Answers: (2018-19 HKMO Heat Events)

Created by Mr. Francis Hung

1 60 2| 243 |3 —4 4 1987 5 516
18-19 | ¢ 516 7 s 8 8 9 32 10 4
Individual 3
11 9 12| 5/13 |13 9 14 3 15 7
18-19 |1 1010 2 25 3 30 4 5 -1
Group |6 64 7 120 8 4 9 12 10| 25.3+375
Individual Events
Il AF-° ABCHE- B%#=435D v E A% E_ AB v AC

gk R ¥ AE=BD > F CDAv BE4p 2 O 2 LCOE=y)°>

Fey i o

In Figure 1, ABC is an equilateral triangle. D and E are points on 4B
and AC respectively such that AE = BD . Id CD and BE intersect at O

and ZCOE = y°, find the value of y .

Reference: 2000 HG6

AE = BD
ZBAE = ZCBD = 60°
AB=CB

(s &)

(32 &25p 1)

(%32 & et )

. AEAB = ADBC (S.A.S))
/ABE= /BCD =0 (%= &% k8
ZCBE =60°—-0 (3= £25DlL )

ZCOE = LCBE + ZBCD (ABCO it &)
=60° -0+ 0 =60°

y =60

B
AE = BD (given)
ZBAE = ZCBD = 60° (prop. of equilateral A)
AB=CB (prop. of equilateral A)
.. AEAB = ADBC (S.A.S)
ZABE = ZBCD =0 (cor. sides = As)
ZCBE=60°-0 (prop. of equilateral A)

ZCOE = ZCBE + ZBCD (ext. £ of ABCO)
=60°-0+0=060°
y =60

2 % O 51BAf s odale & P6,240° # -4 168 =3 Q@ AOPQ

T HE o KT hig o

t 5 T

Let O be the pole of the polar coordinate system. If P(6, 240°). If P is translated to the right by
16 units to Q and the area of AOPQ is T square units, find the value of 7.

Reference: 2016 HI9

P cE & & ARG
(6 cos 240°, 6 sin 240°) = (-3,-3v/3)
Q% & At 5 (13,-3V3) -

1|8 -3V3 =1(9J§+39J§)=24J§

2|13 33| 2

The rectangular coordinates of P is
(6 cos 240°, 6 sin 240°) = (-3,—3+/3).
The rectangular coordinates of O is (13, ~3/3 ).

18 33 1 m o m
ol _3J§_2(9J§ 39J§) 243

2

I3 cavx 3 yivifs %) -4xy+5x°-8+16=0 %2 F=x—-y » & F g o

Given that x and y are real numbers.

If y>—4xy+5x>-8x+16=0 and F=

Reference: 2015 HG4

x —y , find the value of F'.

V?—dxy+4x> +x*-8x+16=0
V—-2xP2+(x-4)=0

B ET 32 fe =0

= &-17%=0

y—2x=0 %2 x=4=y=38
F=x—y=4-8=-4

V2 —dxy+4x>+x*-8x+16=0
V-2xP2+(x-4)=0

sum of two squares = 0

= Each term =0
y—2x=0andx=4=y=8
F=x—-y=4-8=-+4
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Answers (2018-19 HKMO Heat Events)

14

Let n be a positive integer. If a =1+2+ --

Created by Mr. Francis Hung

XKon Zrf¥koF a=1+2+--4+2" 2 b=a,-a +a > F b diE -

-+2" and b=a,—-a,+4a, find the value of b .

F1 ESTICE '] Iﬁifr');“ :
an=2”+1—1 d n=1,2,3, -

b=a,-a;+a
=Q2U-1)-2°-1)+(1+2)
=2048 — 64 +3 =1987

By the sum to n terms of a geometric series
formula, a =2""1-1forn=1,2,3, -
b=a,—-a;+a

=RU-1D)-Q25-1)+(1+2)

=2048 —64 +3=1987

I5 %“Rl=-*¢ »AB 22X FlenE &0 C :
.

HiE o

In Figure 2, 4B is the diameter of the semi-circle, C is

the centre of the semi-circle. A circle with

touching the semi-circle at C and cutting itat £ and F. If A

AF cuts the circle at D, ZDOE = 156° and
find the value of x .

= FlRls
~F7 > Fls O AB* C 2 R X[ Efc Fo %
AE % L 125 D + ZDOE =156°% /BAE=x°» o x

centre at O,

ZBAE = x°,

F & ZDOE =360°-156° (Fr "8 &)
=204°

LDCEZ% F & /DOE ([l &7 23t [% &)
=102°

ZACD = ZAEC (485 A5eh4)

ZAEC =x° (3= &7k &)

/BCE= ZCAE + ZAEC (= &35 &)
=2x°
ZACD + ZDCE + ZBCE =180° (2 & F it &)
x°+102°+2x°=180°
x =26

Reflex ZDOE =360° — 156° (Zs at a pt.)
=204°

/ZDCE Z% reflex #/DOE (£ at centre twice £ at ©<)

=102°
ZACD = LZAEC (£ in alt. segment)
ZAEC = x° (base s isos. A)

/BCE = ZCAE + ZAEC (ext. Z of A)
=2x°
ZACD + ZDCE + ZBCE = 180° (adj. Zs on st. line)
x°+102°+2x°=180°
x=26

I6 #“@z="®
AEE (LD, ~4,1Dx 4,4 -
WM EH TR = B RS Elcangtk o
£359

In Figure 3, the vertices of a square in the rectangular coordinate
plane are (1, 1), (1,4), (4, 1) and (4, 4). How many triangles can !
be formed by selecting any three points in the square (including

the boundaries) with integer coordinates?

