Answers: (2017-18 HKMO Heat Events)

Created by Mr. Francis Hung
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Individual Events
I1

If a

Fa* b¥iFH fa>+b2+12a—-8b+2018 ] fE o

and b are real numbers, find the minimum value of a?+ 5>+ 12a — 8b + 2018 .

Reference: 1999 HG7, 2001 HI3, 2012 HGS

a’>+b*+12a—-8b+2018
=a>+12a+36+b*—-8b+ 16+ 1966
=(a+ 62+ (b—4)>+1966 > 1966
) 1966 -

J.
E &

a’+b*+12a-8b+2018
=a’>+12a+36+b>—8h+ 16+ 1966
=(a+6)>+(b—4)>+1966 > 1966
The minimum value is 1966 .

12
Sx+2 F g g o

*oa % kL FHEFE (6 +ax>+Tx—

322 +he—1) F fedp A Ul 3x+5 2

Let a and & be constants. If the quotient and the remainder of (6x3 +ax? +7x— 3)+(2x> + kx — 1)
are 3x + 5 and —5x + 2 respectively, find the value of @ .

FI# g LI A = xR+ Al
6x3 +ax? +7x -3 = (2x*> + kx -1)x(Bx +5) - 5x +2
WS W x ikl T=5k—3 5

= k=3

R e x2 ikl t a=2x5+3k

Using division algorithms:

Dividend = divisorxquotient + remainder

6x> +ax? +7x-3 = (2x* + kx — 1)x(3x +5) - 5x +2
Compare coefficients of x on both sides:
7=5k-3-5=k=3

Compare coefficients of x> on both sides:

~ k=3 »4 500 a=10+9=19

a=2x5+3k

Sub. k£ =3 into the right side: a =10+9 =19
I3 fShflfrfezsd 3 F R/ Bxr 30 2046 BicF > Fafeitiss 721 °

(BRZfs - FenpBile)

In numbering the pages of a magazine, 2046 digits were used. How many pages are there in
the magazine? (Assume the page number of the magazine starts from 1 .)

% ]

7~

SEIFRLT 59 BT
BT IR LT

2 (99 - 9)x2 =180 B #icF

d%-FFPi¥%4 P14 FE

£ (999 — 99)x3 = 2700 1 #c %

9+ 180<2046 <9+ 180+ 2700

[EE A A 100 <x <999 -
9+ 180 + (x — 99)x3 = 2046

x=T718> %fezss 5 TI8 | oo

|+ o o

3 ox R A¢

Page 1 to 9: 9 digits

Page 10 to 99: (99 — 9)x2 = 180 digits

Page 100 to 999: (999 — 99)x3 = 2700 digits

9+ 180<2046<9+ 180+ 2700

Suppose there are x pages in the magazine, where
100 <x <999.

9+ 180 + (x —99)x3 = 2046

= x =718, there 718 pages in the magazine.
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Answers (2017-18 HKMO Heat Events) Created by Mr. Francis Hung

4 fz Iog(1+%)+Iog(1+lj+log(1+1)+---+Iog(1+lj:5 0
1 2 3 n
Solve Iog(1+}j+log(1+lj+Iog(l+%+~-+log(l+l):5.
1 2 3 n

IogZ+Iog§+Iogﬂ+---+logn—+l:5
2 3 n

|Og(2x§xﬁx-~-x n+1j:5
2 3

n
n+1=10°= 100000
n=99999
1
15 %ﬁfr%:4°.ﬁxﬁ?f_’@i°
2 x_9«x
1

Given that % =4 . Find the value of x . (Reference 2018 FG2.1)

2 x_2x
N2 £ 4

y=2x*-11x+15 )
y=2x>-17x* +16x+35

If x isarational number, find the value of x satisfying the simultaneous equations

I6 % x 573 2#> fx ﬁ’lf,ﬁ_‘}%iﬁﬁfi’%ﬁi{

y=2x*-11x+15
y=2x>-17x* +16x+35

23— 1lx+15=(x-3)2x - 5)

203 —17(3)2 + 16(3) + 35 = 54 — 153 + 48 + 35 = 86 W BX— T
2257 17257 + 16(2.5) + 35 =222 _ 425 404350 2x~5)2x° ~17x’ +16x+35
4 4 2x° - 5x?
2x3 —17x* + 16x +35=2x> - 11x + 15 -
(2x = 5) (x> —6x—7) = (2x = 5)(x +3) =0 —12X2 +16x
Q2x-5)x*-6x—7-x-3)=0 —12x°+30x
(2x — 5)(—Tx —10)=0 “14%+35
7+ -14x+35
x=25o0rx= V89 (& 7242 > # 3 irrational roots, rejected) EE—

2
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Answers (2017-18 HKMO Heat Events)

