Answers: (2017-18 HKMO Final Events)

Created by: Mr. Francis Hung

Individual Events
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Group Events
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Na) 1
4 9 - C —_—
q n ¢ > 128
v 0 m 15 Y 9 D 2

Individual Event 1

1 e x?=)"~4y> B¢ x 2 p 5 e £ A=x+y b x & o
Given that x* = y* — 4y , where x and y are integers. Determine the largest value of 4 = x +y.

=y —4y+4-4 x2=yl-dy+4-4
4=-2 -xX*=@+tx-2@p—-x-2 4=-2 - xX*=@+tx-2@y-x-2)
y+x—-2|y—x-2 X y Xty +x—-2y—x-2 X y  xty
4 1 | B2 4 1  |non-integer|rejected
2 2 0 4 4 2 2 0 4 4
1 4 Ei o %3 1 4  |non-integer|rejected
1 4 | ®2 -1 —4  |non-integer|rejected
) ) 0 0 0 -2 -2 0 0 0
—4 -1 sEH | B —4 —1 |non-integer|rejected
A~ g=4 The largest value of 4 =4

112 v y=yIA —12A+4+A —4A+4+ A +6A+9:7 B £y chbo| &> £ B chige

Given that y= \/9A2 -12A+4 J_r\/A2 —4A+4 i\/AZ +6A+9, and B is the least value of y,
determine the value of B. (Reference: 2016 FI4.3)

v ={(3A-2)" £\J(A-2) £ [(A+3)
=\(3x4-2)" +[(4-2) +[(4+3)

=10+2+7
y chko| B=B=10-2-7=1

r=(3A-2)" = [(A-2)" y[(A+3)
~flaxa-2) x\f{a-2 «f(ar3y

=10+£2+7
The least value of y=B=10-2-7=1

Remark: Original version -+-y = -] it #c (g ---the least positive value of y

The value of y must be positive, there is no need to emphasize the word "positive".
I3 % C 20 -2 144+B+1)° 2T 28> R C hig -

Let C beapositive integer. Given that
of C.

144+ (B+1)¢ isaperfect square, determine the value

1224+2=m?> 2 ¢ m 5 K
24‘(32 + 2C4) = m?
3242 =2 B p Lk
24 = +3)(n-73)
n+3=2n-3=2"ra+b=C-4
6=2"-20=2b(2%"_1)
b=1>2""-1=3:4=3

C=38

122+ 2€ = m?, where m is an integer
24.(32+2C4):m2

32+ 2¢4 = pn?, where n is an integer
264 =(n+3)n-3)
n+3=24n-3=2a+b=C—-4
6=24—20=2h24b_ 1)
b=1,241-1=3,a=3

C=8
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Answers: (2017-18 HKMO Final Events) Created by: Mr. Francis Hung

11.4 e i X—'—l:C ’ 'J'\ D:X3+i3 E’f/]f_ﬁt °
X X
1

Given that X +1 =C, determine the value of D =x*+ -
X X
Reference 1991 HI3

x+1:8

= 8x(62 — 1) = 488
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Answers: (2017-18 HKMO Final Events)

Individual Event 2

Created by: Mr. Francis Hung

2.1 77782-22232 2 @ehdit 3 2 e da> F a i o
Determine the value of a, where a is the sum of all digits of 77782 — 22232

77782 — 22232 = (7778 + 2223)(1778 — 2223)
=10001x5555
= 55555555

#izz fr =a=5x8=40

7778% - 22232 = (7778 +2223)(7778 — 2223)
=10001x5555
= 55555555

Sum of all digits = a = 5x8 =40

122 % b 54 ax(a—Dx(@—2)x---x2x1 kg E hc® o Kb hiE -

*00 --- 0,

ax(a—1)x(a—2)x---x2x1 = --
0" g2

If the number of trailing zeros of the product

determine the value of b.
ax(a—1)x(a —2)x---x2x1 =

..* 00 ---0
%,_/

The number of “0" is b

R AR T o
ax(a— )x(a—2)x---x2x1 is b,

, ¥ represents a non-zero digit.

Reference: 1994 FG7.1, 1996 HI3, 2011 HG7, 2012 F11.4, 2012 FG1.3

= j; -

BE - BFF 5K 2PF R 40Nk 1
NI- B 0

40! F P 2 hF) S AP B 5 TS 5 o
AP L Z - # 5 HF]F o
5,10,15,...,40; =% 8 #c> & Bé#cs &)
- B 5 T3 .

25 iR #EF B B S FF o

53 L EF 8+1=9

b=9

Method 1

When each factor of 5 is multiplied by 2, a trailing
zero will appear in 40! .

The number of factors of 2 is clearly more than
the number of factors of ‘5’ in 40!

It is sufficient to find the number of factors of 5.

5,10, 15, ---, 40; altogether 8 numbers, each have

at least one factor of 5 .