B ARET G - B A ehe BB

A 2y

F izl

RRVANCE
=

B W dea %

o)

4 ERET B3 Ao
e p

_16x15x14

1x2x3
=560-40-4=516

-10xC; —4xC}

Label the 16 integral points as shown.

There are 10 line segments passing through 4
integral points. There are 4 line segments passing
through 3 integral points.

Number of triangles

=C1°— number of choices of 3 collinear points

_16x15x14

1x2x%x3
=560-40-4=516

-10xC; —4xC}
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Answers (2018-19 HKMO Heat Events) Created by Mr. Francis Hung

17 4&Ble® »4B ¥ CD pR 3t E° K AE 0
ERAqHE T fgaiE o
In Figure 4, AB and CE intersect at E. Let the
length of AE be ¢ units. Find the value of g .

X
0 1 unit
o e o o o o ° o .—1 unn >
- BE & B SR o Define a rectangular co-ordinates system as shown.
A~B~CHe D in i sl %(0,7)~ (8,3)~ (6,6)% (3,3) o| The coordinates of 4, B, C and D are (0, 7), (8, 3), (6, 6) and
7-3 (3, 3) respectively.
AB e feh i y—T=—".(x—-0 7_3
y 0-8 ( ) Equation of 4B: y—7=ﬁ~(x—0)

1
= Zx+7---(1
yropxr i) y=—%x+7---(1)

CDe > %4 0 y=x---(2
’ @ Equation of CD: y=x -+ (2)

1 14
m2) » (D):ix=—=x+7 =—_—=
" @ (s xa ==y Sub.(2)int0(1):x:—%x+7:>x=%=y

T R S I B I T

3 3
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Answers (2018-19 HKMO Heat Events) Created by Mr. Francis Hung

L
I8 AWIY DEA&BCLY -8 @ ABD=,Cap 2 B2 _8 - AABD Te g
AC 3 AADC e #

Fk g o
. . . BD 8
In Figure 5, D is a point on BC such that ZABD = ZCAD and AC = 3
Area of AABD = k, find the value of & .
Area of AADC
A
B ) C
AACD ~ ABCA (A.AA) AACD ~ ABCA (A.AA)
AC BD+DC AC BD+DC
= = &SR = corr. sides, ~As
cD AC (#p 0 J¥ ) cD AC ( )
AC_BD+DC AC_BD+DC
CD AC AC CD AC AC
E3 tZAC R 1_be Lett=£,then 1_bc
CD t C CD t C
t — §+1' t — §+1'
3t 3t
32-8t-3=0 32-8t-3=0
Bt+1)(-3)=0 (Bt+1)(t-3)=0
t=—% #2L) & =3 t=—% (rejected) ort =3
CD=£AC CD=1 AC
3 3
BD=§AC BD=§AC
3 3
_ AABD z’T’v‘iﬁzBng szreaofAABDzBng
AADC 4 ff# CD Area of AADC CD

19 v o %2 B 5342 x2+32x—1=0 e B2 -
Z P=(a?+31a—-2)B>+33B) > & Pehig -
Given that o and B are the two roots of the equation x> +32x - 1=0.
If P=(a®+31a - 2)(B*+ 33B), find the value of P .
Reference: 2013 HG4
a?+320-1=0=a?+3lae—-2=-a—1
B2+32B-1=0=PB>+33B=B+1
(> +3la—-2)B*+33B)=(-a—-1)(PB+1)

=—(@+ DB+ 1)

—(apta+p+1)

—(-1-32+1)

=32

P=32
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Answers (2018-19 HKMO Heat Events)

Created by Mr. Francis Hung

10 % c=3745V2 +37-542 = & w=c2» fw iE o

Letc= 3/7+5\/§ +3/7—5«/§ Ifw= ¢, find the value of w.
Reference: 1999 FI3.2, 2005 FI12.2, 2016 FG3.3

B3 (a+\/5)3 :7+5\/§

a® +3a2b +3ab+bvb =7+5/2
b=2,a*+3ab=7,3a>+b=5=a=1

(1+J§)3=7+5J§ P (1—\/5)3=7—5J§
c=1+\/§+(1—\/§)=2

w=c?=4

Let (a+JB)3 —745¢2

a® +3a%Jb +3ab+bJb =7+52
b=2,a*+3ab=7,3a>+b=5=a=1

(1+ JE)3=7+5J§ and (1—J§)S=7—5J§
c=1+\/§+(1—\/§)=2

w=c*=4

>

c3:7+5ﬁ+3xg/(7+5ﬁ)2(7—5ﬁ)

