Answers: (2022-23 HKMO Final Events)

Created by: Mr. Francis Hung

Individual Events
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Individual Event 1

1.1 & A4 #2023 chipi=#c £ 4 g o

If 4 is the units digit of 20232%* | find the value of 4 .

Reference: 2014 F12.4

31=3,32=9,33=7,3%=1 (mod 10)
TREFORESIE 4 DB L - K o
2024 = 4x506
20232024 = (34)% (mod 10)

= 1°% (mod 10)

A=1

31=3,32=9,3%=7,3*=1 (mod 10)
This pattern repeats for every multiple of 4.
2024 = 4x506
20232024 = (3%)%% (mod 10)
= 1°% (mod 10)

A=1

2 %

B #_336" r 5281 thip o Flfcedc® 0 R B hiE o

If B is the number of positive common factors of 3367 and 5287, find the value of B .

Reference: 1998 FI1.4

336 = 2%x3x7
528 = 2*x3x11

oo i =@+ D)1 +1)=10=8

336 = 2%x3x7
528 = 2*x3x11

No. of common factors=(4 + 1)(1+1)=10=B
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Answers: (2022-23 HKMO Final Events) Created by: Mr. Francis Hung

N3 TRIF-FARIT 28 — FRIEHE N~ — B R
MA-BAzsdt g = fA5> - BEEE o) gl | | |16 20

BEE - T F - Ffrs - ARz B#EcF Bic4p
:f- ° j\ C E’ijf_é; o 4 4 X y
A 3x3 grid is partially completed as shown below. Fill
each square of the grid with a positive integer such that the z ¢ v
sum of the three numbers in each row, column and each
diagonal are equal Find the value of C . Reference: 2019 FG3.3

HH AFENZTHRE x~y zot 2v 4oBl#77 o|Let the other empty cells be x, y, z, ¢t and v as

KFE - FAfel F2 el s shown. Let the sum be s .

s=C+16+20--(1),s=4+x+y---(2) s=C+16+20---(1),s=4+x+y---(2)

s=C+4+z--(3),s=CHx+v-(4) s=CHd+z-(3)s=Chxtv--(4)
s=z+i+v--(5),s=16+x+1-- (6) s=z+t+v--(5),s=16+x+¢---(6)

§=20+y+v--(7),s=20+x+z--(8) s=20+y+v---(7),s=20+x+z---(8)

(I)=@)x+v=36-(9) (D=Hx+v=36--(9)

Q)=(7):x=16+v --- (10) 2)=(7):x=16+v---(10)

f(10)~(9) : 16 +v+v=36=v=10--- (11) |Sub.(10)into (9): 16 +v+v=36=v=10---(11)

()=03B):z+4=16+20 (1H)=0@)z+4=16+20

z=32---(12) z=32---(12)

2)=8) 2 & (12):4+x+y=20+x+32 (2)=(8)and sub. (12): 4 +x+y=20+x+32

y=48 --- (13) y =48 - (13)

2)=(6) 2 & (13):4+x+48=16+x+1 (2)=(6)and sub. (13): 4 +x+48=16+x+1¢

t=36---(14

(=36 (19 4)=8 ( b) 11),(12): C+x+10=20 +x+ 32

= : :C+x+10=20+x+

@) =(8)% &(11) > (12): C+x+10=20+x + 32 %):42 ), sub. (11),(12): €+ x o

Cc=42
) C 3 2, ' —}

1.4 7 Eiﬁ% W gte T - BIRE o T AIRE K5 CA e g BIREY 2R A gk -
LAEAEEL o LU S %—"’Kgfrfsi;u%ﬁqaﬁ—»}; AL md3iPa g_vii
HULFEL ol R A EL DR AR C 42 BIEE g £ -
% couples are attending a party, which means that there are C people present. At this party, no
one will shake hands repeatedly with the same guest. The party also has the condition that each
husband will shake hands with every guest except his own wife, and wives will shake hands
with every guest except other wives. D represents the total number of handshakes between the
C people at the party. Find value of D .

- 252182221045 - Altogether there are 21 husbands and 21 wives.

F- 2342240288 & AL o For each husband, he will shake hands with 40 other persons.

F- 24380040 @< gL o Foreach wife, she will shake hands with 20 other husbands.