The number "25" has two factors of 5 .
Total number of factors of 5is 8 + 1=9
b=9

B ” J
2\ e 0L H LT E‘f”@ lﬁg 3\: ;}5 qug—ﬁfﬂ.’j. E’{«;g{—é:

5[4 0 5¢nFF £ G 8+1
5 8 - 0 =90 R
1 -3 =9

Method 2
We can find the total number of factors of 5 by
division as follow:

514 0 .. Total no. of factors of 5 1s
5 8 - 1 8+1=9
b=9

123 ¢ §_20_28426_24472 “,%J‘J- b ekbdic > e eniE o

If ¢ is the remainder when

21028 42624422

is divided by b, determine the value of c.

2102842624+ 22=1024 — 256 + 64 — 16 + 4

=820=9x91 + 1
c=1
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Answers: (2017-18 HKMO Final Events)

Created by: Mr. Francis Hung

124 FF#cd dEHYEeFH xoxP+ex+90 ¥4k X2—x+d f{“,f 0
Determine the integral value of d, so that x!3 + cx + 90 is divisible by x* — x + d for any real
number x . (Reference 24" Putnam competition 1963 B1)

xB+x+90 74t x2—x+d P}_ﬂi °
Fd=0 2 xB+x+90 74 x*—x ¥of e
=xB+x+90 ¥4 x A
Fd<0> R xX2—x+d X u;8=1-4d>0
=>x2—x+d 73 BF HR

e §_ > di(x13 +x+90)= 13x12+1>0 Vx
X

LoxBHx+90 & RN VX
=>xB+x+90 ®j - BFEA GG
Sd>0

Kx=0d %% 90

Rx=1-d g% 92

fd 290 4 92 o Fik

d 7 g m=138 2

B ax=2d+2 §k 219+ 92 = 8284
Fd=1>013 Fk 8284 4 #%4

sd=2

9 I # :@u/%
xB+x+90=(x?—x+2)x(x! +x10—x? - 3x8 — &7
+5x8 + 7x° — 3x* — 17x* — 11x* + 23x + 45)

x13 +x + 90 is divisible by x> —x + d .

If d =0 and x"3 + x + 90 is divisible by x*> — x
= x13 + x + 90 is divisible by x, impossible.
Ifd<0,then Aofx>*—x+dis1—-4d>0

= x? — x + d has two real roots

However, di(x” + X+ 90)= 13x'2+1>0 Vx
X

- x13 4+ x + 90 is strictly increasing Vx

x!3 4+ x + 90 has only one real root !!!
Sd>0

Putx =0, d divides 90

Putx =1, d divides 92

.. d 1s the common factor of 90 and 92
Possible d =1 or 2

Putx=2,d+ 2 divides 2'3 + 92 = 8284
If d =1, then 3 divides 8284, false, rejected
d=2

In fact, by using synthetic division,
xB+x+90=(x2—x+2)x(x!! +x10—x% - 3x8 — x7
+5x8 4+ 7x% — 3x* — 17x3 — 11x% + 23x + 45)

Y3 412l 10 09 8 7 26 5 v 3 ¥ ¥ 1
1 0 0 0 0 0 0 0 0 0 0 0 1 90
1 | 1 1 -1 3 -1 5 7 3 17 -11 23 45 |
-2 \ - = 2 6 2 10 -14 6 34 22 46 -90 \
1 1 -1 -3 -1 5 7 -3 17 11 23 45 0 0
xt X100 x »¥ X7 XX x* X X X 1 X 1
% Quotient A
remainder
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Answers: (2017-18 HKMO Final Events) Created by: Mr. Francis Hung

Individual Event 3

I3 e a-~b-c 298" A=0CBa-X>2+Bb-X)?+Bc—-X)?2+6.
F X=a+b+c 2 X>=a>+b>+c*> £ Ak ] @& o
Given that a, b, ¢ are real numbers and 4 = 3a — X)> + 3b - X)> + Bc - X)>+ 6.
If X=a+b+c 3 X?=a*+b*>+ c?, determine the least value of 4 .

A=Ba-X?+Bb-X*+Bc—X)*+6 A=Ba-X?+Bb-X*+Bc-X)>*+6
=3X2—(6a+6b+6c)X+ (9a®>+9b>+9c?) + 6| =3X2—(6a+ 6b+6¢)X+ (9a*+9b*>+9c?) + 6
=3X2-6X>+9X2+6 =3X2-6X>+9X2+6
=6(X2+1)=6 =6(X>2+1)=6
T X=+b+P=0 P E8a o Equality holds when X>=a?+ b>+c*=0
T a=b=c=0 Le.a=b=c=0

A k] ®=6 The least value of 4 =6

132 BXr1P 5 4 IR E2 30-4 t+*FE-FIREDTHWEL 60kg * R E
T dE L 45kg 2 >FIR BT oL Bkg F B g o
Suppose that there are 4 boys and 30 — A4 girls in a class. If the average weight of the boys is
60 kg, the average weight of the girls is 45 kg, and the average weight of the students in the
class is B kg, determine the value of B .