Created by Mr. Francis Hung

17 4cBl- #f77% P 5 & >3, ABCD p ch— 8> @# (8 PA=2"> H
PB=3% PC=5 £ PD &£ & - SN D
As shown in Figure 1, P is a point inside a rectangle ABCD such 2 P G
that PA =2, PB =3 and PC =5 . Find the length of PD . - e g =
Reference: 1994 FG10.1-2,2001 FG2.2, 2003 F13.4 3 . 5
B ! C
F
Bl - Figure |
B AWd P I AB~BC~CD %2 DA 2 &% i E-~|LetE, F, G, H be the feet of perpendiculars drawn from
F~G %2 He3® PD=x~PE=e¢~PF=f~PG=g~ PH|P onto AB, BC, CD and DA respectively. Let PD =x, PE
=ho =e, PF=f, PG =g, PH = h . Then by Pythagoras’
FRE-> d B gI@¥ F theorem,
A+ =22 . (1) e+hr=22...... (1)
A fr=32 e Q) e+ fr=32...... )
f2+g2_52 ______ (3) f2+g2:52 ...... (3)
g2 + h2 = x2 ...... (4) g2 + h2 = x2 ...... (4)
(H)+B)—(2)—4):0=4+29-9— 2 (H)+3)=(2)—(4):0=4+29 -9 — 2
PD=x= 245 PD=x= 2.5
I8 ieBl-dr7r > @ BFE S xom et 2 A3 - A€o EFA B
A E IR B E IS G et Eoa ]l R oa hid e
As shown in Figure 2, two squares with side x cm coincides at one Cjy
corner. If the ratio of the non-overlapping area to the overlapping
area of the two squares is a : 1, find the value of a .
D
Bl = Figure 2
B Br A& € 34 L 5 ABCD % |Label the corners of the two squares as ABCD and

APOR +c®#t7 o
% BC 2 OR 2
Z/B=/R=90° (& * 7}t )
ZBAR = 60°

AABT= AART (R.H.S.)

3 To B D A

X
BT=RT=xtan 30°=—
J3

X

J3

X

XZ

J3

w (%)

& @"M} o ff vt

=2(/3-1):1

1

ABTR i f=2x

M«

IR L m %—2(

2)

)

ir
%3

\‘A-

>R
¥

a\*
%I

(

" /BAT= /RAT=30° (2 %= & et &) |

APQR as shown.
Suppose BC intersects OR at T . Let the length of]
side of each square be x .

ZB = ZR =90° (property of a square)
ZBAR = 60°

AABT = AART (R.H.S.)

. LBAT = ZRAT =30° (corr. Zs = As)

BT=RT=xtan 30021

\/§

2
Area of ABTR =2x— 1 X

X

\/_ \/_
_ ol 2 J3-1
Area of the unshaded part =2| x =2x?
«/§ B
The non-overlapping area : the overlapping area
of the two squares

=2X2(E’J : ’

X .
Ne 2(V3-1):1

NE]
a= 2(\/5—1)
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Answers (2017-18 HKMO Heat Events)

19 4cBl=#7% ABC & - BE"= 42), 4
=4.D 2 E »% i BC 2 AC Y enghig 8 BD=1 % ZABC

=/ADE - F AE ehnig -

As shown in Figure 3, ABC is an isosceles triangle with 4B = AC =8
and BC=4.D and E are points lying on BC and 4AC respectively such
that BD =1 and LABC = ZADE . Find the length of AE .

Created by Mr. Francis Hung

® AB=AC=8 % BC A

B M i BC ¢ 8o

BM=MC=2

AABM = AACM (S.S.8.)

LAMB = ZAMC =90° (2 % = & 250t i &)
Let ZABM=06= ZACM ("= 45k %)
ZADE =06 =ZACB

% AABM ¢ > cosO=

0o N
Al

SAABD Ju 't ApiE %0
AD? =12+ 82— 2x1x8 cos O
AD =+/61

% /CDE=t
ZAED=t+ 0= /ADC
AADE ~ AACD

AE AD

AD AC

i)

AE f61

J61 8

AE = %= 7.625

(ACDE 1 &)
(%)

(Ap i = & 4) D

Let M be the mid-point of BC.

BM=MC=2

AABM = AACM

ZAMB = ZAMC = 90°

Let LZABM =0 = LACM

/ADE =0 = ZACB

In AABM, cos Ozgz1
8 4

Apply cosine formula on A4BD:

AD?> =12+ 82— 2x1x8 cos 0

AD =+/61

Let ZCDE =t

ZAED =1+ 0= £ADC
AADE ~ AACD

AE AD

AD AC

AE 61

J61 8

AE = %= 7.625

(S.S.S.)

(corr. Zs = A's)
(base Zs isos. A)

(ext. £ of ACDE)
(equiangular)

(corr. sides, ~A's)

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOHeat\HKMOheatanswers\HKMO2018heatans.docx

Page 4



Answers (2017-18 HKMO Heat Events)

110 POR - = &35, #¢ PQ=13+~QR=14 %2 PR
N CoC 42 OR ** %

=151 PR %3 /2%
T o & APTR i f# o

POR is a triangle with PO =13, OR = 14 and PR = 15.