D =21x40 +21x20 = 1260 D =21>40 +21x20 = 1260
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Answers: (2022-23 HKMO Final Events) Created by: Mr. Francis Hung

Individual Event 2
2.1 34— Baear 11 f%“f v P OA iz fod 38 chdoo] i Bl e

Find the smallest positive integer a that is divisible by 11 and the sum of its digits is equal to 38.
wa=abab, --ab, . Leta =aba,b,---a,b, .

(a,+a,++a,)—(b+b,+--+b,)=11m---(1) |(a,+a,++a,)—(b+b,+---+b,)=11m (1)
(a,+a,+-+a,)+(b+b,+---+b,)=38 ---(2) |(a,+a,++a,)+(b+b,+---+b,)=38 ---(2)

ERFaiik ) rm=0- For the smallest o, m = 0.

a +a,++a,=b+b +--+b =19 a+a,+-+a=b+b+---+b =19
a,=1=b,a,=a,=b,=b,=9 a,=1=b,a,=a,=b,=b,=9

o = 119999 a = 119999

122 # o ehfe- P8FE_ o - C H.& 3358 m’fﬂfﬁ-]ﬁl ' U C

S1
L i oo Cy B 3A58 hp R s £ 2A58 a N
Vs L I . N , - S
PR o et Rl o R 2 A58 hm A P :

Let o ” be the last digit of a.. A circle Cy of radius o * circumscribes

a square S1 which inscribes a circle Cy.
(> circumscribes square S> and so forth indefinitely.

Find the area [ of the square S¢ . v

EKFAC~Co~ -~ Cs X2 G~ -+ ~rgo|Let the radii of C1, Ca, -+, Cobe ri, 12, -+, 16.

EEFASI S~ SeeiB £ L xicx2 -+~ x6 o |Let the sides of S1, Sa, -+, S6 be x1, x2,-+, X6.

F=9, 2x=182 = x; =92 r=9, 2x’=182= x; =92

9 2
2r2=9\/5:r2=—, 2x22:(9\/§) =x=9 21”229\/527”2:1, 2x§=(9\/§)2:>x2=9

V2 V2

XIvdXo s v xg )R- E L gF] o b= X1, X2, , X6 form a geometric sequence with

V2 1

6-1 common ratio —.
9 9

x6=9\r2x(_1 j S 2

2 () xézgﬁx%}“: ’ 0

123 % B s s 2 (Bl F mon 588 34 P +tmx+[B]=0 F = B EHEIT -
Bkiez B 2 A0 FH F y=n-mo fy i e
Let [B] be the integral part of 3 .
The equation x* + nx? + mx + [B] = 0, where m, n are integers, has three integral roots.
Suppose that the roots are not all positive, if y = n — m, find the value of y .

A +mx+5=0 A +mx+5=0

5 ¥+ H_ £1, 45, Factors of 5 are 1, +5.

CiEZ B AL B ~> The roots are not all positive

LA tme+ 5= - Dx-5x+1) Xt tmx+S5=(x-Dx-5)x+1)
X —5x>-x+5=0,n=-5,m=-1 X —5x>—-x+5=0,n=-5,m=-1
y=n-m=-5-(-1)=-4 y=n-m=-5-(-1)=-4
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Answers: (2022-23 HKMO Final Events) Created by: Mr. Francis Hung

124 fxy BTG o & - HBERe 3 ox Bdhkdey RRA B e (2R )] B E (T
EEMBE)F 5 Hd (0,0) B4st7A_ 12 % 5 P (y,y) 0> 2 hdicp > RS hiE o
On the x-y coordinate plane, a move consists of independently increasing (or decreasing)

x-coordinate and y-coordinate by 1 (i.e. moving diagonally). If 5 is the number of ways to start

from (0, 0), make 12 moves and end at (y, y) , find the value of 5 .

d (0,0) ## 12 F|E(4,-4)- From (0, 0) moves 12 steps to (—4, —4).
G Possible movements

= 111D H(I=1yH(I=1)+(1-1) = - 1-1-1-1H(I-DH(A-DHI-D)H(1-1)

E 0 SE R T L o and different arrangements of these terms

We put 8 ‘17 into 12 positions and 41’ into the
AP RYBE -T2 B =Y F24B A pu ! p

remaining positions.
S L

12 12x11x10x9 _

o _12x11x10x9 5=C,

495
=495 Ix2x3x4
Ix2x3x4

6=C

4
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Answers: (2022-23 HKMO Final Events)

Individual Event 3

Created by: Mr. Francis Hung

31 e mArn 250 FHeodd: mtntmn=76 2 A=m+n> £ 4 g o
Given that m and » are positive integers. If m +n + mn =76 and A = m + n, find the value of 4.

