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Answers: (2018-19 HKMO Final Events) Created by: Mr. Francis Hung

Individual Event 1

M1 = A & (x*+2)° ERE;N? x* enfadic £ 4 ohiE o
If A is the coefficient of x* in the expansion of (x> + 2)3 , determine the value of 4 .
A=C:(2)*=80

112 % x foy 55 B> &7 KT %55 log, x+log,, y=log,, (2x— Ay)+1 -
A OB E (x,y) “th T A kb iR > & B i o
If x and y are positive integers that satisfy 10g,, Xx+10g,, y =10g,,(2x— Ay)+1,

and B is the number of possible pairs of (x, y), determine the value of B.

log,, x+log,, y = log,, (2x—80y) +1 log,, x+log,, y = log,, (2x—80y)+1
log,, (xy) = log,,10(2x —80y) log,, (xy) = log,,10(2x —80y)
xy =20x — 800y xy =20x — 800y
20x —xy — 800y + 16000 = 16000 20x — xy — 800y + 16000 = 16000
x(20 — ) + 800(20 — y) = 16000 x(20 — y) + 800(20 — y) = 16000
(x + 800)(20 — y) = 16000 (x + 800)(20 — y) = 16000
x ey & & E#i (x+800,20-y) For positive integral values (x + 800, 20 — y)
= (16000, 1), (8000, 2), (4000, 4), (3200, 5),/= (16000, 1), (8000, 2), (4000, 4), (3200, 5),
(2000, 8), (1600, 10), (1000, 16) (2000, 8), (1600, 10), (1000, 16)
- 237 %% (x,)) B=7 There are 7 pairs of (x, ). B=7

13 3 Y=28D ¢ C Y ¢ & B#KFzfr & C oig -
If Y= 235D and C is the sum of the digits of Y, determine the value of C .
Y=230-D=218=262144
C=2+6+2+1+4+4=19

4 & AXYZ ¢ > 2 &0 XYL YZ LXZY=0> 8 YZ fv XZ cnL B A~ %5 C-3 fv C+5-
# D=(sin0+tan 0)? » & D ehig o
InAXYZ , XY L YZ, /XZY=0,andthe lengthof YZ and XZ are C-3 and C+5
respectively. If D = (sin 0 + tan 0)?, determine the value of D .

YZ=19-3=16
XZ=19+5=24
AV 167 =24 19+5
XY=4/320=85
sin6=%=£;tane=%=§ 0 .
24 3 6 2 Y 193
2
p(¥B B _125_,17
3 2 36 36
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Answers: (2018-19 HKMO Final Events) Created by: Mr. Francis Hung

Individual Event 2
20 % JA=\11+21-\11-21 » & 4 iE -

If «/KZ\/11+\/ﬂ —\/11—@ , determine the value of 4 .
Reference: 2007 FI1.1, 2016 FI1.2

y =(\/11+Jﬁ —Jll—ﬁ)z
~11+ 21—2(J11+JZ -J11—JZ)+11—21

=22-24J121-21=22 -2x10=2
122 #2458 y=mx+B §iE" 8 (4,5 v (-4,4)> £ B g -
If the straight line y = mx + B passes through the two points (4, 5) and (-4, A) , determine the
value of B .

. . 2B
123 # cosx+smx=? % (C=(tanx+cotx)!» f Cenig o

If cosx+sinx= % and C= (tanx + cot x)"!, determine the value of C .