FI¢ 3 6 LIREE 2404 RHE There are 6 boys and 24 girls.
:L'i’;%g€:60><6+45><24:48 kg Averageweight=60X6+4SXZ4=48 kg
N 30 30
B=48 B=48
a
, ) - 75 a, & .
133 & n &0 #F#-~a=8B 2a, =12 8, R R C= ayy, e -

3an +1 = EH=] %;lz °

a, .
. e - if a, is even;
If »n isapositiveinteger a=Band a , =4 2 !
3a, +1 ifa, isodd.

determine the value of C= a,y,,.

a,=48, a,=24, a,=12, a,=6, a,=3 a=48, a,=24, a,=12, a,=6, a,=3
a=3x3+1=10, a,=5, a;=3x5+1=16 a;=3x3+1=10, a,=5, a;=3x5+1=16
8,=8, a,=4, 4;=2, a,=1, 8,=8, a,=4, 4,=2, a,=1,
a,=3x1+1=4, a,=2, a,=1, a,=3x1+1=4, a,=2, a,=1,--
a,=1+d k=4,5,6,- a,=1fork=4,5,6, -

Ay =4 8y,=2 1 k=456, Ay =4 8y,=2fork=4,5,6,

2018 =3x672 +2 2018 =3x672 +2

18 = 2 5 = 2
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Answers: (2017-18 HKMO Final Events)

Created by: Mr. Francis Hung

134 £ -2 FGHI 2% FH » 25 B2 &= &350 =
Z 47, AFGH #3258 EG &» 32543 e &= E
£7,o% FH:FG=C:1 % = £3; AEGH ¥ =
£35 AFEG sha v 5 D 1> RDhig o
Suppose that a rectangle FGHI is divided into two
right-angled triangles by line FH. The triangle AFGH
is then divided into two right-angled triangles by line H G
EG. If the ratio of lengths FH : FG is C : 1 and the
ratio of the areas of AEGH to AFEG is D : 1 ,
determine the value of D.

*ZLGFH=0 Let ZGFH=9

FH:FG=2:1:>cos(9=% FH:FG=2:1:>cos6=%

0 =60° 6 =60°

ZGHE=30° (= & 25 & {r) ZGHE =30° (£ sum of A)

EG
EF = EG = tan 60° = EC. EF=EG + tan 60° =—
NE] \3
EH=EG + tan 30°=\/§EG EH=EG + tan 30°=\/§EG
1 1
SagcH © SAFEG _1 EG x EH ;1 EGxEF SaeGH : SAFEG =3 EGxEH :E EGxEF
2 2
=FEH: EF =FEH : EF
EG _J3EG . EC 3.
~-J3EG:—==3 -1 =\3EG:—==3:1
v 3 V3
D=3 D=3
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Answers: (2017-18 HKMO Final Events) Created by: Mr. Francis Hung

Individual Event 4
14.1 ;;g a ; (12018 +D2018 +32018+42018) -5 mf#ﬁ:t » £ g HIE o
If a is the remainder of (12018 422018 132018 4 42018) . 5 determine the value of a .

12018 =1 (mod 10) 12018 = 1 (mod 10)
21=2,22=4,23=8,24=16,2°=32 21=2,22=4,23=8,24=16,2°=32

2018 = 4x504 + 2, 2218 = 4 (mod 10) 2018 = 4x504 + 2, 22018 = 4 (mod 10)
31=3,32=9,33=27,34=81,3=243 31=3,32=9,33=27,34*=81, 3°=243
32018 = 9 (mod 10) 32018 = 9 (mod 10)

41=4,42=16,43= 64 41=4,42=16,43 =64

2018 =2x1009 2018 =2x1009

42018 = 6 (mod 10) 42018 = 6 (mod 10)

12018 +22018 +32018 + 42018 =14+4+9+6=0 12018 +22018 +32018 + 42018 =14+4+9+6=0
Bl=a=0 The remainder =a = 0

142 % x y 2B E#HE b 5 xoye stk @ @ Paff xo= laa 0 Kb
If x , y are positive integers numbers and b is the number of groups of x, y such that the
product xxy= laa, determine the value of b .

xy =100
(x,y)=(1,100), (2, 50), (4, 25), (5, 20), (10, 10), (20, 5), (25, 4), (50, 2), (100, 1)
b=9

143 FH> 0 Fl#ic x>y>z0 xyztxy+xz+yz+x+y+z+1=30b+87 -
Fe=x+y+zaiE o
If xyz+xy+xz+yz+x+y+z+1=30b+ 87 for positive integers x >y >z,
determine the value of c=x+y+z.
Reference: 2004 HG6
(x+D(y+1)(z+1)=30x9 +87 =357
x+ 1Dy + D+ 1)=17x7x3
x=16,y=6,z=2
c=16+6+2=24

A s 2 oas v [P . v C . N s N a2 N 2 =
44 FRE 5 5 doem?> Tk S gcm it AR R 0 B AT

P

v C v 7 Y 7 ~ > » 2 3 'L
W S Ecm‘filﬁ:s7cm f S AR 0 K d ko] E e
Let d cm?” be the area of a rectangle that can be tessellated by square tiles with sides length of

¢ cm. If the rectangle can also be tessellated by rectangular tiles with width of % cm and length

of 7 cm, determine the least value of d .

