Answers: (2016-17 HKMO Heat Events) Created by Mr. Francis Hung
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Individual Events
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IS

¢ i A2017B & - B 8 T VA 72 ?;,;i"‘,f v R A ehiE e
Given that 420178 is a 6-digit number which is divisible by 72, find the value of 4 .
Reference: 2001 FG1.3, 2003 FI4.1
72 = 8x9, the number is divisible by 8 and 9 .
17B is divisible by 8, i.e. B=16.
A+2+0+1+7+6=9m, where m is an integer.
16+4=9m,A=2
A=2
e 0<p<1- % O0=3p’(1-p)+6p(1-pP+3(1-p) =+ @ -
Given that 0 < p <1, find the greatest value of Q = 3p*(1 —p) + 6p(1 — p)> + 3(1 — p)*.
0 =3p*(1 —p) +6p(l —p)* +3(1 - p)’
=3(1-p)p+1-py
0=3(1-p)<3
The maximum value of Q is 3.
© i AABC ehz ifg#enfk & _a ~b frc> B¥ 3<a<5<h<12<c<15 4§
AABC s ffd <~ pF > v e K &5 5 7
Given that the three sides of AABC are of lengths a, b and ¢, where 3 <a<5<h<12<c<

15, find the perimeter of AABC when its area attains the maximum value.
c is the longest side.

Area =% -absinC S% -ab-1 (Equality holds when a? + b = ¢?)

The largest area is attained when a =5, b =12, c =13

Perimeter=5+ 12+ 13 =30

K BZE2CEirEHE £ Cak | BE#EF B=C+134-

Let B and C be positive integers. Find the least value of C satisfying B>=C + 134 .

C is the least when B is the least.

B>=C+134<144=12?

When B=12,C=10

Flo- A REzZ A 1+2+3+ - +2015+2016+2017 ",% 9 AR H A9
Determine the remainder when the sum of natural numbers 1 +2 +3 +---+ 2015 +2016 +2017
is divided by 9 .

L4024+ _”+2017:1+2017

-2017

=1009x2017
= (112x9 + 1)(224%x9 + 1)
=9m+1

The remainder when divided by 9 is 1.
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16 2w a=2a=-1% am=2an—anr1’>B? n>1> % ayi; HiE -

Giventhat ao=2,a1=-1and au+1 = 2a,— an,-1, where n > 1, determine the value of az17 .
The characteristics equation is A2 =2A -1 => A =1
The general solution is a, = (An + B)-1"=A4An + B
a=0+B=2,a1=4A+2=-1=>A4=-3
an=2-3n= axi7=2—-3x2017=-6049
17 AXNZzm2Z 380 o N=16Ix+23y 7P xfo y 55 T o £ x+y k| o

Let N be a perfect cube number. Given that N=161x + 23y, where x and y are positive integers.

Find the minimum value of x + y .
161x + 23y =23(7x +y) = m*
Tx+y=232=529=7x75+4
x=75y=4

Minimum value of x +y =79

I8 ¢ i () =1x2x3x4°(Q) =2x3x4x5> (@) =3x4x5x6 -+ % %—%:é@xA v F 4 ehiE o
Given that (2) = 1x2x3x4, (3) =2x3x4x5, @) =3x4x5x6, --- and i—i:ixA,
® @ @
find the value of 4 .
1 B 1 _ 1 < A
14x15x16x17 16x17x18x19 16x17x18x19
1 1 1

- = x A
14x15 18x19 18x19
18x19 — 14x15 = 14x154
132=2104
4=2
35
19 ¢ s sinxcosx=0 % sinx—cos’x=1>H7 90°<x<180°> & x i -

Given that sin x-cos x = 0 and sin® x — cos® x = 1, where 90° < x < 180°, find the value of x .
sinx=0orcosx=0
x =0° (rejected), 180° (rejected) or 90°
When x =90°, sin®x —cos’ x =1
110 4B - CM E_LACB 4 T 4 %5 % AB=24C- ¢ 5vAAMC
b {12 BCAR R Ne % BN=10> £ AM £ B o
In Figure 1, CM is the angle bisector of ZACB and AB=2AC. 4 —
Given that the circumscribed circle of AAMC intersects BC at °
N.If BN =10, find the length of AM .
Let AC=x, AM =y, then AB=2x, BM=2x—y Bl - Figure 1
Let ZACM= Z/BCM =6
ZMAC = 0 (s in the same segment)
ZANM = 0 (s in the same segment)
MN =y (sides opposite equal £s)
ABMN ~ ABCA (equiangular)
y X

—=—=AM=y=35
10 2x
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I11

S dvox h- B F ((X(X+3)(X+6)(X+9)+2017 chb | i -

Given that x is a real number, find the least value of \/X(X + 3) ( X+ 6) ( X+ 9) +2017 .