Reference: 1992 HI20, 1993 HG10, 1995 HIS, 2007 HI7, 2007 FI1.4, 2014 HG3

. 2x3 6
cos x +sinx = =—
5
(cos x + sin x)? _36
25
1 +2sinxcosx=—=>sinxcosx=—
25 50
B . (sinx  cosx)' (sin?x+cos’x) . B
C=(tanx+cotx) =| —+——| =| —— | =sinxcosx=—
CosX sinXx COS X Sin X 50
124 BX D ~x~y fvz 55Kk H? D>x>y>z-
F Doxry frz mEESN 3D_3X+3y_322% LD i
Suppose that D ,x,y and z areintegers with D>x>y>z . If D,x,y and z
satisfy the equation 3° -3 +3' -3 :%,detemine the value of D.
Reference: 2003 F14.3
11
1000x —=+2
1000C +2 _ 50 :242227_3_’_1_1
9 9 3 3

D=3,x=1,y=0,z=-1
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Answers: (2018-19 HKMO Final Events) Created by: Mr. Francis Hung

Individual Event 3

13.1 - 361 3 2545 ﬁ 2 100 cm? > R PRE Y m S fod s 5 8 o
F B Y LRI sem? > o5 eiE o
A piece of square paper of area 100 cm?, is folded in half along the dotted line as shown
below. If the area of the shaded region in the last figure is s cm?, determine the value of s .

2 S

d 23+ % WgBlae 5 50cm? > % = g Starting from left to right, the second diagram has
Blchd # 5 25em? o an area 50 cm?, the third diagram has an area
LB @ ff=25% = 2 cm? = §cm 25 cm?. The shaded area =25x 2 cm? -2 cm?
- 8 4 8 4

4 4

32 s=§ Sh A s F cfrd AHE Ao B hp Flcicd
Kt=c+d oig -
A
Suppose that s = B is in simplest form. If ¢ and d are the number of positive factors of A4

and B respectively, determine the value of f=c+d .

S—EA 25,B=4 s—é/l 25,B=4

4 4
25 et FlEH_1~5~250 Positive factors of 25 are 1, 5, 25 .
4t FlEcF 1240 Positive factors of 4 are 1, 2, 4 .
t=3+3=6 t=3+3=6

13.3 -E “{-1— LtmavZB"JibfrtzowB.gmé—'&ﬂé‘zi’tﬁ??‘ﬁuﬂ » Ry iE o
If today is the 2™ day of a week, and it is known that 72! days later is the ™ day of the
week, determine the value of u .

62019 = (7 — 1)2019
= 72019 _2019x72018 4 ... + (~1)?°!° (binomial expansion = 38 ;% & F)
=Tm-1

u=-1+2=1

13.4 -'25 V(u+5) ]Z:» 1231234(u+5) - 123(u+5) ﬁﬂf#ﬁz ’ 1\ \% W/’Jl'_ﬁ_ °
If vu+s) is the remainder of 1231234 ,+5) + 123(+5) , determine the value of v.
Reference: 2018 FG1.4
12312346 = 12300006 + 12306 + 4¢
v=4
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Answers: (2018-19 HKMO Final Events)

Individual Event 4

I41 ACDE 5 - B%:#= 43,2 O & ACDE p - 3% B
@ CE }+ »0=ZCBO>0OC % Z4DCE g T 55> Uz
OC:0B=5:4> % a=sin0 g o
ACDE is an equilateral triangle. Point O is inside ACDE . If
point Blieson CE , 0= ZCBO, £ZDCE is bisected by OC , and

Created by: Mr. Francis Hung

OC : OB =5 : 4, determine the value of oo =sin 0 . Pl
B,
E
ZBCO = £ZDCO = 30° ZBCO = £ZDCO = 30°
%X OB=4k, OC=5k Let OB =4k, OC = 5k
* ABOC Jg* & 5% %32 » Apply sine rule on ABOC,
sin®  sin30 sin® _ sin30°
5K 4k 5k 4k
) 5
o=sin0=— o=s8in 0=—
8 8