E:gj 3212 E=8, E=12

3 2 3 2

B3R E > AeE ~ B 5 8pemx8g cm Let the dimensions of the rectangle be
He p 2 g 51 Ko 8p cmx8g cm , where p and g are positive

integers.
8p=12r---(1),8g="7Ts -+ (2)

where r and s are positive integers

8p=12r---(1),8¢="7s --- (2)
2e r 25 51K
;ﬁ)fag szfs ~3;=7 r=2-p=3 From (1), 2p = 3r

- For minimum values s =8,¢g=7,r=2,p=3
d = 8px8q = 64x3x7 = 1344 d = 8px8q = 64x3x7 = 1344
Remark: original question --- % d & | I #cid o ---the least positive value of d .

d must be positive, there is no need to emphasize the word "positive".
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Answers: (2017-18 HKMO Final Events)

Group Event 1
G1.1 ;g“‘i., ‘f\?/]‘ mhe 2 ,FL N ,fi;. gt_x_g; %izg

2 s gt ) P eng A ) PR 2 s ot ;@;1‘1*:5’1’1;5 v @ 3B j‘ﬂr/y [ Rk NPAPA ] Y

12 2409 & o Foscnig o

Created by: Mr. Francis Hung

Bkt Bci s & 0 % s>t>00%’f5$~“%?v‘

Y

Suppose that Mary and Ming obtained a score of either s or 7 in each of the subjects: Chinese,
English and Mathematics, where s > ¢ > 0. It is known that Mary did better in Chinese but Ming

did better in English. Mary’s and Ming’s total scores are 12 and 9 respectively.
Determine the value of .
g e wirpl s According to the given information,
Y R BEF | BAs Chinese | English |Mathematics| Total
5 37 s t s 12 || -Mary s t s 12
o p P p 9 Ming t s t 9
e +t=12 +-ove.
25+ 1=12 oo (1) 2s+1=12 M
+ = Y  ceeee
2ts=9 oo @) 2Hs=9 @)
2(1)-(2):3s=15=>5=5 2D)-@):3s=15=5=3

Remark: Original question: ---

A ¥cE s Bt e ¥ce-- an integral score of either s or ¢

s and ¢ can be solved without the information of integral value.

Gl2 = & flene & 5 AE 2 BE > p 3%
hf]¢ o % CELAB > AB=10> CE=4
BafE wno Fkwaig o
Given that the two circles, one with diamete
other with diameter BE, are inscribed by a
with diameter AB. If CE | AB with AB =10
and the total area of the shaded regions is w

the value of w .
Reference: 1990 HG10

/&% AB C

R TE

r AE and the
larger circle
and CE =4,
1, determine

A

D

# CE @£ 27, D -
B = B 11 AE~BE % AB i B 1A%
ErulEia~bi co

2a +2b=2¢c=10

LB o f= nc? — na® — nb?
=[5~ (a” + b%)]
=mn[5%— (a + b)* + 2ab]
— (52— 52+ 2x4) § (1)% ()% 8
=8n

Produce CE to meet the circle again at D .

Let the radii of the 3 circles with diameters AE,
BE and 4B are a, b and c respectively.
2a+2b=2c=10
c=5anda+b=5

By intersecting chords theorem, 2ax2b = 42

Shaded area = nc? — na? — nh?

~ R[5 (@ + )]

=n[5%2— (a + b)* + 2ab]

— (52— 52+ 2x4) by (1) and (2)
=8n
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Answers: (2017-18 HKMO Final Events) Created by: Mr. Francis Hung

Gl3 % m 2 r HZ25f Bico F f(Tm+r)=r> £ q="Ff2%8) i -
Let m and r benon-negative integers.
If f(7m + r) = r, determine the value of q = f(220%8) ,

Ay d) 22018 £ 7 ek o We find the remainder of 22018 » 7
227 e 2 227 e 2
227 ..., 4 227 ..., 4
237 ..., 1 237 ..., 1
247 oo... 2 247 ..., 2
el e E s E IR 3 ehi2 i 4 - = o The pattern of the remainders repeats for every
2018 =3x672+2 » 22018 - 7 ftp e § 4 o multiple of 3. 2018 = 3x672 + 2,
q = f(22018) = f(Tm + 4) = 4 the remainder of 22018 - 7 is 4 .
q=f2¥*8) =f(Tm+4)=4

Gl4 &7 :ed)¥ » Fv 5 23423452345 edpdic» v (hiE o
In base 5 system, if v is the remainder of 2342345 + 2345, determine the value of v..
Reference: 2019 FI3.4

