x2jxldl—x2—1
2X X X X
)1

XZ

|

Remark: You may substitute x = 0.5 directly to find the value of c.

G33 £ 42 x*+ (x—4) =544 FR2 4o T it o
Determine the value of T, the sum of real roots of x* + (x — 4)* = 544,

Reference: 2014 FG4.4

K t=2-x> B x=t+2 x-4=1t-2
SRR (12 + (1-2) =544
2[4+ 6(2)22 + 24 = 544

*+24£2 -256=0

(#+32)(P-8)=0
£P=-32(#2)or=8

x=2+22

T=F1324c =4

Lett=2—-x,thenx=¢t+2,x-4=1t-2

The equation becomes: (¢ + 2)* + (1 — 2)* = 544
2 + 6(2)22 + 24] = 544

#4247 -256=0

(#+32)(P-8)=0

£ =-32 (rejected) or 2 =8

x=2+242

T'= Sum of real roots = 4
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Answers: (2016-17 HKMO Final Events) Created by Mr. Francis Hung

G34 &= £2,4BC¥ »BC=a > ZABC=g£ @ 5 /33 o & U= tan(LACB)hiE -

In triangle ABC, BC = a, ZABC :g and its area is \/§a2 .

Determine the value of U = tan(LACB).

X AB=c¢ LetAB=c¢

1 .= ) 1. = »

Zacsin= = ~acsin— =+/3a

Zaesinz =+/3a 243

c=4a c=4a

BC*= a?> + (4a)* — 2a-4a cosg BC?=a? + (4a)* - 2a-4a cosg

BC=+/13a BC=+13a
a’ +(\/1_3a)2 —(4a)’ 1

cos/ZACB = =— cosZACB = ==
2'3.'\/1_33. \/E 2‘&’\/]38. \/E
N 13-1
U=tanLACB=—ﬁ——2\/§ U=tan4ACB=————2\/§
13
\/_ \/E
C 1
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Answers: (2016-17 HKMO Final Events) Created by Mr. Francis Hung

Group Event 4
G41 QYirR=E > ZRAGH > Ed o T AIEpFT UL 3 EREGH A5 15 2mE
td e ARG R PRV LS EREFHE AME 15 BIRE FF o AR PTG iE e
dom A il E o F T Adfee A i, RE ) 50 p PA T HIF 120 *3e

Yo I

To make a specific toy, it must be first moulded and then painted. Mr. A can mould 3 pieces of
toys or paint 15 pieces of toys in one day, whereas Mr. B can mould 5 pieces or paint 15 pieces
of toys in one day. Each of them can either mould or paint toys in one day, but not both. If Mr.
A and Mr. B work together, determine the least number of days P to make 120 toys.

AT HEciE BBl @ AL ¢ ik B AeB— o
Flpt o 27 B @ FEHIFI202RE (hp Bk
Berg B Y Akdn i3 B e BKATE T x P i
oo yp Fd oo

3x+5(x+y)=120=8x+5y=120

15y=120=y=8 ------ ()
*(2) » (1):8x+40=120
x=10

B p #P=18

The speed of making moulds for A is slower than
B while the speed of painting for A is the same as
B. So, in order to minimize the number of days to
make 120 toys, all time of B is allocated for
moulding. Let A uses x days for moulding and )
days for painting.

3x+5(x+y)=120= 8x+ 5y=120

Sub. (2) into (1): 8x + 40 =120
x=10

The least number of days P =18
Remark: The following sentence is missing in the Chinese version:

AAFE DR RPN >R A aa E o

- BETVEF RN - §IZEt 103 3
Bt hofs - e B2 BgI ehfuk Qo

In a duck shooting game, a boy fires 10 shots. The probability of him shooting down a duck
with a shot is 0.5. Determine the probability O of him shooting down the 6th duck at the last
shot.

P(Bfs— #3387 5~ Bvg3)
=P(EEO# Y 5L > F108 57 18)

G4.2

g

P(shoot down the 6th duck at the last shot)
= P(1-9 shots 5 ducks, last shot 6th duck)

G43 4Bl 1> RfHer 3 md A L B FRRAEK R
As shown in Figure 1 below, determine the number of ways R getting from point A to B with
the direction indicated by the arrows.

B

R=377
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Answers: (2016-17 HKMO Final Events) Created by Mr. Francis Hung

G4 45k * SHEFFEFT TR 77 REFI > T2 PPMAOTE AT PR A o K- KB
7L PR BHEP S
To shade all the regions inside the following circular map using 3 colours, for which adjacent
regions must not be in the same colour. Determine the maximum number S of regions being

shaded by the same colour.
~1 —|
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