Created by Mr. Francis Hung

The circle C is drawn with diameter PR . C intersects
OR at a point 7. Find the area of APTR .

ZPTR=90° (X [} eh[f1 % &)
14 +15° -13* 3

cos ZPTR =
2x14x15 5

sin ZPTR :g

RT= PR cos APTR=15><§= 9

ZPTR =90° (£ in semi-circle)
147 +15° -13* _3

2x14x15 5

cos ZPTR =

sin ZPT. :%

RT = PR cos 4PTR=15><§= 9

APRT e ﬁ%Z%RP-RT sin ZPRT Area OfAPRTZ%RP-RT sin ZPRT
:1)(15)(9)(& :1><:|.5><9><ﬂ
2 5 2 5
— 54 ~ 54
1 % 3*+5+ 36 gk o] 1B o

X

Find the minimum value of 3*+5+

36

X

+4°

Ry=3+4 QP EiEi g

y+041 > 2 /yx§+1 (AM. > G.M.)
y y

13
£504 2 y%;

T y=6

3*+4=6
=x=log2+log3
kol EE 130

Let y = 3* + 4, then the expression becomes:

36 2 /yxE +1 (AM.>G.M,)
y

y+—+1 >
y
13

Equality holds when y =§; T oie.y=6
y

3¥+4=6
=>x=log2+log3

.. The minimum value is 13 .

The following method is suggested by Mr. Ma Shing, a secondary school teacher:
36 .
Lety=3*+4and T=y+—+1 >0, then the equation becomes: yT =)? +y + 36
y
=32+ (1 — Iy + 36 = 0, a quadratic equation in y. For real values of y, A= (1 — T)*> - 4(36) >0

=>T-1>2120r7T-1<-12 (rejected) = T> 13 .
The minimum value is 13 .
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Answers (2017-18 HKMO Heat Events)

Created by Mr. Francis Hung

112 4@ e #7F » ABCD 3 PQRC % A Bidfken Al D
_]}_—%1130,1‘1 C;ﬁ;]}ﬂ.u}i CB ?'4_’2755%41;‘,‘\
BD - BC=8 %2 RC=6 - F3% BD % R{ Q
HE DO ¥ BQ TR = % & ha ff o
As shown in Figure 4, two squares ABCD and
PQORC are joined together. An arc BD is drawn with
centre C and radius CB. Given that BC = 8 and RC 6
= 6 . Find the area of the region bounded by the arc B
BD, line segments DQ and BQ . 8 C P
Bz Figure 4
Reference: 2000 F14.2, 2004 HI9, 2005 HG7
é- AR Shaded area
=15 A% BD +Sarp + Saorp + Sasro = segment BD +Sagrp + Saorp + Sasro
_1 > 1 -, 1 1 1
=%7t~82 —%.8 +%(8—6).8+%(8—6).6+%-6x6 =8 58+ 5(8-6)8+7(8-6)-6+-6x6
=16m—-32+8+6+18=16T =l6n—-32+8+6+18=16m
4= @4 BD 2 CQ - Method 2 Join BD and CQ.
ZCBD = ZPCQ=45° (& = A} chfs ) ZCBD = ZPCQ = 45° (property of a square)
" BD//CO (%4 4n %) s BDi/ CQ (corr. Zs eq.) .
S _g (3= EFAKR) Saspo = SABDE (same bases and same heights)
ABD Q ABDC Shaded area = segment BD + Saspo
LR o #& =3 ) BD +Saspo = segment BD + Sasnc
=3 A} BD +Sapnc = sector BDC = 167
= %7, BDC=16n
13 - Bo =87 WHEdE T T F ede RO ¥ F - Blco b4 1234 7 g2 10>

Fli 1+2+3+4=10° 7 R 1998 %
BHEA T U3 i&’f% ?

4998 (¢ 4245 BH)F 50 B il g i

A 4-digit number can be transformed into another number by adding its digits. For example,

1234 is transformed into 10 as 1 + 2+ 3 +4 = 10 . How many transformed numbers from 1998

to 4998 inclusive are NOT divisible by 3?

© - I EHo b HO AR 3 ?ﬁ“f SR IR 4
&R iz fe 8 3 R o
AR P fic— $Bied 1998 T 4998 2. B en 3 ehi
He o
1998 = 3x666, 4998 = 3x1666

3R EcEcE . 1666-666+1=1001
F Re A% 3 f{‘%mﬁiﬂ P
4998 — 1998 +1 - 1001 = 2000

It is easy to show that a positive integer is divisible
by 3 if and only if the sum of its digits is divisible
by 3. It suffices to count the number of multiples
of 3 from 1998 to 4998.