+3><g/(7+5\/§)(7—5\/§)2 17-5(2
=14+ 3x (7 +5v2) (49 - 50)
+3x§[(49-50)(7-5+2)

=14 -3¢
+3c-14=0
(c=2)(*+2c+T7)=0
c=238 X7 F #kfF

w=c*=4

Method 2

c3:7+5\/§+3><g/(7+5\/§)2 (7-5v2)
+3><g/(7+5\/§)(7—5\/§)2 +7-52
=14+ 3x{{(7+5+2)(49-50)
+3x3/(49-50)(7-542)

=14 -3¢
A+3c—-14=0
(c=2)(c*+2c+T7)=0
¢ = 2 or no real solution
w=c?=4
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Answers (2018-19 HKMO Heat Events)

I11

S g o

In Figure 6, ABCD is rectangle M and N are the mid-

points of DC and AB respectively and AE :
BF : FN=1:2. DB intersects EM and FM at
H respectively. If the areas of the rectangle

LEl> ¢ 2 ABCD - BE >3 o M Ae N A Y
A_DCHr AB ch? 8.* AE : EN=BF : FN=1:
2:DB »u 2 EM v FM* G % He % > 3}
ABCD % = &2 GHM % ff = % .96 {v §> +

Created by Mr. Francis Hung

2k F Kk

and the triangle GHM are 96 and S respectively, find

the value of §'.

Reference 1998 HGS, 2016 HI14, 2018 FG3.1

H
G
EN =
G and
ABCD
D p 3k Mkl 2 C
]~ Figure 6

* AE=BF =k, EN= NF =2k, DM = MC =3k

DG_DM 3 _3

GB BE 5k 5

BH=1DB,DG=§DB
4 8

(dp iz & 258 % 8)

3 1)DB=
4

DB

GH=DB—DG—BH=( —2_= g

DG:GH=§DB:§DB =1:1

B v BJJMF»=% CD * Jo
DM DH

—:_:3 *L‘:E- bL 711/:_
MJ  HB S
MJ =k, JC =2k

ABCD = ADAB (S.8.8)

1
Sascp = Sapap = 3 x96=48

DI _ 4k

= 2:>SABDJZEX48:32
Spe; CJ 2K 3
ADMH ~ ADJB

iF

SABDJ _

(A.AA)
* (3

4

SADMH

S

? 9
— Sapyr = —x32=18
j ADMH 16

ADJB

Let AE=BF =k, EN= NF =2k, DM = MC =3k

ABHF ~ ADHM (A.AA) ABHF ~ ADHM (A.AA)
ABGE ~ ADGM (A.AA) ABGE ~ ADGM (A.AA)
DH DM 3k DH DM 3k )
= = _"_ = &A%t R —_——=—= corr. side ~As
HE " BE ko URnERUEEE) e pe T ( )

DG DM 3k 3

— = =—= (corr. side ~As)
GB BE 5k 5

BH=1DB,DG=§DB
4 8
GH=DB-DG—-BH = 1—§—l DB=§DB
8 4 8

DG:GHZSDB:SDB =1:1

Draw BJ // MF, cutting CD at J.

% = m =3 (theorem of equal ratios)
MJ HB

MI=Fk JC=2k

ABCD = ADAB (S.S.S)

1
Sascp = SApap = > x96=48

DI _ 4k

= :23SABDJ=3X48=32
Spe; CJ 2K 3
ADMH ~ ADJB

iF

DJ
1
By (1), Sagum = Sacpm = 5 X Sppomn = 9

SABDJ _

(A.AA)
* (3

4

SADMH

S

? 9
— Sapu=—x32=18
j ADMH 16

ADJB

DJ
1
d (1), Sacrum = Sacpm = > X Somm = 9
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Answers (2018-19 HKMO Heat Events)

112
#-P %2 Q & W3t i AABC shp w2 ¢hw
SRR dEH e Rd i e

In triangle ABC, AB = 14, BC = 48 and AC = 50 .
Denote the in-centre and circumcentre of AdBCby P A

= &3, 4ABC ¥ >»AB=14~BC=48 2 AC=50-

Created by Mr. Francis Hung

& PQ

and Q respectively. Let the length of PQ be d units.

Find the value of d .

AB? + BC* = 142 + 482 = 196+2304 = 2500 = AC?