2342345 = (234x1000 + 234)s 2342345 = (234x1000 + 234)s
= (234x1001)s = (234x1001)s
el v=0 The remainderisv =0
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Answers: (2017-18 HKMO Final Events)

Created by: Mr. Francis

Hung

Group Event 2
o 1-2h o 1-2% .
G21 & v ——— =4> fuciE - Giventhat ——— =4, determine the value of u .
o H o o _o

Reference: 2018 HIS

G22 2w b>1~a—-12b=15 2 x &7 # >

.ﬁv=%+5x g ] B o

Giventhat b>1,a—12b=15 and x isareal number,
determine the least value of v = % +5X.
vzﬂ+5x v:(x—a) +5X
2b 2b
_(x-12b-15) _(x-120-15)
2b 2b
X’ —2(12b+15)x+(12b +15)" +10bx X —2(12b+15)x+(12b +15)" +10bx
2b 2b
X' =2(7b+15)x+(12b +15)’ X —2(7b+15)x+(12b+15)’
2b 2b
[x=(70+15)] +(12b+15) —(7b+15) [x=(7b+15)] +(12b+15)’ —(7b +15)
2b 2b
[x=(7b+15)] +5b(19b+30) ~[x=(7b+15)] +5b(19b+30)
2b 2b
—(7b+15\T —(7b+15)T
=[X (7b+ )] +§(19b+30) =[X (7b+ )] +§(19b+30)
2b 2 2b 2
20+g(19x1+30)=%= 122.5 20+g(19><1+30):%: 122.5
y g m=122.5 The least value of v=122.5
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Answers: (2017-18 HKMO Final Events)

A

G2.3 #3517 4
B2 B AR D TP A S A

2029 R EZ IS4 FE 4ed I dFEo w8 E ALY - I

Created by: Mr. Francis Hung

=4 L

AR
6l B X Lo 25 ]

AEF- AR 2ER T REIRPEAS LR 2R 4 T RES Y FEET
EREnEARES Y RIBER S RnhiE o
Suppose that there were 20 boys and 15 girls in a class taking two examinations. Given that 8

students failed in the first examinations, 12

students failed in the second examinations, and 6

students failed in both examinations. If' 5 boys failed in the first examinations, 7 boys failed in
the second examinations, 4 boys failed in both examinations, and »n girls passed in both

examinations, determine the value of # .

WY HA EROREEeg 2 on A Flrech
A KA R g P2 (g,
be,g) 27 T W& - TEING (dyefin) %77
Sl -

e T

b+e=6-(1)
atd+(b+te)=8=a+d=2---(2)
ctf+(b+e)=12=c+f=6---(3)
b=4 - (4)

atb=5=a=1--(5
btc=T7T=c=3--(6)

EGS) » 2rl+d=2=d=1--(7)

m @) » (1):d4+e=6=>e=2--(8)

®(6) » Br3+f=6=f=3 ---(9)
~FEHP dtetf+tn=15---(10)

& M~®)~0) » (10):1+2+3+n=15

n=9

O+ E LA ZTHEY T AR

) _ boy
BRER g 2nd exam g
G 1stexam
a /p\ ¢ mm
d \&/ f d \&/ 1
n . n
Z girl
4o b B N BlATw 0 Z &7 % - X3 3# 7 7 |As shown in the Venn diagram, the left circle
R IR SN A I O 4 LS repre;ent§ the students failed in the first
S o d FERIAD 2 e)d T s K examination. The right circle represents the

students failed in the second examination. The
overlapping part of the two circles (b and e)
represents the students failing in both
examinations. g and n outside the circles represent
students passed in both examinations. The upper
part (a, b, c, g) represents boys. The lower part (d,
e, f, n) represents girls.

According to the given information,

b+te=6--(1)
atd+(b+e)=8=a+td=2--(2)
ctf+t(b+e)=12=c+f=6---(3)
b=4-.-(4)

atb=5=a=1--(5

(6)

Sub. (S)into 2):1+d=2=d=1---(7)
Sub.(4)into (1):4+e=6=>e=2---(8)
Sub. (6)into 3):3+f=6=f=3 ---(9)
Number of girls: d+ e+ f+n=15--- (10)

Sub. (7), (8), (9) into (10): 1 +2+3+n=15
n=9
9 girls passed in both examinations.

btc=7T=c¢c=3---
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Answers: (2017-18 HKMO Final Events) Created by: Mr. Francis Hung

G2.4 Kb | I Bl mo @ @ m20> 60
Determine the least positive integer m  such that m?% > 639
Reference: 1996 HI4, 1999 FGS.3, 2008 F14.3
(m2)100 > (63)100 (m2)100 > (63)100
m?>216 m?>216
m>+216>+/196 = 14 m>+/216>/196 = 14

menk | i F#e=15

The least positive integer m = 15
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Answers: (2017-18 HKMO Final Events) Created by: Mr. Francis Hung

Group Event 3

G3.14C & T (7w #3, ABCD ¥ & & » D 6 C
CD=6>BC=2 %2 /ABC=120°- % E A_
AB ¥ B> AC 88 DE fp 3>t M % [£ 73R M 2
A Ao Koo HE - 1200
ABCD is a parallelogram with diagonal AC, A E B
CD=6,BC=2,and ZABC =120°. If E is the
midpoint of 4B, AC and DE intersect at M, and
the total area of the shaded regions in o , F

determine the value of o .
Reference 1998 HGS5, 2016 HI14
AB=6°AE=3> BX T 7w #3608 5 heo |AB=06,AE =3, let the height of the //-gram be 4.