1998 =3x666, 4998 = 3x3666

.. The number of multiples of 3 is

1666 — 666 + 1 = 1001

Number of integers which are NOT divisible by 3

1s 4998 — 1998 + 1 — 1001 = 2000
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Answers (2017-18 HKMO Heat Events) Created by Mr. Francis Hung

14 HEid#kx@z]l) ©L&Ik f(x)=1i 2 fof(x) = f(f(x)) °
—X
4 2017fof of o---0f(2018) i o
—

2018 f

For any real number x (x # 1), define a function f(x) =1L and fof(x) = f(f(x)).
—X

Find the value of 2017fofofo---of (2018).
-

2018 copies of f

Reference: 1997 HG2

X o5 X X X X X

o = =f =_1x = = o = =f =_1x =
Ffle) = 0C0) =1 25 = {0 = = e o) = ) =1 |-~ -
fofof(r) =f| X |= 2% = X _ X fofof(x) =f| —— |=Ix =X _ X

1-2x) 1-2& 1-x-2x 1-3x 1-2x) 1-2Z 1-x-2x 1-3x

. . X

Bm oo fofofo...of(x )= — Claim: fofofo~--of(x)=l_nx

n copies of f n copies of f
wE oI RN o n=1-2~3> > <& e Proof: By MI..n=1,2, 3, proved above
- X _ X
3K fOfi]:Omef( )_1—kx SN Suppose fo]ljofo.f-f-of(x)—l_kx

[#] copies O

of of orrof (X)=f[ X )= Bx —__ X fofofor . of =f( X jz - X
w,_f,(x) f(l—kxj 1-8 1-(k+1)x %,_/(X) 1-kx) 1-#% 1-(k+1)x

k+1 {f& f k+1 copies of f
dhedk n=kE;}N3 o p=Fk+ 1 FE ;& 2| it is true for n =k, then it is also true for n=k+ 1
+ o By the principle of mathematical induction, the
d Bl fifF Wik R H AT I Rl % 8 formula is true for all positive integer n .
XA 2017fofofo---of(2018)
2018(&f
2017f of of o---0f (2018) 2018
e O 0182018
— X
=2017x 2018 2018
1-2018x2018 =2017x
(1— 2018)><(1+ 2018) —_7°
2019

I15 % N*>=abcdefabc 5 - B 9 =##k > H? N L 4 BpE T2 a~bc d e
f¥ah A F e ® % L def =2xabc o & N2 chd] & o
Let N? = abcdefabc be a nine-digit positive integer, where N is the product of four distinct primes

and a, b, ¢, d, e, f are non-zero digits that satisfy def =2x abc. Find the least value of N2
N2 = abcdefabc = 1000000 abc+ 1000 def +abc | N2 = abcdefabe = 1000000 abc + 1000 def +abc

= 1000001 abc+ 2000 abc = 1000001 abc + 2000 abc

=1002001 abc =1002001 abc

= 10012xabc = (7x11x13)>x abc =10012xabc= (7x11x13)?x abc
abc= - B A £ 711 & 13 22k abc= a 3-digit number which is the square of
BT = a prime number different from 7, 11 and 13

abc thg )@= 172 =289 The least possible abc= 172 =289

1=
N2 ] i =1002001x289 = 289578289 The least possible value of N?
=1002001x289 = 289578289
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Answers (2017-18 HKMO Heat Events)

Group Events

Gl *) fx) 3=-=x%m; > HY f(l)Z% ’f(Z)Z% » 1(3) =

Created by Mr. Francis Hung

1
12

o & f(6) it o

Let f(x) be a polynomial of degree 2, where (1) :% , f(2) =%, f(3) :é' Find the value of f(6) .

Reference 2003 FG4.2

% f(x)=ax’* +bx+c, P

f(1)=a+b+c=l (1)
2
f(2):4a+2b+c=% -+(2)
1
f3)=9a+3b+c=— -3
(3)=9a c=; 0
(2)—(1): 3a+b=—% -+(4)
3)—-(2): 5a+b=—i ~+(5)
' 12
1 1
5)-@):2a=- =a=—=
() =(@):2a=7 =a=g
ra=— » (4): §+b=—1:>b=—£
8 3 24
8 24 8 24 2 12
f()c)lez—Exﬂ-E
8 24 12
f(6)=1><62—£><6+E
8 24 12

9 17 13 54 51 13 4

2 4 12 12 12 12 3

Let f(x) = ax? + bx + c, then

f(1)=a+b+c=% (1)
f(2)=4a+2b+c=% -(2)
_ .
f(3) =9 +3b+c o 3)
(2)—(1): 3a+b=—% —(4)

(3)—(2): Sa+b =—% (5)

1 1
5)-4):2a=— =a=—
(5)—(4): 2a 7 97
Sub. a=2 into (4) S4b=—tmp=—1T
8 8 3 24
1 . 1 17 1 13
Sub.a=—,pb=—— into(l):— ——+c=—=>c=—
8 24 8 24 2 12
f()c)=lx2—£x+E
8" 247 12
f(6) == x 62— L g4+
8 24" 12