ZABC=90° (& 732 enig L)
AC £t 32 F] ABC hE JZ(X R chfl% & chwa2)
Q=AC i g (PRl E )

AQ =125 ---(1)

BN 2 {14 6> BC~AC 2 AB* D~ E %
F o

PD1BC > PELAC > PFLAB (*» & 1% j7)
PDBF - @&+, (v33834)
HR DL S ro
PD=PE=PF=r
PDBF # — 1 = 2
BF=BD=r
AF=14—-r,CD=48 —r
AE=14—r,CE=48 —r (d *tgL3l* &)
AE+ EC=AC

14— r+48—r=50

r=6,AE=14-6=38

EQ=AQ -AE=25-8=17

“APEQ ¥ » PE®+ EQ*>=PQ? (& < %.2)
62+172:pQ2

d=+325=513

(PD = PF)

AB*+ BC? = 142 + 482 = 196+2304 = 2500 = AC?
ZABC=90° (converse, Pyth. thm.)
AC is the diameter of the circumcircle ABC

(converse, Z in semi-circle)
0O = mid-point of AC (centre of circumcircle)
AQ=25---(1)

Suppose the in-circle touches BC, AC and AB at
D, E and F respectively.

PD1BC, PE1 AC, PF1AB (tangent | radius)
PDBF is a rectangle (ithas 3 L Z5s)

Let » be the radius of the inscribed circle.
PD=PE=PF=r
PDBF is a square
BF=BD=r
AF=14—-r,CD=48 —r
AE =14 —r, CE=48 —r (tangent from ext. pt.)
AE+ EC=AC

14—r+48—r=150

r=6,AE=14-6=28
EQ=A4A0-AE=25-8=17

In APEQ, PE? + EQ? = PQ? (Pythagoras’ thm.)
6>+ 17 = PQ?

d=+[325=5\/13

(PD = PF)

M3 2 &t Filca~b 2 ¢ HETHEE !
i) a>b>c>
(i) (a@a-b)(b—c)a—c)=284"
(ii1) abc <100 »
% MEL oa kA E e KMo

Given that a, b and c are positive integers satisfying the following conditions:

i) a>b>c,
(i) (@a—b)(b—-c)a—c)=84,
(iil)) abc<100.

Let M be the maximum value of a. Find the value of M .

84 et FlF e £ 1-2-3~4~6~7~12~14~
21 ~28 42 % 84 -

(a-b)+(b-c)=a-c

(a-b,b—c,a—c)n¥ i ®©=(3,4,7)(4,3,7)
(a,b,c)=(a,a—3,a—Te(a,a—4,a-17)
R askt obire ¥ E]
S(a,b,e)=(a,a-4,a-17)

9%x5x2 =90 » 10x6x3 =180

M=9

Positive factors of 84 are 1, 2, 3,4, 6, 7, 12, 14,
21, 28,42 and 84.

(a-b)y+(b-c)=a-c

Possible (a —b,b—c,a—c)=(3,4,7)or (4,3,7)
(a,b,c)=(a,a-3,a—T)or(a,a—4,a—-"17)

For largest a, b and ¢ must be as small as possible
S(a,b,c)=(a,a-4,a-17)

9x5%x2 =90, 10x6x3 =180

M=9
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Answers (2018-19 HKMO Heat Events)

Created by Mr. Francis Hung

¢ i 3sinx+2siny=4-°3% N % 3cosx+2cosy sk * B o F N ehig o

Given that 3 sinx + 2 siny =4 . Let N be the maximum value of 3 cosx+2cosy.

The following method is provided by Ms. Wong Ka Man from St. Mark's College.

114

Find the value of N.

(3 cos x +2 cos y)?

=9 cos?x+ 12 cos x cos y + 4 cos?y

=9(1 — sin? x) + 12(cos x cos y + sin x sin y) + 4(1 — sin? y) — 12 sin x sin y

=13+ 12 cos(x —y) — (3 sin x + 2 sin y)?

=13+ 12 cos(x—y)—4*>=12 cos(x —y) -3

<12-3=9

S.3cosx+2cosy<3

N=3

X2+ xy+y>=7

115

i xsy oz AP HY B Y 4yr+2°=21 % a=x+y+z £ a hiE o

X2 +xz+22=28

Given that x, y and z are positive real numbers satisfying < y*>+yz+z°> =21

Ifa=x+y+z,find the value of a.

X2 +xy+y> =7 (@)
~(2).
x> +xz+12*=28 (3

(x=y) (¥ +xy+y*)=7(x-y)
(y—z)(y2+yz+zz)=21(y—z)
(z—x)(x2 +xz+22):28(z—x)

Merd b 2 AE ARAP 4 0=21x+ 14y + 7z
z=3x-2y - (4)
(HD+Q2)-B) : 2y +(x+z)y—xz=0 - (5)
R@A)~(5) 1 22+ (x +3x = 2p)y —x(3x —2y) =0
2)% + (4x = 2p)y — (3x* = 2x) =0
3x?—6xy=0

x=0(x 2 FH L) & x=2y-(6)
B(O)~ (1) 42+ 22+ 2T

y=1 & 1@ itk #3)

x=2

z=3x-2y=4

a=xtytz= 7

(y2+yz+22):21(y—z)

(

x2+xz+22):28 Z-X)

Add up these equations: 0 = —21x + 14y + 7z
z=3x-2y - (4)