142 B®RF - S f(x) $ @l x 2 e Hk y=0>

3% B f£§j=f(x)—f(y) fo f2)=-1¢ % Bzf(

Rl
10

)’T\Bm@_

Suppose that there exists a function f(x), defined for all integers x and for all integers y # 0, such

that f [ij: f(x)-f(y)and fR2)=-1.1f B=f (%j , determine the value of .
y

f(2) =f (3: f(2) - f(1) = f(1) =0

_1=1f(2)=f g} f(4) — (2) = f(4) + 1 = f(4) = 2

2 = f(4) =f gjz f(8) — f(2) = f(8) + 1 = (8) = -3

16

~3=f(8)=f ?jz f(16) — f(2) = f(16) + 1 = f(16) = —4

()
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Answers: (2018-19 HKMO Final Events) Created by: Mr. Francis Hung

43 £ B=vp+2y(1—p) 13 p:B(z_T_OAfO)’% B B A i@pF > £y ihid o
B(y—40)
If B=yp+2y(l1-p)andp=——"—"-—=,
v+ 2y(l=p)andp=—"00

determine the value of y suchthat B attains the maximum.

:4(y—40):y—40 :4(y—40):y—40
100 25 100 25
- p= _y—40_65-y | p= _y—40_ 65—y
25 25 25 25
By 1230, 5, 057Y By 1220, 5, 057
25 25 25 25
— L —o0y) — L -00y)
25 25
=—i(y—45)2+81 =—i(y—45)2+81
25 25
B B PE A ER o y=45- When B attains the maximum, y = 45.

44 ¢ a~b frc Ay ehix Fl#ick>r @ ¥ a<b<c<y % ab=c-
F xty=a x+2y+tz=bry+2z+t=c % S=x+ty+tz+i> F § i
Given that a , b and c are positive factorsof y with a<b<c<y and ab=c.
Ifx+y=a,x+2y+z=b,y+2z+t=cand d=x+y +z+¢,determine the value of 9.

a=3,b=5,c=15 a=3,b=5,c=15

x+y:3 ...... (l) x+y:3 ...... (1)
xX+2y+z=5 e () x+2y+z=5 (2)
y+2z+t=15 e (3) y+22z+t=15 (3)
d (D8 y=3-x e 4) From (1),y=3-x - 4)
R ~2):%, x+2B3-x)+z=5 Sub. (4) into 2),x +2(3 —x)+z=5
z=—-1+x ... (5) z=-1+x ... (5)
ORETOERYCO R Sub. (4) and (5) into (3),
3—x+2(-1+x)+t=15 3—x+2(-1+x)+¢=15

1+x+1=15 I+x+=15

t=14-x e (6) t=14-x e (6)
B B2 (O~ S=x+y+z+t Sub. (4), (5)and (6) into d=x+y+z+¢
S=x+@B-x)+(1+x)+(14-x)=16 0=x+@-0)+(l+x+4-x)=16
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Answers: (2018-19 HKMO Final Events) Created by: Mr. Francis Hung

Group Event 1

GL1 @ 4r x+y=322H7¢ x-p20°% a 3 Jx+y éh i fami -
Letx +y =32 with x, y > 0. If a is the maximum value of Ix+ ﬁ , determine the value of a.
Reference: 1999 FG3.4

(\/§+\/§)2=x+2\/§-\/§+y
=32+2\/xy

<32+2(X; yj (AM.>G.M)

=32+32=64
a=238

Gl2 - ®g" 7F x - ;wzs Tox+2 B AAFE x+4 BT AAE o TRERICE Y
£ - AR 0l F £ F b BAN > KbeiE o

Abox contains only x-one- dollar coins, x + 2 two-dollar coins and x + 4 five-dollar coins. Given
that the probability of drawing a one-dollar coin randomly from the box is less than 0.1 . If the
box contains b coins, determine the value of b .

b=x+x+2+x+4=3x+6

X <01

3x+6

10x<3x+6

Tx<6
x=0

b=3x0+6=6

Gl3 ¥ ¢ ¥ T+ 2 F# >33 -3-5-5-7-7-~99-9-...52019%°" -2019 »

FoceniE o

If ¢ isthe greatest common factor of the following numbers

33-3,55-5,77-7,92-9, ..., 20192019 _ 2019 , determine the value of C .