Reference 1993 HG6, 1995 F14.4, 1996 FG10.1, 2000 FG3.1, 2004 FG3.1, 2012 FI12.3, 2013 HIS

112

113

JX(x+3)(x+6)(x+9)+2017 =[x (x+9)(x+3)(x+86)+2017
=\/(x2 +9x)(x2 +9x+18)+2017

:\/(Xz +9x)” +18(x® +9x) + 9% +1936

z\/(x2+9x+9)2+442 > 44

The minimum value is 44 .
2

L, X 1 ; X o
S I —:—’;‘}'\—mlﬂ_"
x> —5x+1 2 x* —5x?+1
2
Given %:l,ﬁnd the value of %.
X°—=bx+1 X" =5x“+1
2 2
X X2 5X+1:2:> X +1—5=2 = x+£:7

X X X

2
[x+ij :49:>x2+2+i2:49:>x2+i2:47
X

X X
4 g2
x2—5+i2=42:>L;(+1=42
X X
NG 1

=4 w21 1o
X*=5x"+1 42
4@l = > O 4_Fl ADB iflw - BC 2 CD % % &_F17)
w28 B 2 D 7% o OC//AD > O4 =15 -
# AD+0C=43 > £ CD & -
As shown in Figure 2, O is the centre of the circle ADB.
BC and CD are tangents to the circle at points B and D
respectively. OC // AD, O4 = 15.
If AD + OC =43, find the length of CD .
Join OD. OD 1 DC (tangent 1 radius)
Draw OJ L AD. AOAJ = AODJ (R.H.S.)
Let AJ=JD = x (corr. sides = As), OC =43 — 2x
Let ZODA =06, ZCOD =0 (alt. Ls AD // OC)

cos 0 =X 15 Bl = Figure 2
15 43-2x
43x — 2x? =225

2x? —43x+225=0

(x—9)(2x—25)=0

x=9o0r12.5

Whenx =9, 0OC=43 —2x =25

CD? = OC? — OD?* = 25% — 15% (Pythagoras’ theorem)

CD =20

When x=12.5,0C=43 —2x =18

CD? = OC? - OD? = 182 — 152 =99 (Pythagoras’ theorem)

cD= 311 (Remark: Candidates give answer with either 20 or 3J11 will score the mark)
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114 % a+logb=a*+logh’-10=3>H?¢ b>1> £ b enig o
If a+logb=a?+log b?—10=3, where b> 1, find the value of b .

a’+loga b*—10=3
a’>+3logab—-10=3
Sub. (1) into the equation: a®> +3(3 —a) - 10=3
a’-3a-4=0
(a=4)(a+1)=0
a=4or-1
Sub.a=41into (1): logsb=3 -4 =-1 = b=2"<1 (rejected)
Sub.a=-linto (1):logob=3+1=4=5b=2%=16
5 “H=*¥ 2 0 ABCDEF 5 &+ 75 2 v a4 5 9043
F GJ g o
In Figure 3, given that ABCDEF is a regular hexagon and its area
is 90+/3, find the length of GJ.

Let O be the centre. Let AB=a, OA, OB, OC, OD, OF, OF divides
the hexagon ABCDEF into 6 congruent equilateral triangles with
sides a .

g-az sin60° =90+/3

Bl = Figure3

= a?=60

= a=+/60

In AOFG, ZGOF =30°= LZGFO,OF =AB=a

izcos30°
20G
VB0 V3 ¢

2 2
0G =420 =25
GJ=20G =45
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Group Events

G1

G2

G3

K AMBC 5 - 5" 2 4= 473> B8 4 2 B it ®n i (2,0) 2 (18,0)* C
LR T fice § AABC hn ffp 5 Bl BF 0 R C itk o

Suppose that AABC is an isosceles right-angled triangle with the coordinates of the vertices
A and B as (-2, 0) and (18, 0), respectively, and the coordinates of C having positive values.
Determine the coordinates of C when the area of AA4BC attains its minimum.