Reference: 2023 HI2

mt+ntmn=7T6=>m+n+mn+1=77
(m+1)(n+1)="7x11
(m+1,n+1)=(1,77),(7,11), (11, 7)& (77, 1)
(m, n) = (0, 76), (6, 10), (10, 6)£- (76, 0)

wm e on B35 T E Kk

o (myn)=(6,10) & (10, 6)

A=m+n=16

m+n+tmn=76=>m+n+mn+1=77
(m+1D(n+1)="7x11
(m+1,n+1)=(,77),(7,11), (11, 7)or (77, 1)
(m, n) = (0, 76), (6, 10), (10, 6) or (76, 0)

" m, n are positive integer

- (m, n)= (6, 10) or (10, 6)
A=m+n=16

132 4% B=./(401) -1004 > % B iz -

If B=4/(401)° 1004 , find the value of B .

B=y/(401) ~100x16
=/401* - 40 = /(401 +40)(401-40)
=/441x361 =21" x19°

=21x19 = (20 + 1)(20 — 1) = 20> — 12 = 399

B3 fxy AfhETalt o d (B+1,0~(B-1,0)-(0,1) = (0,-1)*f
w2 FAhR s CEHM o RCOHE -
The area of the rhombus on the x-y coordinate plane with vertices x
(B+1,0),(-B—1,0), (0, 1) and (0, 1) is C square units. (-400,0) Q' (400,0)
Find the value of C . Reference: 2024 FI1.3 (0,-1)
1
=—|1-(-1) -] 400—(—400
[1-(-1)]-[400(~400)]
=800
134 4c% D £ fdcr (%+56JD=D, £ D g o

If D is a positive integer such that (%4— 56}0 =D, find the value of D .

Reference: 2024 F11.4
(@ " 56)D =D
4

(256)? =D
4= pP
D=4
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Answers: (2022-23 HKMO Final Events)

Created by: Mr. Francis Hung

Individual Event 4
141 &= £254BCY » LC=90° DE L BC » BE=AC » BD = f
3 DE+BC=1¢4% a=4ED > % o i -
Ef——\D
In triangle ABC, Z/C=90°, DE L BC , BE=AC, BD =% and DE + BC = 1.
If o = 4ED, find the value of o. . Reference: 2015 FI13.4 c 4
LetED=x,BE=y LetED=x,BE=y
Then AC=y,BC=1-x Then AC=y,BC=1-x
ABED ~ ABCA (equiangular) ABED ~ ABCA (equiangular)
ED —= AC (cor. sides, ~As) ED —= AC (cor. sides, ~As)
BE BC BE BC
-2 =32 =x(1-x) -2 =32 =x(1-x)
y 1-x y 1-x
BE?* + ED? = BD* (Pythagoras’ theorem) BE?* + ED? = BD* (Pythagoras’ theorem)
V +x? =l:>x(1 —x)+x° =l:>x=ED 1 V +x? =l:>x(1 —x)+x* =l:>x=ED 1
4 4 4 4 4 4
d=4ED =1 d=4ED =1
142 # fla)=a-2>* Fa b =bF+a+ta 3 B=F3,14) £p o

Iffla)=a—2, F(a,b)=b*+a+ o and B = F(3, f(4)), find the value of B .

Reference: 1990 HI3 2013 FI13.2 2015 FI4.

f4)y=4-2=2
FG3,f(4)=F3,2)=22+3+1=8
B=8

3

x*=3xy+2y’— 22 =31
143 4% 3 42 <—x"+6)z + 2z =44 Eijiendc® Ly o fyenE o
X'+ xy +B-z° =100
x*=3xy+2y'— z2 =31
If the system of equations < —x’ +6yz + 2z =44 has vy sets of integral solutions,
X+ xy +B-z" =100

find the value of vy.
() +@2)+(3): (*

“ 2y + )+ (P 6yz+92) = 175 = (x—y)P + (v + 32)° = 175

Ka=(x-y)~b=@+32)> Rla-~b 5K
a’+b*=175

Fa~b =5 EH > ) LHS. = ## #R.H.S.
Fa-b¥iH&K FXa=2m+1b=2n+1
dm> +4m+1+4n* +4n+1=175
4m*+m+n*+n)=173

L.HS.=4 2 # = R.H.S.
Fa=2m+1>b=2n

Am*> +4m+ 1+ 4n* =175

4m? +m + n?) =174

LH.S.=4 «i2 #i # R.H.S.
Fa=2m>b=2n+1

Am*> +4n* +4n+1=175

4m?> +n*+n)=174

LH.S.=4 ¢z #i # R.H.S.