9 17 13 54 51 13 4

2 4 12 12 12 12 3

2F- XFx)=x(x+1)fx)—1~
TE - FHN S HESRS 40
F()=2f(1)-1=0=(x-1) 5 F(x) eh7F3"
F2)=612)-1=0=(x-2) 5 F(x) HF;5"
F3)=12f3)-1=0=>(x-3)% F(x) e7F]5"
F(x) = (1) (x-2) x-3)(ax +b)=x(x+ 1) f(x) — 1
F(0) = (-1)(-2)(-3)(0 + b) = 0(0 + 1) f{0) — 1
=b 1

6
F(-1) = (-2)(-3)(-4)(—a + b) = —1x0xf(-1) — 1

—24(—a+%) =-1 =a L

8
F(6) = (6-1) (6-2) (6—3)(% -6+%) = 6x7f(6)-1

5x4x3x(§+1j:42f (6)—1
4 6

4
f(6) =3

Method 2 Let F(x) =x(x + 1) f(x) — 1

This is a polynomial of degree 4
F(1)=211)-1=0= (x—1) is a factor of F(x)
F(2)=61(2)—1=0= (x—2)is a factor of F(x)
F(3) =12(3) — 1 = 0 =(x — 3) 1s a factor of F(x)
F(x) = (x—1)(x-2)(x-3)(ax + b) =x(x + 1) f(x) — 1
F(0) = (=) (-2)(-3)(0 + b) =0(0 + 1) f(0) — 1

=b =
6
F(-1) = (-2)(-3)(-4)(—a + b) = —1x0xf(-1) — 1
2f-ar]-1 masg
6 8

F(6) = (6-1) (6-2) (6—3)(% -6+%) = 6x7(6)-1

5x4x3x(§+lj:42f(6)—1
4 6
4
f(6) ==
(6) 3
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Answers (2017-18 HKMO Heat Events)

Created by Mr. Francis Hung

G2 # /2018x2012x1988x1982+8100 -

Evaluate /2018x2012x1988x1982+8100 .

Reference: 2000 FG3.1, 2004 FG3.1, 2012 FI2.3, 2013 HI5
2% a=2000 » Let a = 2000, then

7 \/2018x 2012x1988x1982 + 8100
= J(a+18)x(a+12)x(a-12)x(a—18)+8100

_ \/(az —324)x(a” ~144)+8100

—=/a‘ —468a® +18? x122 + 907
- Ja* —468a +187 x(12? +57)

=.Ja* —468a2 +18? x13°
=.Ja* —468a? + 2342
= J(a® —234)’

=20002 - 234
=4000000 — 234
= 3999766

\/2018x 2012x1988x1982 +8100
= /(a+18)x(a+12)x(a-12)x(a—18)+8100

_ \/(az —324)x(a® ~144)+8100

=/a* - 468a® +18? x122 + 907
:\/a“ —468a° +182 ><(122 +52)

=.Ja’ —468a2 +18? x13?
=+Ja’ — 468a2 + 2342
= \J(a® —234)

=2000% - 234
=4000000 — 234
=3999766

G3 4cHl- 17 OABE- B2 O 5 Fleehiud, oN & E T

OM £
30ON=2MN - £ OM ek B o

As shown in Figure 1, O4B is a sector with centre O . N is the
intersecting point of radius OM and 4B . Given that AN = 12,

AB % B o ¢ v AN=12 >

BN=7 2z ,

Nl

BN =7 and 30N =2MN . Find the length of OM .

B]- Figure 1

E
w

#5527 #E MO ¥ 2[5 Po
% ON=2k~ MN=3k o £ j==5k

1% 4p % 5% 2L
PNxNM= ANXNB

-

Thkx3k=12x7
k=2
OM=5k=10

Complete the circle. Produce MO to meet the
circle again at P.

Let ON = 2k, MN = 3k. The radius = 5k
PN=PO+ ON=5k+2k="Tk

By intersecting chords theorem,

PNxNM= ANxNB

Thkx3k=12x7
k=2
OM=5k=10
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Answers (2017-18 HKMO Heat Events)

G4 HZZEF

xSl fx) 7
* fx) =2018 =42 2

P g

'fr’o]‘\S [ER

For any non-zero real number x, the function  f(x)

Created by Mr. Francis Hung
1 =1 ¥ )I4 ~
20(x)+F| = [=10x+4 =38 S 545 % &L
X

has the following property:

2f (x)+f (lj =11x+4. Let S be the sum of all roots satisfying the equation f(x) = 2018 . Find
X

the value of S . Reference: 2019 HGS

2f(x)+f(§):11x+4 (1)

2f(§j+f(x):l—l+4 - (2)

X
2(1) — (2): 3f(x) = 22x-1_xl+4

= f(x)——(22x—g+4j
3 X

f(x) = 2018 = %(zzx—gwj 2018
X

22X—1—1+4 6054

X
22x2—6050x—11=0
2x2—-550x—-1=0

S= @32 4o =—2=275
a

2f(x)+f(§j:11x+4 (1)

2f(§j+f(x):g+4 - (2)

