Answers (2020-21 HKMO) Created by Mr. Francis Hung

1 0 2 52 3 259 4 33 5 6+44/3
20-21 |6 6 7 15 8 1003 9 728 10 59
Paper 11 i 12 10 13 @ 14 4561 15 -1.5
8 1
20-21 |1 2 2 3 3 — 4 75 5 = cm?
Paper 2 J 2
6 1011 7 | 100060004
Paper 1
1. e W=at—b"> B9 azb=0c % W5i-2Lf Fi> Wk | @ -
Given that W = a’ — b°, where a # b # 0. If W is a non-negative integer, find the least value of W.
Leta=4,b=2.
The least value of W=4? -24=0
2. k2202 ap R fed o
Find the last two digits of 229!
22=04,25=08,24=16,25=32,26= 64,27 =28, 28 = 56, 2% = 12, 210 = 24, 21! = 48, 212 = 96,
213292,214=84,215= 68,216 = 36,217 =72, 218 = 44, 219 = 88, 220 = 76, 2! = 52, 222 = 04
The patterns repeats itself for every 20 powers.
22021 = 22002,219 = 04x88 = 52 (mod 100)
3. ok B E3AR-Tx+4=0 43 o £ o3+ B iE o
a and P are the roots of the equation x> — 7x + 4 = 0. Find the value of o® + 33 .
oat+tB=7,0p=4
o’ + 3= (o + P)(a? — af + B?)
= (o + B)[(o + B)* — 3ap]
= 7x(72 — 3x4)
=259
4.  F 8cos?15°cos?30° -8 sin? 15° cos? 30° #hiE o
Find the value of 8 cos? 15° cos? 30° — 8 sin? 15° cos? 30° .
8 cos? 15° cos? 30° — 8 sin? 15° cos? 30°
= 8(cos? 15° — sin? 15°) cos? 30°
=8 cos 30° cos? 30°
2
=8x£x[£j =3\/§
2 2
50 B-¢ = BHEZFE- 28z 475 4BC A

N REEBRSE YA FE 2 A5 4P
7 o £ AABC o ff

In Figure 1, three unit circles are placed inside an
equilateral triangle ABC such that any circle is
tangential to two sides of the triangle and to the other
two circles. Find the area of AABC .

Reference: 1996 FG8.2, 1997 HGY9

AB=2+21tan60°=2+2+/3 |

1 2
A fAABC==(2+23) sin60
reao 2( \/_) - Figure 1

=2(1+2\/§+3)~§=6+4«/§
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6. tB-¢ > %= 435 ABC +h% 5 15cm - 4

P i AABC p - B o K P 2 AB~ BC dr

AC chid-% §E3 A W 5 hem~4cm fr Scm e

Fo h aiE o

In Figure 2, the altitude of an equilateral triangle

ABC is 15 cm . P is a point inside AABC . The

perpendicular distances from Pto AB , BC and AC

are h cm, 4 cm and 5 cm respectively. Find the

value of /.

Reference 1992 HGS, 2005 HGY9, 2015 HG2

BC=AB=CA — c

Saapg + Sappc + Sacra = Sassc B
BCx(4+5+h) BCx15
2 2

=>h=6

7. prq%rif#ceF pgr=Tp+q+r)> £ ptgtr HiE e
p, q and r are prime numbers. If pgr="7(p + g + r), find the valueof p+q+r.
Without loss of generality, let =7, thenpg=p + g+ 7
l-p+pg—q=8=(p-1)(g-1)=8
" p, q are primes

Bl = Figure 2

= p=3,¢g =15 orvice versa
=>pt+tg+tr=15
1001x1002

8. & 2 U L
1+ 1 2+ 2 3+ 3 1001+ 1001
1002 1002 1002 1002
. 1001x1002
Find the value of 1 X 5 X 3 . 1001
1+i 2+i 3+i 1001+@
1002 1002 1002 1002
Let 7 be a positive integer such that 1 <» < 1001.
r 1 1002
r+ r 1+ L 1003
1002 1002
1001x1002 ~1001x1002 1003
1 2 3 1001 1002
1t 5t 3 Tt 001 1001x——
1+ 2+ 3+ 1001+ —— 1003
1002 1002 1002 1002

9. t 4000 f= 7000 2 ¥ 4 BHci= 2 A Aple i By 0B 7
How many even numbers between 4000 and 7000 have four different digits?
Let the 4-digit number be ABCD, where A4 can be 4, 5 or 6.
When 4 =4, D has 4 choices (0, 2, 6, 8), B has 8 choices, C has 7 choices.
When 4 =5, D has 5 choices (0, 2, 4, 6, 8), B has 8 choices, C has 7 choices.
When 4 = 6, D has 4 choices (0, 2, 4, 8), B has 8 choices, C has 7 choices.
Total numbers of different digit even numbers = 4x8x7 + 5x8x7 + 4x8x7 = 728
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10.