Reference: Mathematics Excalibur Volume 6, Number 4 Problem Corner Problem 131

3¥_-3=24 HCF #+&24- 3% -3 =24, the H.C.F. is at most 24.
®on=2k+1>H? ki@ o Let n =2k + 1, where k is a positive integer.
n"—n=nmn""-1) n"—n=nm""'-1)

=n(n*-1) =n(n*-1)

= n(nz _ 1)[(n2)k_1 4 (n2)k—2 4o+ 1] = n(n2 _ 1)[(712)]“1 4 (nz)k_z 4o+ 1]

:(n_l)n(n+ 1)(n2k—2+n2k—4+._.+1) :(n_l)n(n+ 1)(n2k—2+n2k—4+ +1)
(n—Dn(n+1)5 = B F A B2 0 Fpt @ (n — Dn(n + 1) is the product of 3 consecutive
A3 R o integers, which is divisible by 3.

Also, (n—1)(n+ 1)=2kQk+2)=4k(k+ 1)
As k(k + 1) is the product of 2 consecutive
1ntegers, which must be divisible by 2.

Foh o (n—1)(n+ 1) = 2k(2k + 2) = 4k(k + 1)
d 3 k(k+ )5 A B R 0 Flet e

W2IE - -, 4k(k + 1) is divisible by 8.

oo Ak(k+ 1) i A 8 i&f“ﬁt‘ ° i.e. (n—1)(n+1)is divsible by 8.

TEI o (n—-1)(n+1) Ak 8 & “,/Tt ° As 3 and 8 are relatively prime, n" — n is divisble
30 3 fr 8 30w —n Ak 3x8 =24 fFr o|by 3x8 =24,

H.CF.=c=24 HCF =c=24
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Answers: (2018-19 HKMO Final Events) Created by: Mr. Francis Hung

G144 & x ﬁ-’_ﬁ e y= ?4_? o & d=3x*-Txy+3y?> R d g o
Letx—§ ? andyzj_;lg.lf d =3x>—Txy + 3y, determine the value of 4 .
Reference: 2000 FG1.2

V54T V54T 1242435

BBz o)

f V7 57 _ 12-2V35 _

VR )

—[-(mﬁ)} =71+12\/£;y2=71—12\/£;xy=[—(6+\/£)}[—(6—x/£)}=

d =33~ Tay + 3y? =3(71+124/35 ) - 7+3(71-12+/35 ) = 419
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Answers: (2018-19 HKMO Final Events) Created by: Mr. Francis Hung

Group Event 2
G2.1 3% X =+/2020—A i fFHcc K A ko) & o

Let X =+ 2020—+/A bea positive integer. Determine the least value of 4 .
Reference: 2016 HI3, 2018FG4.1

45 =/2025>+/2020— VA 45 =/2025>+/2020- A
X=4/2020—JA=1-2+ ...~ 43 & 44 X=42020-VA=1,2, -+, 43 or 44
2020—JA=12+22+ ... 432 & 442 2020 — /A= 12,22, ..., 432 or 442

JA=2020—12+2020 22~ .. ~ £2020 — 442 | JA=12020— 12,2020 — 22, ---, or 2020 — 442
A=(2020-12)2 ~ (2020-22)2 ~ -+ ~ £(2020 — 44224 = (2020-12)2, (2020-22)2, --- , or (2020 — 442)?