X
2(1) - (2): 3(x) = 22x—1—xl+4

= f(x) ——(22x—1—1+4J
3 X

f(x)=2018 = %(22x—1—1+4j 2018
X

22X—E'+4 6054

X
22x2—6050x—11=0
2x2-550x—-1=0

S = sum of roots :_9: 275
a

x> +9x-10y-220=0 ---(1)

G5 k¥ BT

e x mlgvi

Find the value of x that satisfy the following system of equations:

y? —5x+6y-166=0 ---(2

).
xy =195 --(3)

X* +9x—-10y-220=0
y’> —5x+6y—-166=0
Xy =195

(1)+H2)—2(3): x—2xy + y*+4x—4y—386+390=0
(x—y)P?+4x-y)+4=0=>(x—-y+2)>=0

EH»>B) - (r—2y=195

—2y—195=0
=15y +13)=0
y=15 & 13
$y=15>x=13; % y=-13>x=-15
Bt R x=13 =15 ~(1):
2 N =13249(13) ~10(15) —220 = -84 (2 )
& ox=—15-y=-13 » (1):

2 N =(15)49(=15)-10(~13)=220= 0 =+ 3¢
13~x——15 y=—13 » (2):
2 3= (L1322 -5(-15)+6(~13)-166 = 0 == 3
Sox=-15

(1)+H2)—2(3): x—2xy + y2+4x—4y—386+390= 0
(x—y)P?+4x-y)+4=0=>(x—-y+2)*>=0

Sub. (4) into (3): (y —2)y =195

V2 —2y—-195=0

y-15@+13)=0

y=150r-13

When y=15,x=13; when y=-13,x=-15
Check: Sub. x =13, y =15 into (1):
L.H.S.=132+9(13)-10(15)-220= -84 (rejected)
Sub. x =-15,y=-13 into (1):
LH.S.=(-15)*+9(-15)-10(~13)-220=0= R.H.S.
Sub. x =-15, y=-13 into (2):
L.H.S.=(-13)>-5(-15)+6(-13)-166= 0 = R.H.S.
Sox=-15
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Answers (2017-18 HKMO Heat Events)

Created by Mr. Francis Hung

G6 = pt+104=3">H¥ pn-m 510 Fice Fon k] @ o

Given that n*+ 104 =3" | where n, m are positive integers. Find the least value of n .

Reference: 2013 HI4

33=27>3*=81>35=243 > 35=729
243 -104 =139 #n* > 729 — 104 = 625 =54
n ek Es S5e

33=27,34=81,35=243,30=729
243 —104 =139 # n*, 729 — 104 = 625 = 5¢
The least value of nis 5 .

G7 4cBl= %77 »A~B~C~D 2 E SR} a®oT FZF ¢
e 8o T4 F R B 4 ctr s
S oo iv TBE #_ LATD wn& T 5 5 ~TA=12~TB=6 %
TC=8¢° % AABE £ w :#3;, BCDE o #¢ o
As shown in Figure 2, 4, B, C, D and E are points on the circle.
T is a point outside the circle such that 74 is a tangent to the
circle at 4 and 7BE and TCD are straight lines. It is given that
TBE is the angle bisector of ZATD ,TA=12,TB=6 and TC =

TBE % TCD % E

8 . Find the ratio of the area of AABE to the area of quadrilateral

BCDE . = Figure 2
Reference 2015 HI10

FI* 42 52 TIL > By intersecting chords theorem,

TBXTE = TA? TBxTE = TA?

6xTE = 122 6xTE = 122

TE=24 TE=24

BE=24-6=18 BE=24-6=18

% ZATB=06=ZCTB Let ZATB=06=~2CTB

Sper _ 3TA-TBsin® 12 3 M Saast _ 7TA-TBsin6 _12 3 )

Sycrg  LTC-TBsing 8 2 77 Sacre 3 TC-TBsind 8 2

Consider AABT and AABE

+ % AABT * AABE
TR E R
:Aﬂz%:%:3 ...... @)

AABT
+ & ACTB % AETD
/BTC=/DTE (2% &)
ZTBC=/TDE (FIp 4= i#77 &)
ZTCB= /TED (FIp #m= #7357 &)
.. ACTB~ AETD (% %)

SIURCE
Siperg \TC 8

_, Ssope _g g

ACTB
SACTB 1
= =2 = .. 3
o
(Ix@G):

AABE [T _ Saasr | Saase | Sacts

BCDE HJEIFE Spcts  Spast
3 1 9

— " x3x==—

2 8 16

SBCDE

They have the same height but different bases.
Samee _ BE _18 _

= 3 ... 2
Suer B 6 @

Consider ACTB and AETD

/BTC = #DTE (common £s)

/TBC = LTDE (ext. Z, cyclic quad.)
ZTCB = ZTED (ext. Z, cyclic quad.)
.. ACTB ~ AETD (equiangular)