Suscp = 6x2 sin 120° = 6+/3 Supcp = 6x2 sin 120° =6+/3
h=2sin 120° =+/3 h="2sin 120°=+/3
1

SAACD:%'6h:3\/§ SAACD:—'6h:3'\/§

3 33
SAACE—% 3h—7\/_ SAACE—E 3h—T
# DE 2 CB #E T 4pr> Fo Produce DE and CB to meet at F.
AE=EB (E &_AB =h® %) AE=EB (E is the mid-point of AB)

ZEAD = ZEBF (alt. Zs, AD // CF)
AADE = ABFE (A.S.A.)

BF=AD =2 (corr. Zs, = As)
CF=CB+BF=2+2=4

ZEAD = Z/EBF (%4 & » AD// CF)

AADE = ABFE (A.S.A.)
BF=AD=2 (%= 475¥ k)

CF=CB+BF=2+2=4 ZAMD = ZCMF (vert. opp. /s)
LAMD = LCMF (70 %) ZADM = Z/CFM (alt. Zs, AD /| CF)
ZADM= LCFM (% 4% & > AD /I CF) ZDAM= ZFCM (alt. Zs, AD // CF)
£DAM = ZFCM (% % & > AD // CF) AADM ~ AFCM (equiangular)
AADM ~ AFCM (% %) AM : MC = AD : CF (corr. sides, ~As)
AM:MC=AD: CF (4p 1= & Ajenidfp i) |AM:MC=2:4=1:2
AM :MC=2:4=1:2 AADM and ACDM have the same height but
AADM ¥ ACDM F % % F & different bases
1
Saapm = $~SAACD=%-3\/§ =3 Saapm 112 Saaco = 3\/_ V3
AAEM ¥t ACEM F % % b & AAEM and ACEM have the same height but
5 2 33 \/— different bases

SACEM = ——"S,pce == =3 2 2 3\/_

1+2 SACEM = ——=*Sjpce = =3
V—\B;* 4 \/—+\/— 2\/— 1+2 3 2
=RE A oz Shadedareaa=x/_+\/_:2\/§
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Answers: (2017-18 HKMO Final Events)

v

G323 B3 = -k HHcT iAk 11 g%

Created by: Mr. Francis Hung

BEipE g @t ey 2 foanz B & B enigo

If B is a 3-digit positive integer that is divisible by 11 and whose quotient when divided by 11
is 3 times the sum of its digits, determine the value of 3.

Bk Z#k B=100a+10b+c> BEva~b %2 ¢
503 9 2RaEHZE a#0-
’L?ﬁ‘;?ﬁtllﬁf%:a*‘c—b:llk’kZOE\?l
b=a+c—1lk-(1)

B (1) » B=100a+10(a+c— 11k) +c
=110a + 11¢ - 110k
=11(10a + ¢ — 10k)

Q=7 =10a+c—-10k (2)

d e ﬁ-er,ﬂ;}_' )
O=3(a+b+tc) - 3)

m@ 2@ ~ 6
10a +c—10k=3Q2a +2c - 11k)

4a+ 23k=5c
tk=0>4a=5c=a=5c=4b=a+c=9
=594

¥ k=1>4a+23=5c
F c=5-6-8 & 9 % q i} KKz
% c=7>a=3 b=a+c-11k<0> $3

Let the integer be B = 100a + 106 + ¢ , where a, b
and c are integers from 0, 1, ---,9and a =0 .
Itis divisibleby 11 = a+c—-b=11k,k=0o0r1
b=a+c—11k
Sub. (1) into f =100a + 10(a + ¢ — 11k) + ¢

=110a+ 11c - 110k
=11(10a + ¢ — 10k)

0O = quotient=10a + ¢ — 10k
According to the given information,
O=3(a+b+o) (3)

Sub. (1) and (2) into (3):
10a + ¢ —10k=3Q2a + 2c — 11k)

4a+23k=5c
When k=0,4a=5¢c=a=5c=4,b=a+c=9
B=59%

When k=1,4a+23=5¢
When ¢ =35, 6, 8 or 9, no integral solution for a
Whenc=7,a=3,b=a+ c—-11 k<0, rejected

Remark: original question: --- f 8~ &

.-~ largest value of

B is uniquely found. There is no need to emphasize the word "largest".
G33 # ¢ thbx Fdcis > 2 %% (l-o—l+o21 == -
Determine the largest real value of @ such that the inequality [1—¢ —+/1+¢@ >1 holds.