11.

“®l =¥ BEF-ADE % CFD A_¥ %>
i BE:EF=1:2>AD:DE=1:3 3%

CF:FD=1:4-% ADEF s fi % 24
T H i K AABC e Ff o

In Figure 3, BEF, ADE and CFD are
straight lines such that BE : EF=1:2,A4D :
DE=1:3and CF: FD =1 :4 .If the area
of ADEF is 24 square unit, find the area of

AABC .
Reference: 1992 HG7

Let S denote the area of triangle. Saper = 24

1
SAADF:24X§: 8 = Saupr=8+24=32
1
SadBE = 32><§= 16 = Sagpr=32+ 16 =48
1
Saacr=8x—=2 = Samacp=8+2=10
4
1
SABDE:24XE: 12 = Sagpr=24+12 =36

1
SABcF = 36XZ= 9

Sagpe=24+16+10+9 =59
% logy X =(log, x)° » 4 x ] @ o

If log, x** =(log, x)’, find the least value of x .

18log, x

18log, x _ (|093 )()3:> 9s
log,9 2

log; x =0or log,x=3or log, x=-3

x=1 orx=27 orx=—

27

1
The least value of x =—.
27

Created by Mr. Francis Hung

Bl = Figure 3

= (log, x)’ = 9log, x = (log, x)’
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12. % f(x)Z\/(X—Si)Zer2 +\/(X—6)2+(x+5)2 P HY x - FEce R fy) ) o

Let f(x) = \/(X—3)2 +X° 4 \/(X —6)° +(x+5)° , where x is a real number.
Find the minimum value of f(x) . (Reference: 2010 FG4.2, 2015 HI9)
Consider the following problem: A .
Given the straight line y = x and two fixed points 4(0, 3) and B(6, -5) *x0.3 ’
not on the straight line. P(x, x) is any point on the straight line. ‘ P %)

1) =V (x=3) + 5 +4/(x—6)* + (x+5)’
= AP+ PB
By triangle inequality, AP + PB > AB
. f(x) 24/(6-0) +(-5-3) =10

The minimum value of f(x) is 10 .

13. aBle ¥ >0 £FFle o 2/8 BA £ 18 G i@&F H C
GH*» F|>* C g% O4A=5 3% GC=12> £ BC & & o
In Figure 4, O is the centre of the circle. The diameter B4 is
produced to a point G such that GH is a tangent to the circle
at C.If 04 =5 and GC = 12, find the length of BC.
Let GA =x
oCLlLCG (tangent L radius)

In AOCG, (x + 5)* = 52 + 122 (Pythagoras’ theorem) .
12 Bz Figure 4
x=8=c0osZLCGO=—

13
In ABCG, BC? =182+ 122—2x18x12xg=@
13 13
30413
13
14, HELF x> S8 f)d LTHF ) +fx-1D=x?° % f{19)=94 > & f(94)ehiE -
For each real number x, the function f(x) has the following property f(x) + f(x — 1) = x2.
If f(19)=94, find the value of f(94).
f(20) + f(19) = 202 = f(20) = 20> - 94
f(21) + f(20) =212 = f(21) = 21> - f(20) = 21> - 20> + 94
f(22) + f(21) =222 = f(22) =222 - f(21) = 222 - 212 + 20> - 94
Deductively, f(94) =942 —-932+922-912 + --- — 212+ 20% - 94
f(94) = (94 +93)(94 — 93) + (92 + 91)(92 = 91) + --- + (22 + 21)(22 — 21) + 20> - 94
=94+93+---+22+21+400-94

=%(21+94)-74+306

=115 x37 + 306
=4255+ 306 = 4561
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15, ¢4 (x+2y)P2=2xy-3x+6y-9°% x 2 y 298> K x+y i@ -
Given that (x + 2y)> = 2xy — 3x + 6y — 9 . If x and y are real number, find the value of x+y.
(x+2y)=2xy—-3x+6y—9
x> +4xy +4y*=2xy - 3x+ 6y -9
X+ 2y +3)x+4?-6y+9=0
A=Q2y+3)?-4(4)*-6y+9)
=42+ 12y +9 — 16y* + 24y — 36
122+ 36y - 27
= 342 — 12y +9)