2= (2) (2]
Sperg \TC 8

= Secoe _g_1_g

ACTB
SACTB 1
_, 2actB _ 2 3
Seoz 8
(D)x(2)x(3):

area Of AABE _ Syagr  Saase . Sacts

area0f BCDE = S,crg  Saasr  Sgepe
3 1 9
=—x3x—=—
2 8 1
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Answers (2017-18 HKMO Heat Events)

v

Qi‘ra\bxc\d\e\f\g}"h}}i
b+tg=c+f=d+e=35"KF73 % >ev

G8

Created by Mr. Francis Hung

;;;_rgt, % 19 a>b>c>d>e>f>g>h 2 qg+h=
%% {a,b,c,d e, f,g h}

l—?l__

Given that a, b, c,d, e, f, g and h are pos1t1ve 1ntegers suchthata>b>c>d>e>f>g>h
anda+h=b+g=c+f=d+e=35. How many possible solution sets of {a, b, ¢, d, e, f, g, h}

exist?

d+e=35=>d>175>¢
=a>b>c>d>175>e>f>g>h>0

= 172e>f>g>h2>1

VirmiEs =d 131727 T E4 6

d+e=35=>d>175>e
=>a>b>c>d>175>e>f>g>h>0
=>172e>f>g>h2>1

7 |It is equivalent to choose 4 distinct integers from

B s jE o lto17.
T ch _ 17 _17x16x15x14 No. of — cl7=17x16x15x14 _ 54
EBe g el = G =TT =380 No-ofways = Ce =
. (11 1 2 2 2 3 3 3 98 98 9
G9 F* (—+—+---+—j+(—+—+---+—)+(—+—+---+—)+ +(—+—]+—ms °
2 3 100 3 4 100 4 5 100 99 100,) 100
Fmdthevalueof( P )+(3+z+~--+ij+(§+§+-~+ij+ -+(%+%)+£.
2 3 100 3 4 100 4 5 100 99 100) 100
Reference 1995 HG3, 1996 FG9.4, 2004 HG1
(11 1][22 2](33 3) (98 98) 99
St — | ottt — || — | —— |+ —
2 3 100 3 4 100 4 5 100 99 100) 100
32 43 5x4 100x99
1.2 2 T2 1,234, +§—£(1+2+3+4+ -+99)
2 3 4 5 100 2 2 2 2 2
=1.1100.99=2475
2 2
G10 B = %77 »ABC - B = 4&3,> 27 4B A
=40~BC=30 2 ZABC=150° M % N
L ul i AB % BC env 8L o /4BC ehk T M E
Wi MN 2 AC *» D 2 E- R
AMDE % f P
As shown in Figure 3, ABC is a triangle with B N c
AB =40, BC =30 and ZABC = 150°. M and N Bl = Figure 3
are the mid-points of 4B and BC respectively.
The angle bisector of Z4BC intersects MN and
AC at D and E respectively. Find the area of
quadrilateral AMDE .
MN /I AC (¥ B239) MN /I AC (mid-point theorem)
LetBD=x,BE=2x (£43 %32) Let BD =x, BE=2x (intercept theorem)

1 . .
Sapun = 1-20><158in150°= 75 Sapun =§~20><15S|n150 =75
2

1 . .
Sapac =1-40><305in150°= 300 Sagac =E-40><305|n150 =300
2

1 .
1 . o . = __. © .

SABDN SABDl':§'15X5|n75 : Saspn : Saspm 5 15xsin75° :
4 300

4 300
Sappm = 75><7—— Sagpm = 75X7_7

7

4 1200

[SIELNEINY =300x—="—
ABEA = 7 7

1200 300 _900 _, .4 Sy =220 300 _
71 7 7 ro7

%~20xsin 75°=3:4

Similarly, Sagz4 =300x ; —@

1200 300 900 =128;

SampE =

%~20xsin 75°=3:4
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Answers (2017-18 HKMO Heat Events) Created by Mr. Francis Hung

Geometrical Construction

I RiF-BR>R FH G35 T ROD B >A, ABCD 2 PORS 5 ff2 fr -
Construct a square whose area is equal to the sum of the areas of the squares ABCD and PORS
as shown below.

Reference: 2015 HC3

P
Q
(@ > 2 4T Construction steps:
(1) #f+ ehr =235 PORS +) % + B > £ £ |(1) Copy the larger square PORS as shown,
OR % SR - produce OR and SR.

Use R as centre, the length of side AD of the
smaller square ABCD as radius to draw an
arc, intersecting QR and SR produced at D
and B respectively, rename R as 4.

@) "R gl A, ABCD g
£ AD % X jmit— 3%, A% OR % SR
G LB DE B ERA LR Ao

(3) ™M B &Il BA 5 FLiE- 5500 D 5 \(3)  Use Bas centre, B4 as radius to draw an arc;
Flw » DA & 22 1F— 9% o & 5%4p 2 3% 4 use D as centre, DA as radius to draw an arc.
2 Co The two arcs intersect at A and C.
(4) #3: BC %2 DC'ABCD i #] ehit & 45, (4) Join BC and DC, ABCD is the smaller
v RS 1 AD - square and RS | AD.
(5) Join SD.