A #id] E=(2020-44%)? = 842 = 7056 The least value of 4 = (2020-442)> = 842 = 7056
X+y=5
G22 B3 2 P=(xy) f7 Q=(X,Y,) RS BT aE s RS LSS B
% k1 yt =80 (%.%.) = Q=(x.Y,) 2 s

Fit e F By, X +Y,—x 0 R BGE

X+y=>5 . .
Suppose that . ,and P :(Xl,yl) and Q :(Xz,yZ) are two different points,
4x*+y* =80

simultaneously satisfy these two equations. If B=y, —X +Y, —X, , determine the value of B.
d (D8 o y=5-x--(3) From (1),y=5-x --- (3)
RG22 14>+ (5-x)? =80 Sub. (3) into (2): 4x% + (5 —x)* = 80
4x2+25—10x +x2=80 4x2+25-10x +x*= 80
5x2—10x-55=0 5x>—10x—-55=0
X2-2x—11=0> 248 % x1 2 xpo x?—2x— 11 =0, the roots are x; and x5 .
X1+ x =3 432 fr=2 X1+ x2 = sum of roots =2
(L) 2 (x2,00) B FEEy=5—x (x1, ¥1) and (x2, y2) both satisfy y =5 —x

o ’ _ i yit+y2=10—(x1+x2)=10-2=8

1y =5-(atn)=5-2=3 B=y,—X +y,-X=8-2=6
B:yl_xl+y2_X2:3_2:1 yl Xl y2 2

G23 % Q=ab—b" 50 ¥ R Qehk ] -
If O=a’-b" isapositive integer, determine the least value of O .

X a=2b= Leta=2,b=1
0=21-12= 0=21-12=1
Q k) iEsE 1o The least value of Qis 1.
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Answers: (2018-19 HKMO Final Events)

G24 2.1 %3, ABCD * »E~F~GicH ~ %)
CD v AD ¥ Bk o DE & %82 AF 4o CH 4p 2 ** % R
fv S BG A u|$t AF 4o CH 428 Q fv Po %

U .1 * 3, ABCD & f > @

o ff 0 A W= i

In square ABCD, E, F, G, H are the mid-points of AB, BC,
CD and AD respectively. DE intersects with 4F and CH at
R and S respectively. Moreover, BG intersects with AF and
CH at Q and P respectively. If U is the area of square
ABCD and V is the area of the quadrilateral PORS,

determine the value of WZ% .

Created by: Mr. Francis Hung

H_AB~ BC -~

R
1
v %z #3, PORS 8
S F
1
NS
Q
b 1
D G c
P

# ACPG ¥ G *zi& 180° ADP:G °

# ABQF % F >z 180° ACQ\F -

# AARE ¥ E *t#& 180° 3 ABRIE -

# ADSH % G & 180° I AAS\H -

AE=EB=BF=FC=CG=GD=DH=HA

ZABF = /BCG = Z/CDH = /DAE =90°

AABF = ABCG = ACDH = ADAE (S.A.S.)

ZPCG = LP\DG = LQBF = ZOQ\CF

= /RAE = Z/R\BE = /SDH = /S\AH

Z/CGP = Z/DGP,= £ZBFQ = CFQ,

= /AER = /BER| = /DHS = ZAHS,

AARE = ABR\E = ABOF = ACO/\F

=~ ACPG = ADP\G = ADSH = AAS1H (A.S.A.)