=-32y-3)’<0
For real values of x, A=0
y=1.5
b 2x15+3
2a 2
x+y=-3+15=-15
Method 2

(x+2y)?=2xy-3x+6y-9

X2+ 4xy +4y?=2xy-3x+6y-9
(x*+2xy+y?) +Bx+3y) +312-9y+9=0
(x+p)P+2x1.5x+y)+1.52+3y2-9y+6.75=0
(x+y+1.572+0.75(4)> - 12y +9)=0
(x+y+1.572+0.752y—3)2 =0

sum of two non-negative numbers = 0 = each term = 0
x+ty+15=0andy=1.5

x=-3

x+y=-1.5
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Paper 2
1. 2B-*  ABCD I - BfL 5 6 chit >3- F§_ p . F .
CD ¥ 8. o % /FAB= /AFE » % BE ¢hE& B o ' '
In Figure 1, ABCD is a square of sides 6 units. F'is the

mid-point of CD . If ZFAB = ZAFE , find the length
of BE .

Let Z/FAB= /AFE = 0.
Then ZDAF = 90° — 0, ZAFD = 90° — (90° — 0) = 0
CF=FD=3

6

In AADF, tan 6 =g= 2

2tan0 2x2 4
tan 20 = = ===
1-tan“6 1-2 3 4

ZCFE=180°—-4ZDFE =180°-20 (adj. Zs on st. line)

CE
In ACEF, tanZCFE =—
CF

B]- Figure 1

CE = 3 tan(180° — 26) zst_%ﬂ: 4
BE=6-4=2
Method 2 CF=FD =3
AF = \/E = 3\/3 (Pythagoras’ theorem)
Let BE=x,then CE=6 —x
It is easy to show that ACEF ~ABEG  (A.A.A)) 6-X
BG:x=3:(6-x) (cor. sides ~ As) 6 H
BG="2 AG=uaB+BG=6+ % -0 c
6—X 6-x 6-X
35

Let the mid-point of AF be H. AH = 75

AMGH = AFGH (S.A.S.) A 6 B3X G
ZAHG = ZFHG = 90° (cor. £s =As) 6-x
ZGAH= ZAFD (alt. Zs DF // AB)
AADF ~ AGHA (ALAA)
DF : AF=AH : AG  (cor. sides, ~As)

3 3
35 2(36 —3x)

6—x

24 -2x=5(6—-x)=>BE=x=2
Method 3 3 E 3
Draw EI// FA, cutting AB at I, then AFEI is an isosceles D¢ R 2C
trapezium. Let BE=x, CE=6—-x, CF=FD =3

/BIE = ZIAF (cor. Zs, AF /| IE) 6-x
= /AFD (alt. Zs DF I/ AB) 6 6-=
AADF ~ AEBI (A.AA) E

Bl : BE=DF : AD (cor. sides, ~As)
BI=X= a1=6-X=EF
2 2

2
In ACEF, 32+ (6 — x)? =(6—§) —BE=x=2
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Method 4
Draw EI // FA, cutting AB at I, then AFEI is an isosceles
trapezium. Let BE=x, CE=6—x, CF=FD =3

By the same arguments as in method 3, 47=6 —g =EF
On EF, locate a point H so that FH =3

AADF = AAHF (S.A.S)
AH=AD =6 (cor. sides, = As)
ZAHF = ZADF =90° (cor. Zs, = As)
AABE = AAHE (R.H.S))

. HE=BE=x (cor. sides, = As)

EF=FH+HE=3+x=6—§

BE=x=2
2. % S=2011"+2012"+2013"+2014"+2015"+2016"+2017"+2018"+2019"» H ¥ n %
- T E#coF S AR S ?g“,f S B Bk o

Let §$=2011"+2012"+2013"+2014"+2015"+2016"+2017"+ 2018" +2019", where n is
an integer. If S is not divisible by 5, find the unit digit of §'.