Leta=(x—y), b= (y + 3z), then a, b are integers
a+b* =175

If both a, b are even, then L.H.S. = even # R.H.S.
Ifbotha, bareodd, leta=2m+1,b=2n+1
dm* +4m+1+4n* +4n+1=175

4m>+m + n*+n)=173

L.H.S. = multiple of 4 # R.H.S.
Ifa=2m+1,b=2n

Am?> +4m+ 1+ 4n* =175

4m?> +m+n*) =174

L.H.S. = multiple of 4 # R.H.S.
Ifa=2m,b=2n+1

Am* +4n* +4n+1=175

Am?>+n*+n)=174

L.H.S. = multiple of 4 # R.H.S.

In all cases, there are no integral solutions

Sy=0

C:\Users\User\Dropbox\Data\My Web\Competitions\HKMO\HKMOFina\HKMOfinalanswers\HKM 02023 finalans.docx

Page 6



Answers: (2022-23 HKMO Final Events)

Created by: Mr. Francis Hung

g R PR

FHcjz o . y=0

144 %= & 7,4BCY

v AB = AC > /A =40° +¢y° < BL O &= & 254ABCp = A

ZOBC=Z0OCA > 4v% ZBOC=08°> # § ehig -

In a triangle ABC, AB = AC, £4 =40° +y° . Point O is inside the triangle ABC

/\
A

with ZOBC = ZOCA. If ZBOC = 6°, the value of o . ’ ‘
/A = 40° /A = 40°
ZABC = ZACB (3% = £3,k &) |LABC= ZACB (base /s, is0s. A)
=w (Z 4750 &) ZW (£ sum of A)
— 700 =70°
Let ZOBC=Z0CA=x Let ZOBC=Z0CA =x
ZBCO="70°—-x ZBCO="70°—-x
4 ABOC # > In ABOC,
X+ 8° + (70° — x) = 180° (= &35 & 4r) x +08° + (70° —x) = 180° (£ sum of A)
5=110 5=110
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Answers: (2022-23 HKMO Final Events)

Group Event 1

Created by: Mr. Francis Hung

GL1 4 100 B4 %ui 1 F] 100-57 1§ 100 254 5 BE 3 ik T Hie B Y -

'T%‘ﬁ‘*%i?" PE-BEARTHRIEG | 2 EREDBEERME > S BEART R 2Z

HRgB e WP FR-FREI NI - X ok BERAF O ORTRMERE

),3./‘% v F 2 7R ER o — Fm‘fl“”’TJ)i W% ?’%’Kﬂ—\u}%“ﬁ"X A A% 100 iﬁﬁi;}%'rg?ﬁigl»; ,
Hie m EocE o KX aiE o

There are 100 light bulbs labeled from 1 to

100, and there are 100 students in the class. Each

student takes a turn to press the switch buttons of the light bulbs with a label that is a multiple
of their assigned number. For example, the first student presses the switch buttons of the light
bulb with label 1 and all of its multiples, the second student presses the switch buttons of the

light bulb with label 2 and all of its multiples,

and so on. Each student will only come out once,

and if a light bulb is on, it becomes off after being pressed, and vice versa. All the light bulbs
are off at the beginning. X is the number of light bulbs that are on after the 100th student presses.
Find the value of X. Reference: IMO (HK Preliminary Selection Contest) 2000 Q8

ERGEAEEF nBEFS (#4512 3%
LR TS ERU SRS SR
penn ST RGP S T3 - Rt
5 1+449216+25+35-4964+81 % 100
e b s AR K % 100 BEART MY

b

"‘;‘

£ l0B®EERFE - X=10

.,
%9"“—,“)3

A light bulb was switched n times if it has n factors
(including 1 and itself). As factors of a number
occur in pairs, numbers have even numbers of]
factors except perfect squares. Therefore, only
light bulbs numbered 1, 4, 9, 16, 25, 36, 49, 64, 81
and 100 are still ‘on’. There are 10 light bulbs will
be ‘on’ after tthe 100th student presses. X =10

Gl.2 ¢ 3Tr'x+l:2\/_ o xs—isé’ﬁfi °
X X

Given that x+ l = 2x/g . Find the value of
X

(=)