(D+@2) =32+ (x+z)y—xz=0-(5)
Sub. (4) into (5):

2y2+ (x +3x - 2y)y —x(3x—2y) =0

2y? + (4x - 2y)y — (Bx* - 2xy) =0
3x?—6xy=0

x =0 (x 1s real positive, rejected) or x =2y --- (6)
Sub. (6) into (1): 432 +2)* +y* =7
y=1or—1 (yis real positive, rejected)

x=2

z=3x-2y=4

a=x+ty+z=7
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Answers (2018-19 HKMO Heat Events)

Group Events

o0 13 B x o RH ) =100, X7 o % D= f(VB)+1(V673) & D it -
For all positive value real numbers x , define f(x) =l0g,,,, X**°. If D= f (\/§ ) +f (\/ 6 3),

G1

G2

find the value of D .

D =109, (\/é)zozo +109 5, (\/ﬁ)zozo
=100 5014 (\/5 X \/ﬁ)zozo

=109, (2019) "

=1010

Bl - #77% » ABCD 4 BEFG E_% i ?f Pherngt = A5 B A
- B OEFRs > EE ScmenX FlF o P 4~ BAir
EtX Rz @ DfcF L Flaus b ok ABCD & BEFG
m ff 2 fr i Sem? > K S E o

Figure 1 shows two adjacent squares ABCD and BEFG lying
on a semi-circle with centre O and radius 5 cm. 4, B and FE lie
on the diameter of the semi-circle, D and F lie on the semi-
circular arc. Let the sum of areas of ABCD and BEFG be S cm?,
find the value of S'.

Created by Mr. Francis Hung

OD=0OE=5cm -3k AD=p~EF=¢q-
PATIER g>pe

K OB=t>PlOE=¢q-t.

AD 1 AB > FE | BE

AD? + AO? = OE? +EF* = OF? (& < %32)

pPPrpt=(g-0+q=5
pPp?+2pt+ =g 2qt+ £+ ¢?

24 = 2 _
2]29 2]it 22q 2qt P+ pt=q? - qt
popa (g +p)=q*~p?
(g+p)=q’-p’ t=q-p
t=q_—p B _ OA=p+t=p+qg—-p=q
OA=p+it=ptq-p=q AD?*+ AO? = OD? (Pythagoras’ theorem)
AD? + AO* = OD? (2~ 23?) P2+ g2 =52
p+qt=5 S=p*+q¢*=25
S=p2+q2=25

OD=0OE=5cm.Let AD =p, EF =q.

Without loss of generality, assume g > p.

Let OB =t, then OE =g — t.

AD 1 AB, FE 1 BE

AD*+AO*=0OFE*+EF* =OF* (Pythagoras’ theorem)
pPr+tY=(q-0+q =5

PP A2t =g - 2qt+ £+ ¢

2p* +2pt=2q> - 2qt
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Answers (2018-19 HKMO Heat Events)

G3 Ej- B2 4§20 BHEY F38, 27 8

[ N

If three vertices are chosen from the nine vertices of a regular
nonagon, how many possible isosceles triangles are there ?

Created by Mr. Francis Hung

5

-9 BEEERIFB LS Ai~Ars o~ Ao
—?:“’4}3 4 BEM= &5 5 Aid14; 2 A1Ai =
Aidj> § P Asdid7 Z - BEF= &30
FEAFEEFE = 400 B2 £3505
B s 3x9=27o

FROET T BP0y B &)
e s 27+3=30-

Label the 9 vertices as 41, Az, -+, Ag in order.

There are 4 isosceles triangles in the form 4414,
such that 414; = A14;. Amongst these 4 isosceles
triangles, 444147 is an equilateral triangle.

If we do not count these equilateral triangles, the
total number of isosceles triangles are 3x9 =27
If we include these equilateral triangles, the total

G4 HLBl- ¥ ABCD % - BT 7w f5
H¥Y AB=4cm-~AD=3cm % sin 4

WM

P 4r Q & u| £_AB4v BD 1} gk

1 PQ//AD> ® w i#3; PBCQ
ﬁ‘; 3 em?e % AP R R L g cm>
Fq g o

Bl- Figure 2

number of isosceles triangles =27 + 3 = 30

D, C

3em

4

4 cm

In Figure 2, ABCD is a parallelogram, where 4B = 4 cm, AD = 3 cm and sin 4 =§ .Pand QO

are points on 4B and BD respectively such that PQ // AD, and the area of the quadrilateral
PBCQ is 3 cm? . Let the length of 4P be g cm, find the value of g .