AS)=DS=DP,=CP=CQ1=B0=BR; = AR

& AARE® > ZARE =180°— Z/RAE — ZREA
=180° — ZRAE — ZAFB
=90°

Ap ¥ s ZBRIE= /BOF = /CO\F

= /CPG= ZDP\G = ZDSH = /AS1H = 90°

. PORS~ ARSS ~ BORR, ~ CPQQ: % DSPP, 3

PEOE A AT BE AR FL ok

I =25 ABCD i #f o

ES
=L
ES

=L

T

)
Y

W=—=5

<|c

Rotate ACPG about G through 180° to ADP:G.
Rotate ABQF about F' through 180° to ACQO\F.
Rotate AARE about E through 180° to ABR/E.
Rotate ADSH about G through 180° to A4S 1H.
AE=FEB=BF=FC=CG=GD=DH=HA
ZABF = /ZBCG = ZCDH = ZDAE = 90°
AABF = ABCG = ACDH = ADAE (S.A.S.)
/PCG = £P\DG = LQBF = ZQ\CF
= /RAE = ZR\BE = ZSDH = /S1AH
ZCGP = £ZDGP = ZBFQ = CFQO,
= /ZAER = ZBER| = ZDHS = ZAHS
AARE = ABR\E = ABQF = ACQO\F
= ACPG = ADP1G = ADSH = AAS\H (A.S.A.)
AS1=DS=DP,=CP=CQ=BQO=BRi=AR
In AARE, ZARE = 180° — ZRAE — ZREA
=180°— LZRAE — ZAFB
=90°
Simiarly, ZBR\E = ZBQF = LZCO\F
= ZCPG = 4DP\G = £ZDSH = ZAS1H = 90°
.. PORS, ARSS1, BORR:1, CPQQ; and DSPP are
identical squares and the sum of areas of these five
squares is equal to that of the larger square ABCD.
U

W===5
Vv
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Answers: (2018-19 HKMO Final Events)

Group Event 3

G3.1 £ f32x81x343=bJa > 2 ¥ a v b 2 ik £ a w5 )

Created by: Mr. Francis Hung

P
1B °

If /32x81x343 = b\/a , where a and b are positive integers, determine the least value of a .

Reference: 2014 F12.3

J32x81x343 =b/a

J16x2x81x49x7 =b/a

4x9x72x7 =ba

J32x81x343 =b/a

J16x2x81x49x7 =b/a

Ax9x7\2x7 =ba

The least value of a = 14.

a ko) E=14 -

G32 T Rl® P BAaTise B3, ABCD P - F
AABP ~ ABPC 4= ABPD s f » %] 5 73 cm?
100 cm? v ecm? > F e i o
In the diagram below, point P is inside
parallelogram ABCD . If areas of AABP, ABPC and
ABPD are 73 cm?, 100 cm? and e cm? respectively,

determine the value of e .
Reference: 2011 FG4.4,2014 FG3.2

KAAPD% ACDP#h6 # » W] 5 yem?% zem? o
100+y=73+z=T73+y+e=100+z—¢
e=27

Let the areas of AAPD and ACDP be y cm? and
z cm? respectively.
100+y=73+z=T73+y+e=100+z—¢
e=27

G3.3 ﬁ_l/’f 133 ":’ LR ‘;H‘iﬁ 7L f?(‘i:fi.f‘-«i%)év’ﬁr c 1161201 ¢ 1161 20
E AT BT 0 M EES FH P o R ¢ NE o
A 3x3 magic square is filled with a number in each| » 2 | x|y
square such that the sum of the three numbers in each row,
column and the two main diagonals are equal. The partially 7 t v
completed grid is shown below. Determine the value of ¢ .

KEB RFENZHEL xoyzot 2y oBlATT
KE - T I fril T2 fri 5o
s=c+16+20-- (1) s=2+x+y---(2)

s=c+2+z---B)s=ct+tx+tv--(4)

o|Let the other empty cells be x, y, z, t and v as
shown. Let the sum be s .

s=c+16+20---(1),s=2+x+y - (2)
s=c+2+z--(3),s=ctx+v--(4)
s=z+t+tv--(5)> s=16+x+1---(6)
s=20+y+v---(7)>s=20+tx+2z--(8)
(H=@):x+v=36---(9)
2)=)x=18+v---(10)

R10)~(9): 18 +v+v=36=v=9 - (11)
(1)=@3):z+2=16+20

s=z+t+v--(5),s=16+x+¢--(6)
s=20+y+v--(7),s=20+x+z - (8)
(H=@)x+v=36---(9)
2)=7):x=18+v---(10)

Sub. (10)into (9): 18 +v+v=36=v=9 --- (11)
(1H)=@):z+2=16+20

z=34-.-(12) z=34-.-(12)