SRAESNTZ 1020 % 1+020
=>-1<¢p<1

JI-0>1+1+¢>0
¥ 92000 1>1-e21+Jl+o>1 4 %
L -1<0<0

( 1—@)22(1+ 1+(p)2
1—@21+2J1+_¢+1+¢
20-122/1+¢>0

(-29-1)°>(2 1+(p)2
4> +4@+ 1 24(1 + )

4¢*> >3
V3
-1 S(pﬁ—7

V3

¢ A F R

In order that the expression is well defined,
l-p>0and1+9>0=>-1<¢<1

JiI-0>1+1+¢>0
Ife>0,then 1 >\1-¢@ 21+1+¢> 11!
L -1<¢9<0

( 1—@)22(1+ 1+(|))2
1-¢>1+2/l1+9+1+0
20-1>2/1+¢>0

(-20-1)" (2 1+(p)2
4> +4p+124(1 +¢)

49> >3

3
The largest value of ¢ =— % .
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Answers: (2017-18 HKMO Final Events) Created by: Mr. Francis Hung

G343% 0 2 y L3 FH>EY 0<yo % G—;V:\/@ﬂs:lzuﬁy chg | 8 o
Suppose that 6 and vy are positive integers, where 0 <7y .

If m : \/@: 13 : 12, determine the least value of 7.

6(6+7) 13J_ 6(0+y)=13\6y
36(0 +v)>=16907y 36(0 +7)2=1690y
3602 -970y +36y>=0 3602970y +36y>=0
(46 -9y)(90—-4y)=0 (460 -9y)(90—-4y)=0
0:y=9:40r4:9 0:y=9:40r4:9
w02y 5 E#EKE O<y "+ 0 and y are positive integers and 0 <7y
S 0:y=4:9 S 0:y=4:9
y k] B=9(F 0=4) The least value of y = 9 (when 0 = 4)
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Answers: (2017-18 HKMO Final Events)

Group Event 4

Created by: Mr. Francis Hung

G4.1 % X=+2018—VA £ i £ 4 thi X & o
Let X=4/2018—+A bea positive integer. Determine the largest value of 4.

Reference: 2016 HI3, 2019 FG2.1

45 =/2025>+/2018— A

X=2018—yA=1+2+ 43 & 44
2018—\/K= 1222+ ... 432 & 442

JA=2018—122018 =22~ ... ~ £2018 — 442
A=(2018-12)%~ (2018-22)% + --- ~ £ (2018 — 442)?
A ko4 E=20172= 4068289

45 =+/2025>2018— VA
X=+2018-A=1,2, -, 43 or 44
2018—~/A=12,22, ... 432 or 442

JA=2018 12,2018 =22, .-+, or 2018 — 44°
A=(2018-12), (2018-22)2, -+, or (2018 — 442)?
The largest value of 4 =2017? = 4068289

G4.2 £ 42 (12x—1)(6x— D@x—1D)CBx—-1)=5 973 F 2L ff B g -
Determine the value of B, the product of all real roots of (12x — 1)(bx —1)(4x—1)Bx—1)=5

+ -
> 2N A k24

(12x — 1)(12x — 2)(12x — 3)(12x — 4) = 120
X oa=12x—1> P> 2587 F = @
a@a-1)(@-2)(@-3)=120
(@*>-3a)(a*—3a+2)=120
(a®>-3a)’>+2(a*>-3a)—120=0
(@—3a—10)a®—3a+12)=0

Method 1

Multiply both sides by 24 :

(12x — 1)(12x — 2)(12x — 3)(12x —4) =120
Let a = 12x — 1, then the equation becomes:
a(@-1)(@-2)(@-3)=120

(a®> - 3a)(a®>—3a+2)=120
(@*-3a)*+2(a*>-3a)-120=0
(@-3a—-10)(a*>-3a+12)=0

a =-2 or 5 or no solution

(12x—1)(Bx-1)6x—1)(4x—1)=5
(36x% —15x + 1)(24x> - 10x + 1) =5
W r=12x>-5x P EAT B
Bt+1)R2t+1)=5

62 +5t-4=0

Q2t-1)Bt+4)=0

(24x% —10x — 1)(36x> - 15x +4)=0
Qx-D12x+1)=0 & X7 f2

a=-2 8 5 & X7 j# T "
12x—1=-2 & 12x-1=5 Pt m 2otz 173
X=—— or =

x:—é £ % 12 2
- R 1 1 1 Product ofroots=%x(—éj__2_14
= JZ XK Fgp=—X| — |[=——

P (Ll Ty Y,
FEo B REATE S Method 2 Rearrange the equation as

(12x - 1D)Bx-1)(6x—1)4x—-1)=5

(36x% —15x + 1)(24x> - 10x + 1) =5

Let ¢ = 12x? — 5x, then the equation becomes:
B+ 1HR2t+1)=5

62 +5t—4=0

2t—1)3Bt+4)=0

(24x> — 10x — 1)(36x> — 15x +4) =0

(2x —1)(12x + 1) = 0 or no solution

1 1

X==— or ——

2 12
Product of roots = —x —i :_i
12 24
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Answers: (2017-18 HKMO Final Events)