KS ETo e

.3.4.2=4

wI|N

Saspp = Sacps = % AB . ADsin A=

N |-

ABPQ ~ ABAD (A.A.A.)
% BO:0D=k:(1—k)

S
ABPQ. = k2:> SABPQ = 4k2
SABAD

ABCQ % ABCD 7 tpfk B &

S
B0k = Sapco = 4k

SABCD

Speco=3 = 4k> +4k=3

Qk +3)(2k—1)=0

k=-15(£4) & 0.5
BP:PA=BQ:0D=05:(1-05)=1":1
=>q=2

Let S denote the area.
1 . 1 2
Sassp = Sacpp=—AB-ADSINA==.3-4.—=4
2 2 3
ABPQ ~ ABAD (A.A.A))
LetBO:OD=k:(1-k)
S
LPQ = k2:> SABPQ = 4k2
SABAD

ABCQ and ABCD have the same height

S
2R = Sapco = 4k

SABCD

Speco=3 = 4k*+4k=3
2k+3)2k-1)=0

k=-1.5 (rejected) or 0.5
BP:PA=BQ:0D=05:(1-05)=1:1
=>qg=2
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Answers (2018-19 HKMO Heat Events)

1

G5 =« f(x)_zf(X

Created by Mr. Francis Hung

jzx,;qa x#20°& y 2R3 EBAx)=1x g x Ee Ry hiEo

Given that f(x)—2f (lj = X, where x # 0 . Let y be the maximum value of x that satisfies the
X

equation f(x) = 1 . Find the value of y . Reference: 2018 HG4

f(x)—Zf(%j: X (1)
f(l]—Zf(x):% @)

X

(1) +2(2): -3f(x) =X+§
= f(x) =—%(x+§j

fr)=1=> —%(x+3]=1

X X
x> +2=-3x x> +2=-3x
xX+3x+2=0 xX+3x+2=0
x=-1 g 2 x=-1or-2
y=-1 y=-1

1

f(x)-2f (;]z X (1)
1 1

(1) +2(2): =3f(x) =x+§

= f(x) =—%(x+zj

X

fr)=1= —%(x+gj=1

G6 % a, 55 Qx-2P(Qx+2P Qx+1)P ¢ xk entaik o

F O=a,+a,+a,+a, > £ Q g o

Let a, be the coefficient of x* in the polynomial (2x —2)* (2x +2)3 (2x + 1)*.

If O=a, +a, +ag +a,, find the value of O .
2x -2 2x+2)’ Qx + 1)’ =64(x*> - 1)’(2x + 1)3 = 64(x — 3x* + 3x2 — 1)(8x* + 12x*> + 6x + 1)

a»=64(3 - 12) = 64x(-9)
as= 64(-3 + 3x12) = 64x33
ae=64(1 — 3x12) = 64%x(-35)
ag = 64x12

O=a, +a, +a, +3,= 64x(—9) + 64x33 + 64x(-35) + 64x12 = 64x(-9 +33-35+12) = 64

G7 & f(x)=—6x>+4xcosB+sin6 > H ¥ 0°<0<360°0 ¢ @7y F x> f(x)<0- % 6
ok Bkl B2 45 d°0 F d i
Let f(x) = —6x> + 4x cos 0 + sin 0 , where 0° < 0 < 360°. If is given that f(x) < 0 for all real
numbers x . If d° is the difference between the greatest and the least values of 0 , find the
value of d .

% a=-6>b=4cos0°c=sinH Leta=-6,b=4cosH,c=sin 0O

2 _h?
flx) g+ & = 4ac—b <0 Maximum value of f(x) = 4ac—b <0
4a 4a
. 2 - 2
4(-6)sin@—(4cos0) <0 4(-6)sin@—(4cos) <0

4(-6)
24sin0+16c0s?0<0
3sin0+2(1 —sin20) <0
2sin?0-3sin0-2>0
(2sin6+1)(sin6-2)>0
sin0<-0.5 & sin6>22(¥3)
210°<0<330°=d=330-210=120

4(-6)
24sin0+16c0s?0<0
3sin0+2(1-sin>0)<0
2sin20-3sin®-2>0
(2sin6+1)(sin6-2)>0
sin 6 <—0.5 or sin 0 > 2 (rejected)
210°<0<330°=d=330-210=120
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Answers (2018-19 HKMO Heat Events)

Created by Mr. Francis Hung

G8 % {a,} #- BErREAIIRE n>1pF> a=a,a,-1°
e & 2018 &R 7Y 2 @=2019° % a 7  FE TP & s Ros E o
Let { a, } be a sequence of positive real numbers such that a =a ,a , -1 forn>1.
It is given that 2018 is in the sequence and a,= 2019. If the number of all possible values of
a, 1s s, find the value of's .
1+l+anfl 1+l+anfl
_l+a, a,, _a,ta+1 _1+a, a,, _a,ta,+1
. an—l an—l an—lan—z . an—l an—l an—lan—z
1+ 1+
s oy s oy
— an—S — anfzan—s +1+ a‘n—z + a'n—3 — an—S — anfzan—s +1+ a‘n—z + a'n—3
% ‘a,, (1+ a, ) a, % ‘a,, (1+ a, ) a,
an—3 an—3
_ (1+ &2 )(1+ anfB) _ l1+a,, _ 1+a,, _ (1+ & )(1+ anfB) _ l1+a,, _ 1+a,,
(1+ a,_, ) “a, a,, 1+ &, 3 (1+ a,_, ) “a,, a,, 1+ & 3
a, 4 &4
=a, , ¥ n=5 =a,, forn>5
aizaﬁzall:'“:aSnH aizaﬁzall:'“:aSnH
8,=8;=8,= ' = &,,= 2019 8,=8;=8,= ' = &,,= 2019
a,=2018 R FHck-5n+2- " a, = 2018 for some positive integer k # 5n + 2.
a, #kiEd a,% a AT o a, is uniquely determined by a, and a, .
a 74 ki s=4 a, can have 4 different values, s = 4