2)=(8) 2 & (12):2+x+y=20+x+34 (2)=(8)and sub. (12): 2 +x+y=20+x + 34
y=152---(13) y=52---(13)

(2Q)=(6) 2 & (13):2+x+52=16+x+1 (2)=(6)and sub. (13):2+x+52=16+x+¢
=38 - (14) t=38---(14)

4)=(8)% & (11)» (12):c+x+9=20+x + 34 £42:5(8), sub. (11),(12): ¢ +x+9=20+x + 34
c=45
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Answers: (2018-19 HKMO Final Events)

Created by: Mr. Francis Hung

G34 & X=22018+3208 2 g JHB+8cF > F d hig o

If X= 22018 + 32018
Reference: 1996 FG9.1

and d is the units digit, determine the value of d .

2=2,22=4,23=8,24=16,2°=32

2" B EF TR ELER 1248
6 o

2018 =4x504 +2

2018 g = fex H4 -
3=3,32=9,33=27,34=81

3B HERFPELTRELR 1397
1 o

308 i s £9 o

d=4+9(mod 10)=3

2=2,22=4,23=8,24=16,2°=32

The units digit of 2” repeats in the pattern 2,4,8,6
2018 =4x504 +2

The units digit of 2213 is 4.
3=3,32=9,33=27,34=381

The units digit of 3” repeats in the pattern 3,9,7,1
The units digit of 32018 is 9.

d=4+9(mod 10)=3
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Answers: (2018-19 HKMO Final Events)

Group Event 4
G4.1 4R #7771 > AABC - &

BC=10° 11 AB~ACH-BC % 2 j&~ W% 1
LRI R e A oo F oo i ;
As shown in the figure, AABC is a right-angled ; ;

triangle with 4C = 8 and BC = 10. Semi-circles are |
drawn with 4B, AC and BC as diameters. If the total *

LR - FI5

shaded areais o , determine the value of

ﬁ»_ ﬁ_q ’_,‘E“AC—S’

Created by: Mr. Francis Hung

o

T 57
= f[; A"’ f%\"‘ﬁ //7/4’?/‘&-;

a .

Reference: 1994 HI9, 2009 FG4.2
AB*+82=10> (& < 332) AB?>+82=10%> (Pythagoras’ theorem)
AB=6 AB=6
o = 6x8+2 + n(3)? + n(4)? — n(5)* = 24 o = 6x8+2 + n(3)* + n(4)’ — n(5)* = 24
G4.2 {473 ot e n> X F - B Il Fin) 3 407 2K ¢

F(1)=0"

¥ n=2>

ek n Foa A 2 %f
ok on Fae Ak 3 f{{f a A
4ok on Tac Ak 2 K f
de% n %anﬁizgiff
F B=F@4000) > F B

Bl F(n)=F(n—1)+2;
Bl Fn)=Fn—-1)+3;
Bl F(n)=F(n—1)+4;

3 f Bl Fn)=F(n—1) -

For all positive integers n, suppose there exists a function F(n) defined as follows:

F(1)=0,
foralln>2,

F(n)=F(n—-1)+2if2 divides n but 3 does not divide n ;
F(n)=F(n - 1)+ 3 if 3 divides n but 2 does not divide 7 ;

F(n)=Fn-1)+4if2 and 3 both divide » ;
F(n)=F(n— 1) if neither 2 nor 3 divides » .

If B =F(4000), determine the value of 3 .