When the area of AABC attains its minimum, 4B is the hypotenuse, AC = BC, AC L BC.
Let M be the mid-point of AB = (8, 0). Let the coordinates of C be (8, y) .

Yy .y

8+2 8-18

y?>=100

y =10, the coordinates of Cis (8, 10).

4oBl- 7 B AB-C-D-E% F5h- 3 & ¢,
o8B G-H-~-D3 4% - 248} o E= 8>

GETE AU S ——— o
As shown in Figure 1, points 4, B, C, D, E and F lie

on the same straight line, and G, H, D and I lie on ¥
another straight line. How many triangles can be
made by connecting any three points? : R
Number of triangles without D =C? -C> +C; -C; =45 - Figure 1
Number of triangles with D=C. -C}= 15

Total number of triangles =45 + 15 = 60

WFl = AT o P QA AL 2 A ABCD i BC 2 CD gk g p

 lo
|

[ 1
&

¢ dv APCQ 0% B ek 301 * 35 ABCD % Ji ehk m% )

F ZPAQ #iE o p
As shown in Figure 2, P, Q are points on the sides BC and CD of a square

B A

ABCD. Given that the perimeter of APCQ is 1 of that of the square .
2 Bl= Figure 2

ABCD, find the value of ZPAQ .
Reference: Dropbox/Data/My%20Web/Home_ Page/Geometry/transform/Q5.pdf, 2006 HG7

LetAB=BC=CD=DA= imeter of APCQ =2
e a, perimeter o 0O=2a e Y Qa-yDaxE

LetCP=x,CQO=y,BP=a—-x,CQ=a-y,PQO=2a—x—y

Rotate AABP about 4 in clockwise direction by 90° to AADE X| 28y

Then AABP = AADE; DE = a — x, AP = AE (corr. sides = A’s) P

AQ=A4Q (common side) a 'é A

PO=2a—x-y=(a-y)+(a—x)=QE
S~ AAPQ = AAEQ (S.S.S.)

ZPAE = 90° (by rotation)

ZPAQ = ZEAQ (corr. £s. = A’s)

ZPAQ = 45°
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G4

G5

Go6

EB=7" 20 &Flw 3% AB 2 LT OD cnag 5 4p 23t c6B
Cotd OA=25-~4B=30 2 BC=6° F CD & -

In Figure 3, O is the centre of the circle. Chord AB and radius OD
are produced to meet at C. Given that O4 =25, 4B =30 and BC =
6, find the length of CD .

Produce CO to meet the circle again at £. DE = diameter = 50

By intersecting chords theorem, CBxCA4 = CDxCE

6x36 = CDx(CD + 50)

CD?>+50CD-216=0

(CD—-4)(CD+54)=0

CD=4 Bl = Figure 3
2
RO B RSB NS 2L 3p410 mfflcp 2fo0 K O wiE -
(v3p+1-1)
9p°

Let O be the sum of all integers p satisfying the inequality > <3p+10,

(,/3p +1—1)
find the value of Q.
3p+120and3p+10>0and \3p+1-1#0and 9p’<(3p+10)3p+1-23p+1+1)

pz—% and p=0and 9p® <(3p+10)3p+2)-2(3p+10)/3p+1
pz-% andp=0and 9p? <9p?+36p+20-2(3p+10)/3p+1
pz—% andp=0and (3p+10)/3p+1<18p+10
pz—% and p =0 and 3p + 10)’(3p + 1) < (18p + 10)?
p> —% and p # 0 and 27p> + 189p? + 360p + 100 < 324p? + 360p + 100
pz—% and p # 0 and 27p3 — 135p? <0