G9 4)3 g,g%.ij-zfg{x\y ’\i“jﬁﬁ;xy=6(x+

How many pairs of positive integers x, y are

Y+ /X% + y2) ?
there satisfying xy =6(X F Y+ X2+ y? )?

(xy — 6x — 6y)* = 36(x* +?)

x3? —12x%y — 12x* + 72xy =0
xy—12x—-12y+72=0

xy—12x— 12y + 144 =172

x—-12)y—-12)=72

x—12,y-12)=(1, 72), (2, 36), (3, 24), (4, 18),
(6, 12), (8, 9), (9, 8), (12, 6), (18, 4), (24, 3),
(36,2),(72,1) »

- 25 12 %1 ke

rF (x—12,y—-12)=(-8,-9) & (-9,-8)
() =(43) & (3, 4)iead BEFH AN E K
V=Bl I S S

(xy — 6x — 6y)* = 36(x* +?)

x3? —12x% — 12x* + 72xy =0
xy—12x—12y+72=0

xy—12x— 12y + 144 =172

x—12)(y—-12)=72

x—-12,y—-12)=(1,72), (2, 36), (3, 24), (4, 18),
6, 12), (8, 9), (9, 8), (12, 6), (18, 4), (24, 3),
(36, 2), (72, 1).

There are 12 pairs of positive integers.

Remark: When (x—12, y—12) = (-8,-9) or (-9,-8)
(x,¥)=(4,3) or (3, 4). These two solutions do not
satisfy the original equation .". rejected.

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOHeat\HKMOheatanswers\HKMO2019heatans.docx

Page 12



Answers (2018-19 HKMO Heat Events)

G10 D E %= &3 ABC p en— B¢ 7 AD

AD=BD =52 and CD=10.

Let the area of AABC be S, find the value of S'.

Reference: 2014 HI3

=BD =52 =
CD=10° 3% AABC thwm ff 5 S> £ S ehig o
D is a point inside the equilateral triangle ABC such that

Created by Mr. Francis Hung

Yo #55% 0 #-BD ¥ B F pEE v g 60° 0 (¥
BE -
d v+ » BD=BE=5J2 % /DBE=60°

/BDE = /BED (3= £k &)
180 ~60° 2_60 =60° (= &7 &)
ABDE §- B%8= 42
DE=BD =52 (= &350
AB=AC (£:8= 22510
ZABC = 60° (3= &40
ZABE = /DBE — ZABD = 60° — ZABD
= /CBD
AABE = ACBD (S.A.S)
AE=CD =10 (252 428 1)

2 2
DE2+DA2=(5J§) +(5J§) =100 = AE?
/ADE = 90° (2 % %3035 %30
/ADB = /ADE + /BDE = 90° + 60° = 150°
2 AB X o %AABD ¥ L * iz o5

= AD?*+ BD? - 2A4D-BD cos ZADB

2 =(5J§ )2 +(542 )2 ~2(5v2 )2 c0s150°

f]=100+50\/§

x?=100 —100[—

S=AABC % f ==-AB-BCsin60°

1
2
; (100+50J_) NE]

:%.(2ﬁ+3)=25\/§+37.5

As shown in the figure, rotate BD about B anti-
clockwise through 60° to BE.

By construction, BD=BE= 52 and ZDBE= 60°

/BDE = ZBED (base s isos. A)
:M =60° (ZLsumofA)
ABDE is an equilateral triangle.
DE=BD =52 (prop. of equil. A)
AB=AC (prop. of equil. A)
ZABC = 60° (prop. of equil. A)
/ABE = ZDBE — ZABD = 60° — ZABD
= /ZCBD
AABE = ACBD (S.A.S)
AE=CD =10 (corr. sides, = As)

DE? + DA> =(5J§)2 +(5J§)2:100 = AE?

ZADE = 90° (converse, Pyth. thm.)
ZADB = ZADE + ZBDE = 90° + 60° = 150°
Let AB = x. Apply cosine formula on AABD:
x?=AD?+ BD?> - 2AD-BD cos ZADB

2 =(52 )2 +(542 )2 -2(52 )2 cos150°

f)=100+50¢§

x? =100—100(

1

S =area ofAABCZE- AB-BCsin 60’

1

2-(100+50\/§)-§

:%.(2\/§+3)=25J§+37.5
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Answers (2018-19 HKMO Heat Events)

Geometrical Construction

Created by Mr. Francis Hung

L W=7 = BXEApE2AA 47 hf] o RiF- FRECERY = - Fipr2- g
Figure 1 shows three circles with equal radius which are pairwise tangents to each other.