@ SD - -
(5) @B (6) Use D as centre, DS as radius to draw an arc;

D SRl DS G EEIE-5 01 S 5 :
(6) IF] . /_S” j ; N MS use S as centre, SD as radius to draw an arc.
P> SD 5 =5 1F = 5% 0 3 5349 237 K The two arcs intersect at K.

(7) M KR~ KD G ZEiE- 35> 243 (7) Use K as centre, KD as radius to draw an

(6)s3i>r D2 Jox2 JEFlw > JD 5 X arc, intersecting the arc in step (6) at D and
FiE— g s AR HEAN DR Lo J. Use J as centre, JD as radius to draw an
(8) 4% DL > % # B(6)55 3t E o arc. The two arcs intersect at D and L.

©) ME 3R ED S IE- 5% 2k (8) Join DL, intersecting the arc in step (6) at E.
(6)553: D & Fo 9) Use Eas ‘centre, ED as radius to draw an arc,
N intersecting the arc in step (6) at D and F.

(10) @4 EF 2 SF - (10) Join EF and SF.

DEFS { A #77f ehit = 2 » P J% » DEFS is the required square, proof omitted.
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Answers (2017-18 HKMO Heat Events)

Created by Mr. Francis Hung

2. i AC - - B O TRl > e TR AT o o iF- B A, ABCD @
# ZBAD =2x/BCD % B~D /% %[ APC * -
Given that AC is a line segment passing through the centre O of a circle, as shown in the figure
below. Construct a kite ABCD such that ZBAD = 2x/BCD and B, D lies on the circle APC.
Remark: There is a typing mistake in the Chinese old version: £ZBAC =2x/BDC.

TR > F 40T

(1) ™MA:5Fw 40 5 ZjEiv- 3% 2w
Fl** B2 Do

(2) @4 AB~BC~CD % DA -

ABCD { R, T2 -

AL I

AD=A40=0D (2 3)

AAOD 5 %= &35

P32 > AAOB 7 5 %8 = &5

ZDAO = ZBAO =60° (% i§ = & A;nl )

ZBAD = 120°

ZBCD=60°  (FIp #w fA)44)

. Z/BAD =2x/BCD

%% AABC=AADC (S.A.S.)

AB=AD 3 BC=DC (2 % = & 2,% )

ABCD &- BH 35~

Construction steps:

(1) Use 4 as centre, AO as radius to construct
an arc, intersecting the circle at B and D
respectively.

(2) Join 4B, BC, CD and DA.

ABCD is the required kite, construction complete.

Proof:

AD =A0 = 0D (radii)

AAOD is an equiangular triangle

Similarly, AAOB is also an equiangular triangle.

£ZDAO = ZBAO = 60° (Property of equilateral A)

Z4BAD =120°

ZBCD = 60° (opp. Zs, cyclic quad.)

.. Z/BAD =2x/BCD

It is easy to show that AABC = AADC (S.A.S.)

S AB=AD % BC=DC (corr. sides, = A's)

ABCD is a kite
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Answers (2017-18 HKMO Heat Events)

Created by Mr. Francis Hung

3. F- B2 O 5 Flw e F ent ~ 835 ABCDEFGH -
Construct a regular octagon ABCDEFGH on a circle with centre O .
L
4
§ A
4
A 8 ) 8 B
2
8
8
J o AK
2 8
8
F 8 8 D
6
7
E
6
P
TR > F4eT ¢ Construction steps:
(1) i¥% /& AOE - (1) Construct a diameter AOE.
() MALFw o AE 5 X E -5 0 E & (2) Use 4 as centre, AE as radius to draw an arc;
Mo » EA 3L jsiv— 55 Banfpae g USC E as centre, £4 as radius to draw another
2 Ko arc; the two arcs intersect at J and K.
o e (3) Join JK, intersecting the circle at G and C.
() @i ‘{K » L ? % ? _|(4) Use 4 as centre, AG as radius to draw an arc;
4 MALGRw AG X JETF- %1 G 5 use G as centre, GA as radius to draw another
Fles 2 GA & LJ2iF— 5% 5 A ™ 4p 23t L arc; the two arcs intersect at L and M.
2 Mo (5) Join and produce LM, intersecting the circle
(5) @wEFuEE LM XF* H% D- at H and D.
6) " GiRw GE:Xjgcir—3; 0 E% (6) Useg as centre, %E as ra:lqius toddraw an agc;
- A R R e TN use E as centre, £G as radius to draw another
T N EG BlET S AR P arc; the two arcs intersect at P and V.
y . (7)  Join and produce PN, intersecting the circle
(7) @#ET&EE PN X F2 Be at F and B.
(8) @+ AB~BC-~CD~DE~EF~FG -~ GH\@8) JoinAB, BC, CD, DE, EF, FG, GH and HA.
% HA - ABCDEFGH is the required regular octagon,
ABCDEFGH { ®_#t /f thi ~ i§25 2 P j£a% o proof omitted.
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