1

>—— andp <5
p 3 p

p=1,2,30r4
Sum of all integersp=1+2+3+4=10
LtRle® >335 ABCD i £ 5 20 ¢ &+ DK:KA=AH: HB
=1:3 2 BK// GD> HC// AN > $§:3%% PORS d f# ©
In Figure 4, square ABCD has sides of length 20 .
Giventhat DK : KA=AH : HB=1:3and BK// GD, HC // AN,
find the area of shaded region PORS. (Reference 2009 HG6)
AK=15=HB,DK=5=AH, ZKAB =90°= ZHBC,AB=BC
AABK = ABCH (S.A.S.)
Let ZABK =0 = ZBCH (corr. £s, = A’s) Blz Figure 4
ZBHC =90° -0 (£ sum of A)
In ABQH, ZBQH =180°— 0 —(90° — 0) = 90° (£ sum of A)
.+ BK// GD, HC /| AN and ZBQH = 90°

.. PORS is a rectangle

A
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G7

G8

BK =+/15% +20* = 25, cos 0 :i_g:%

PQZAHcose=5xg=4
4
PS=DKCOS9=5><g=4

Area of PORS =4x4 =16

TR B X X2 X3 et N X017 0

1
\/X1_1+\/X2 _1+\/X3 _1+"'+\/X2017_1=§(X1+X2+X3+"'+X2017) ’

Fexitxatxs+ oo+ xp017 R o

It is given that for real numbers x1, x2, x3, -+, X2017,

1
\/X1_1+\/X2 _1+\/X3_1+"'+\/X2017 _1=§(X1+X2+X3+"'+X2017) ’

Find the value of x1 + x2 +x3 + --- + x2017 .

Created by Mr. Francis Hung

x121,x2>1,,x01721 (otherwise,\/xl —1+\/X2 —1+\/X3—l+---+,lx2017 —1 is undefined)

For1<i<2017, \x -1 S%(Xi —1+1)= % X (A.M. > G.M., equality holds when x; = 2)

1
\/X1_1+\/X2 _1+\/X3_1+"'+\/X2017 _1:E(X1+X2+X3+"'+X2017)

x1+x2+x3+ - +x2017=2x2017 = 4034

R FH T ad g T ol Faff & PP—11T-23 $32 5 & Fi2 fo> § hig o
Let positive integers, T, satisfy the condition: the product of the digits of 7 is 72 — 117 — 23.

Find the sum S, of all such positive integers.

Lety=T?—-11T-23 =(T-5.5)>-53.25, y is decreasing for T'< 5.5, increasing for 7> 5.5

If 1<T<5,thenT=T7>-11T-23<12-11-23<0,which is impossible
y>0e (T-55)2-5325>0< T-5.5>+53.25>/42.25=6.5 < T'> 12
When 7= 13,y =132 - 11x13 — 23 = 3 = 1x3 = product of digits

.. T=13 is one possible solution

Aofy (=T - 11T-23)is (-11)*> — 4(-23) = 213, which is not a perfect square
.. y cannot be a composite number

However, y = T> — 11T — 23 = product of its digits of 7'

= y =1 x prime number

.. 1 <y =prime number <9

" y 1is strictly increasing for 7> 5.5

When T=14, T? - 11T —23 = 14> — 11x14 — 23 = 19, which is a two-digit number
.. There is no solution for 7> 14

.. There is only one possible solution 7= 13 which satisfies 1 <y <9

S = sum of all such positive integers = 13

Remark Original version --- product of the digits of 7= 72— 11723 ---
Somebody will confuse that 7= 72— 11723 .
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G9

G10

BRI Y P ABC H- BEF= 350 - FlAp 3
B :P~Q-R~S~T2 U-%A45S=3>SR=13>RC=

2% Ur=8> $ BP—-QC i@ »

In Figure 5, ABC is an equilateral triangle intersecting the
circle at six points P, O, R, S, T and U. If AS =3, SR= 13,
RC =2 and UT = 8, find the value of BP — QC .