Construct a circle which will touch each circle in the figure at a point.

BT E

(1) #4:A4AB-~AC % BC-

2) FACwe 3 T2 s oD 5 AC v gL o
ptd g B A [l ]2 G o
(OG < AD)

(3) (FAB 3 T % o E 5 AB ¢hv o o
BoP AR O
4) FROO,006)-

S

Steps:
(1) Join 4B, AC and BC.
(2) Draw the perpendicular bisectors of AC.

D is the mid-point of AC. It intersects the
circle with centre B at G. (OG < 4AD)

(3) Draw the perpendicular bisectors of AB.
E is the mid-point of 4AB.
The 2 1 bisectors intersect at O.

(4) Draw acircle ©(0, OG).

This is the required circle.

B

HFQR)Y o P R B G [l hff]A)3
H o

(OH> AD)

4) FEOQ,OH) -

B A

Method 2

In step (2), the perpendicular bisector intersects
the circle with centre B at H. (OH > AD)

(4) Draw acircle ©(O, OH).

This is another solution.
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Answers (2018-19 HKMO Heat Events) Created by Mr. Francis Hung

2. Blormi- BEE S LHE T 2 A 4ABCD -~ 32iF— B= £3,4PQ > ¢ P~Q ~» 4
P EEBC~CD Y ® LPAB=/ZQAD=15° & 1 APQ A YR- 5= %7 o
Figure 2 shows a square ABCD with side 1 unit. Construct a triangle 4PQ, in which P, Q lie on
the line segments BC and CD respectively, and ZPAB = ZQAD = 15°. Write down the type of
triangle that APQ is.

A= ‘B

T @ 2 Steps:

(1) *%:f= 473, AHB - (1)  Construct an equilateral triangle AHB.
/BAH =60° » /DAH = 30° - ZBAH = 60°, ZDAH = 30°.

Q) FE#= &35 KD (2) Construct an equilateral triangle AKD.

/DAK = 60°, ZBAK = 30°.
(3) Construct the angle bisector AM of ZDAH,
cutting CD at Q. ZDAQ = 15°.

ZDAK =60° > ZBAK =30° -
(3) (vZDAH ¢hé& T8 AM» 2 CD % Q -

£DAg=15°- (4) Construct the angle bisector AN of ZBAK,
(4) F/BAK & L 2% AN> 2 CB* P cutting CB at P. /BAP = 15°,

ZBAP=15° (5) Join PO.
(5) &4 PQ- AAPQ is an equilateral triangle.

AAPQ B - B 5= &7

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOHeat\HKMOheatanswers\HKMO2019heatans.docx  Page 15



Answers (2018-19 HKMO Heat Events)

Created by Mr. Francis Hung

3. Bl=#ms- B=42) ABC-3# A~B % C s Flemuipif= BR > #ET PS5 49
Xp o
Figure 3 shows a triangle ABC. Use 4, B and C as centres to construct three circles respectively
that are pairwise tangent to each other. Reference: 2009 HSC1, 2012HC2, 2014 HC1
T @)% %: Steps:
(1) FLAFE T LK o (1) Construct the angle bisector of ZA.
(2) FLBihk T o (2) Construct the angle bisector of ZB.
BIEET AR NP 2R o The two £ bisectors intersect at the incentre 1.
(3) (FREIFLAB- (3) Constructa line IF 1 AB.
. _..|(4) Construct the incircle © (I, IF), touching
4 TN REOU, IF) » & b]* BC v AC »%
@) l]) f ;]F] ©d 1) I T i BC and AC at D and E respectively.
. frE- By tangent property, AE = AF, BD = BF, CD = CE.
d 2 SR AE=AF ~ BD=BF ~CD=CE° |(5) Draw3 circles ©(4, 4E), O(B, BD), ®(C, CE).
() =FOMU,4E)~ O(B,BD)~ O(C,CE) -
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Answers (2018-19 HKMO Heat Events)

Created by Mr. Francis Hung

= E = f’rg]ﬁ% :

(1) i®LA et & T 0% o

(2) FLBenth & TG o
BOEAET AR RS e

3) FEKJFLAB-

@) (%2 QOU,JF)+ A 5> CB e CA ¢

# 8§ D E o
d *7’.?3?']%_5{ » AE=AF ~ BD=BF ~ CD=CE -
(5) vz O, 4E) ~ O(B,BD)~ O(C,CE) -

Method 2 Steps:

(1) Construct the exterior angle bisector of ZA.

(2) Construct the exterior angle bisector of ZB.

The two £ bisectors intersect at the excentre J.

(3) Constructa line JF 1L AB.

(4) Construct the excircle ©(J, JF), touching
CB produced and CA produced at D and £
respectively.

By tangent property, AE = AF, BD = BF, CD = CE.

(5) Draw 3 circles ©(4, AE), ©(B, BD), ©O(C, CE).
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