Created by: Mr. Francis Hung

R 1 1 1 1 1
K Y= X——+X—=+X——+X—=
4 12 6 4 3
A1 ’y=X—£:>x=y+—
24 24
HOARNT B
5

[ +24_% [y+?541_%j[y %_ﬂ(y % %) %
e
24 24 24 ) 864
1Y.. 3F) 5
-5

2
2 2 _

<

" 1=

H :
(t+i2)(t_i2j:i:> t2
24 24 864
1 5 2 12 121

_J’_ —_ —_
12* 122x6 2 12 1442
11

t=— & )
144

144
,_11 5 11 5 49

144 242 144 24> 242
7 7

__‘\.__
V0
7 5 7 5 1. 1

X=—Ft— R ———=Z -
24 24 24 24 2

TRz %ﬁ=zx(——J=__

16 5
24% 864

2 —

39
24?

PRVEE /) o

(y

Let

Method 3
The equation can be written as:

(Xég(xé)(xi)@%%m

Then the equation becomes:

(H%)(y 214)@_%}@‘%):%

The equation becomes:

4 4 5 , 16 5
t+ 5 t— 5 |= =t —a =
24 242 ) 864 24* 864
,_ 1, 5 212 121
12* 122x6 2 12 1442
11 11
{=— or ———
144 144
, 115 11 5 49 39
or —— =— -
144" 247 144 242 247 242
o -
Y 24
_r.,5 o r,5 1t 1
24 24 24 24 2 12
1 1 1
B = product of all real roots = —x| —— [=——
2 \ 12 24

24 24

5 1 5 1 5 1 5 1 5
e
24 12 24 6 24 4 24 3) 864

3|5
24% | 864

_2_ 0
t—y —Ez
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Answers: (2017-18 HKMO Final Events) Created by: Mr. Francis Hung

G43 & CZCOS%XCOSEXCOS3—TE><cosﬂ><c035—n><cos6—TE><cosI—;E g o

) T 27 3r 47 5n or 7T
Determine the value of C = cosl— X COS — X COS — X COS — X COS — X COS — X COS E .
T T

* Leta=—,B=—
* 5 P 15

T 7T 8n
COS— =-C0S| T—— |=—C0S—=—cos §f

15 15 15

3n T
COS—=C0S— = CO0S O
15 5

or 2%
COS— = cOS— = COS 20
15 5

5r n 1
COS—=C0S—=—
15 3 2
T 27 3n 4r 5r 6r Ve
COS— X COS— X COS— X COS— X COS— X COS— x COS —
15 15 15

=cosBxcos2[3><cos<x><cos4[3x%xc052ax(—c058[3)

=—%xCOSaXCOSZaxCOSBXCOSZBXCOS4B><C088B

1 2sina.cosa xCcos2a y 2sinBcos B xcos 23 x cos 4B x cos8f

2 2sina 2sinf
_ 1 25in2a><c0520cx25in2B><cosZ[3xcos4[3xc058[3
2 4sina 4sinf3
:_EXsin4ocX25in4Bxcos4Bxc038[3
2 4sina 8sinf
. Am
1 Sin—

_ 1 5 ><23in8B><cosS[3
2 4sing 16sinp

: T LT . 16m
SIn - ) il it
:_1 (n SJXSIn16B:_1X Sm5 Sin 15

—X - X
4sinE 16sinf3 2 4sing 16sin£

15
. T
Sln(ﬂ:-i-] _Sinl
:—1X 15 :—lx 15:i

128 o 128 4, T 128
15 15
c-1
128
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Answers: (2017-18 HKMO Final Events) Created by: Mr. Francis Hung

G44 X r-sE2 tE 98> P+ +P=rs+st+rteF r=1> £ D=s+¢ hig o
Let r,s and ¢ be positive real numbers with 72+ s>+ 2 =rs +st+rt.

If r=1, determine the valueof D=s + ¢ .
Reference: 2005 FI4.1

PP+ + 2 =rs+st+rt rr+s?+ 2 =rs+st+rt

212+ 252+ 282 =2rs + 25t + 2rt 212+ 252 + 262 = 2rs + 25t + 2rt

(P —2rs+s)+ (s> =25t + )+ (P -2tr + 1) =0 |(r> = 2rs + *) + (s> =25t + )+ (P - 2tr +r}) =0
r—sP+(@E—0P+(-r?=0 r—sP+(@E—1+(-r?=0

3ip2tf #icz fr=0 sum of 3 non-negative numbers = 0

F@B2LE =0 Each non-negative number = 0

r=ss 5=t % t=r r=s,s=tandt=r

¥ op=lr5=t=1 Whenr=1,s=t=1

D=1+1=2 D=1+1=2

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOFina\HKMOfinalanswers\HKMO2018finalans.docx Page 19