Reference: 2015 HG9

LetAT=a,BU=b,BP=x,0C=y,PO=18—-x—-y

By intersecting chord theorem,
a(a+8)=3x(3+13)
a’+8a—-48=0
(a—4)a+12)=0

a =4 or—12 (rejected)
AC=3+13+2=18=4B=BC
b=18-4-8=6

X(x+18 —x—y)=6x(6+8)

x(18—-y)=84 ... (1)
yy+18—x—y)=2x(2+13)
P(18 —x) =30 ------ )

(1) —(2): 18(x—y) =154
BP-QC=x—-y=3

Created by Mr. Francis Hung

R AR g’ —(da-3aP)x+2a’—a-21=0(H "7 a>0) "5 - B EHET

Kot d a v KRB o

It is given that the equation a’x?> — (4a — 3a®)x + 2a*> — a — 21 = 0 (where a > 0) has at least one

integral root. Find the sum of all possible integral values of a .
A= (4a—3a*? - 4a*Ra*> —a - 21)

A=16a*-24a’ + 9a* — 8a* + 4a> + 84a?

A=a*—-20a*+ 1004 = a*(a — 10)?

(4a—3a2)ir a’(a-10)°

X =

2a®
_(4a—3a2)ia(a—10)
- 2a®
:(4—3a)i(a—10)
2a
—-6-2a 14-4a
X = or
2a 2a
x=—§—1 or Z—2
a a
a=1,3,7

Sum of all possible integral values ofa=1+3+7=11
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Geometrical Construction
1. 4o TRl ¢ dv- FlO chE P - 58 5 AC o
FiFRIF A8 B~D # ABCD = 5 - B >3

As shown in the figure below, given that O is a circle with a diameter AC. Construct two points
B, D on the circle such that ABCD form a square.

TR 2 T (B )

(1) FACehE3 T A% XFO* B2 D-
(2) @4 AB~BC~CD % DA -

ABCD { 7% eni » ) (FH =L -

AL
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2. ¢ 5vAABC > 4T Bl #ToT o
Fi®-8M> 18 MA~MB 2 MC = if & FLR-AABC chg f= & 4 o
Given AABC as shown in the figure below. Construct a point M such that the line segments MA4,

MB, MC will divide the area of AABC into 3 equal parts.
A

TH e (B D)

(1) ®BCed3 TAE D 3¢ 8. (FAC 3 T AR > E 5 ¢ 8L (F AB ehi-3
T > F 5P g

(2) @##E? BAB~BE 3 CF> 23255 Mo

MA~MB % MC = i 8 B #-AABC e f4 = % 2 > (FTRI= & -

sl 244 0 R
E AEIS o
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3. S A~B A EArE K (o Ao T BT o RLIF-FiEA B3 BT B [ fprr oo
Given two points 4, B and a straight line ¢ as shown in the figure below. Construct a circle

which passes through 4 and B, and is tangent to the straight line /.

Reference: C:\Users\twhung.CLSMSS.002\Dropbox\Data\My Web\Home Page\Geometry\7
Construction by ruler and compasses\circle/circle through A B touch L.pdf

o>

B L
L
=

TR > 24T (Bl= ~ Bz 2 Bl7):
(1) @3B AB> Bt E S L3 Do
(2) FABeh#d T A% A LG H 5 AB e gk o
B) MGiHEw »GAHEiEE-F- (Blz)
4) ®FGDedE T LK MEi GD e gho L

(5) M M5 MG 5 ZJEiF- [ > 24 FQ) D>

E o

(6) 4% EG ~ DE - ()

(7) ™MD 5Fw DE 32Xjciv— > 2 L3 F(hD& B
G2 )2 C(t GD 2.4 £ 384 o

B) WHFit-HELI WL P X GHaut S 0> g Civ- L3273 Ly ¥ 3 GH ot
E®w Qo

(9) MOER~>045LiEiE-F; MO 5FR~ 04 5L/ (BI)

TEER > EP 4T

ZAHG = Z/BHG =90° (4 (%] #9)

3%

GH=GH (&> =)

AH = HB (4 1EB#7F)

.. AMAGH = ABGH (S.A.S)

GA=GB (2% = &35 k)

L BB E A B
$1% Aple = % TP F(9)h [ 58 A
B o
ZGED = 90° (L} enf % &)
<. DE > # ZK(3) [ % E o

(7 B3 LT i 7 I)
DAxDB = DE? (4p 2 52 %3L)
.- DE=DF=DC  (%f)
. DAXDB = DF? % DAxDB = DC2
-. DF *» [f| ABF ** F % DC *» [f] ABC *: C

(4p 2 3% T3 g %39
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