2011"=1 (mod 10),2015"=5,2012'=2,20122=4,2012°=8,20124=6,2012°=2, ---
2013'=3,20132=9,2013°=7,20134=1, -
2014'=4,2014>=6,2014°=4, ---,2016" =6,
2017'=7,2017=9,2017°=3,20174=1, -
2018'=8,20182=4,20183=2,20184=6, ---,2019'=9,2019%=1, ---
.. Whenn=4k,S=1+6+1+6+5+6+1+6+1=3
Whenn=4k+1,S5=1+2+3+4+5+6+7+8+9 =45 (which is divisible by 5)
Whenn=4k+2,5=1+4+9+6+5+6+9+4+1=45 (which is divisible by 5)
Whenn=4k+3,S=1+8+7+4+5+6+3+2+1=45 (which is divisible by 5)
-+ Sis not divisible by 5
L 85=3

3. AR ow BEiEAEG 8255 2 1 ]
I AR o R eniE o
In Figure 2, four circles of radii 8, 5, 5 and r are
touching each other externally. Find the value of r .

Let E be the mid-point of BC.
AE=12,AB=AC=13,BE=EC=5

AABE = AACE (S.S.S)

AE 1 BC (cor. Zs, =As)
AD=8+r,DE=12—-(8+r)=4—-r
CD=5+r

52+ (4-r)*=(5+r)* (Pythagoras’ theorem)
25+16—8r+r2=25+10r+r?
18r=16

8

9

=

Bl = Figure 2
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4.

Cdvgrbrce~dE e R B FH Y a<b<c<d<e-

E a+tb+tctd+ed - B3 82 b+tc+d H- BT 38 Rehd i o
Given thata , b, ¢, d and e are consecutive positive integers, where a <b<c<d<e.

If a+b+c+d+eisaperfectcube and b + ¢ +d is a perfect square, find the smallest possible
value of ¢ . (Reference: 1998 HG4, 1999 FG3.1)

a=c-2,b=c-1,c,d=c+1,e=c+2

at+tb+c+d+e=5c=m’

b+c+d=3c=n?

The smallest value of ¢ = 3x5% =75

S Hy XN
© w5 ft 5 lem? 2 ABJ/CD> %% [1%) ABE % CED # ‘
W ﬁ!:—’»’ff' ° 1 7

ABCD is a circle while ABE and CED are semi-circles touching

each other at E inside the circle. Given the area of circle is 1 cm?

and CED .

Let H be the mid-point of 48 and G be the centre of the circle.
Join HG and produce it to cut CD at F.

HG 1 AB (line joining centre to mid-point of chord L chord)

ZAHG + ZCFG = 180° (int. Zs, AB// CD)

ZCFG =180°-90°=90°

CF=FD (line joining centre L to chord bisects chord)

Draw a common tangent /EJ through E, touching the two semi-circles at £ and cuts the circle
at / and J respectively.

H and F are the centres of the upper and the lower semi-circles. Join FE and HE .

EH 1 IJ,EF 1 1J (tangent L radius)

ZHEJ+ ZFEJ = 180°

.. H, E, F are collinear

HEF 1 AB (and CD) and must pass through the centre G.

Let HB=HE=x,FC=FE=y,GC=GB=r,then HG=x+z, FG=y -z

(x+zP+x?=r2 e (1)  (Pythagoras’ theorem on ABGH)

Y—zP+y?=r2 s (2)  (Pythagoras’ theorem on ACFG)

(1)=(2):2x* +2xz + 22 =2)? - 2yz + 7?
2=y +2z(x +y)=0
x+»Ex-y+z)=0

w2 =1 e 4) (. area of the circle = 1 cm?)

Sum of areas of the two semi-circles
T 2 2

=—(x*+
, (¢ +y)

=g[x2+(x+z)2] By (3))

(By (1))

=5 om’ (By (4))
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6. % d=log, (V212" 1222 2) .\ 4 q ik -

If d=log, (\/22 + 21018 4 9202 —2), find the value of d .
d=log, (\/22+21013+22022 _2)

“10g, (122 + 2% 2% 2% 4 (204 _)

“1og, ({24272 _7)

=log, (242 -2)
=|ng(2mll)
=1011
7. 4 +/10000x10002x10004x10006 +16 =& o

Find the value of +/10000x10002x10004 x10006 +16 .
Let x=10003, then x —3 =10000, x — 1 =10002, x + 1 =10004, x + 3 =10006

J10000x10002 x10004 x10006+16
=J(x=3)(x=1)(x+1)(x+3) +16

=J(x*—9)(x*~1) +16
=yx*—10x*+25
=\(x*-5)

=x2—5=(10000 + 3)>—5
= 100000000 + 60000 + 9 — 5
= 100060004
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