F(n-1)+2 % n=6k+2 & 6k+4
()= F(n-1)+3 #n=6k+3

F(n-1)+4 % n=6k

F(n-1) #n=6k+1# 6k+5

F(1)=0>F2)=2>F3)=FQ2)+3=5
F@4)=FQ3)+2=7> F(5)=F(4)=7
F6)=F(5)+4=11 F(7)=F6)=11
F8)=F(7)+2=13 > F(9)=F(@8)+3=16
F(10)= F(9)+2 =18 » F(11)=F(10) = 18
F(12)=F(11)+4=22

HEE T S

11k F n=6k+1

11k +2 % n=6k+2
F(n)=411k+5 £ n=6k+3

11k +7 % n=06k+4:&*n=6k +5

11k % n=06k

4000 = 6x666 + 4
F(4000) = 11x666 + 7 = 7333

F(n—1)+2 ifn=6k+2or6k+4
F(n-1)+3 ifn=6k+3
F(n)= (n-1) |
F(n-1)+4 ifn=6k
F(n—l) ifn=6k +1or 6k +5

F(1)=0,F(2)=2,F3)=F2)+3=5
F4)=F3)+2=17,F©5)=F4)=7
F(6)=F(5)+4=11, F(7)= F(6) = 11
F(8)=F(7)+2=13,F(9)=F®8)+3=16
F(10)= F(9) +2 =18, F(11) = F(10) = 18
F(12) = F(11) +4 =22

Inductively,
11k ifn=6k+1
11k +2 ifn=6k+2
F(n)=411k +5 ifn=6k+3
11k +7 ifn=6k+4o0orn=6k+5
11k if n=6k

4000 = 6x666 + 4
F(4000) = 11x666 + 7 = 7333

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOFina\HKMOfinalanswers\HKMO2019finalans.docx Page 13



Answers: (2018-19 HKMO Final Events) Created by: Mr. Francis Hung

G4.3 4Bl 77 A FIp3 B~C A 8o M A_BCen? g0 0
e~ FlLr o # % OMLBC-OM=1~0C=3 % OE=5"-
£ y=0F> £ y it o
Two circles intersect at B, C as shown in the figure. M is the
mid-point of BC. O is a point on the larger circle, so that OM
1L BC.OM=1,0C=3and OE=5.
Ify = OF , determine the value of .

KA 5~ Flenfls o Let A be the centre of the larger circle.
WETELEO4 REE A FAD o Join and produce OA to cut the circle again at D.
AO 1 BC ([ﬁ] & 3 sz A end ghalg At %) AO 1L BC (line Jioining centre to mifi-pt. ofc'hord 1 chord)
ASM-0 28 (%3 Fom) A, M, O are collinear (Playfair’s axiom)

In ACMO, OC=3,0M=1,0M 1 BC

12+ CM? =32  (Pythagoras’ theorem)
CM=22=BM

€M: 2\2=BM . o In AOFM, let MF = x,y> — x*> = 1 (Pythagoras’ thm)
BAOFM® » ZMF=x >y ==L SRR ) g sy CF = CM— MF =242 X
OF =y, EF=5—x, CF=CM— MF =22 - x BF = BM + MF =242 +x

&ACMO*® » OC=3>0OM=1> OM L BC
12+ CM2 =3 (&< %39)

BF=BM + MF =22 +Xx By intersecting chords theorem, OFxEF = BExCF
d 4P % 5% a\i/“j::, OFx\l;f:BFxCF y(S—y)z(Z\E—x)(Z\/E+X)
¥(5— 1) =(242 - x)(242 +X] Sy g
5y —y*=8—-x2 5y=8+(y*-x?)
Sy=8+(y>—x%) S5y=8+1=9
59=8+1=9
v o y=§=1.8
=—=1.8
s
G4.4 % f(x) (x+ L jx(x+ L jx x(er L j mE 3=f(1)-1> % § ehig
. x = —_— _— e —_— | = —_— 9y "' E ]—E’_O
- 2000 2001 2019

If fx)= X+L X X+L XX X+L and 6=1f(1)-1,
2000 2001 2019

determine the value of §.

o=1(1)-1 =(1+ij(1+ijx---x(l+ij—l
2000 2001 2019
2001 2002 2020 2020
= X XoeeX 1= -1

2000 2001 2019 — 2000
~=1.01-1=001
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