=x2+2+i=20:>x2+i2=18

)C2 X

X —LS. Reference: 2015 FG4.3
X

:x4+2+i4:324:>x4 +L4:322

X +—

( X X X

( —l 2+i—18 2= 16:>x—l=i4

X

1 I 1
—5=( j( +x° +l+—+ j
X x x
=+4x(322+18+1)=+1364

Gl13 +B¥ 'ABC & - BE*= 2,87 /4=00° 2 AB=2-

WP F =B v e %8358 BFC ~ 3%

BFC #r1 A 2Rl ~AB 2 Xjcd hiehesn 4D E00 B 5 €
e AE A1 C &
EEH e LEBRAPEERfHF o (Pn=3)

In the above figure, ABC is an isosceles triangle, where
ZA=90° and AB = 2. The figure includes three arcs: arc BFC,

Yoo
?""/{_1_

4

x -

Fl< ~ AB

AD o35 AE - 3

\\\\\\\\\\\\\\\\\\

rﬁ]:U\AC :%_J'._

y
5
4

KR
R

A

arc AD, and arc AE. Arc BF(C has a radius of AB and is drawn from centre 4. Arc AD is drawn

from centre B with radius AB, while arc AE
Find the area of this shaded region. (Take &

1s drawn from centre C with radius AC.

fé‘

= X

s 1
B (4 j

22 ——.2x2
2
2

-22—%-2x2

i j

Shaded area =2 (%

2
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Answers: (2022-23 HKMO Final Events) Created by: Mr. Francis Hung

Gld @ * 0 FHcA 7|1 ~2-3-4-~5-6 £% > @ B%H7 Pl kL Bk :
123456789101112131415161718 --- &= B Fdcind 2 Feanfic P T &5 5 5 - Bz -
BPA% 2023 %0 2 9 “wh— BH#Hc?

Using the sequence of positive integers 1, 2, 3, 4, 5, 6, and so on, a new integer is formed by
concatenating them: 123456789101112131415161718--- The leftmost digit in this integer is

defined as first position. What is the digit at position 2023?
Reference: 1999 HGS

1,2,---.9 9 i 0 digits
10, 11, ---, 99 90x2 =180 i+ 00x2 = 180 digits
100, 101, ---, 999 900x3 =2700 = 900x3 = 2700 digits
2023 -9-180=1834=3x611+1
d 100 B4 % 611 B & #I_710 - Starting from 100, the 611" integer is 710.
¥ 612 B A B E_T1I - The 612" integer is 711.
%2003 =8 7 - The 2023™ digit is 7.
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Answers: (2022-23 HKMO Final Events)

Group Event 2

Created by: Mr. Francis Hung

G2.1 Bdr x fo y FREL B ® U iP el 15 45 ) X +yP hko] @ e
Find the minimum value of x* +° if x and y are two positive integers whose sum is 15.

X+ (15 -x)
=@+ 15-x)[x* —x(15—x) + (15 - x)*]
= 15(3x% — 45x + 225)
=45(x* — 15x + 75)
= 45[(x — 7.5)* +18.75]
wox A FE
LoEx=T7 & 8 B ZENED R

X+ (15 -x)
=@+ 15-x)[x* —x(15—x) + (15 - x)*]
= 15(3x% — 45x + 225)
=45(x* — 15x + 75)
= 45[(x — 7.5)* +18.75]
"’ Xx 1S a positive integer

.. The minimum value is attained when x =7 or 8

B & =7°+8°=855 Minimum value = 73 + 8 = 855
G223 -3 F > v Ba P ABRBIEF 6 1 11 MAIMSIHHEF S &

¥ o S @are Bple el fodl 360 % - = ke ol 33

FREE 10 Ggte £ AT 7

A cubic dice has faces marked with numbers from 6 to 11. The dice was rolled twice. At the
first time, the sum of the numbers on the four lateral faces was 36.
At the second time, the sum was 33. What number is on the face opposite to the one with the

number 107?

MR F nZEECR & 5+1,542,543,5+4,5+5,5+6
36 =5x4+16,33=5x4+ 13
16 =2+3+5+6 = 1+4+5+6

13 = 1+2+4+6 = 1+3+4+5
B 1 24345+6 2 1+2+4+6
B 2: 24345+6 2 1+3+4+5
B 3 1+445+6 2 [+2+4+6
Him 4: 1+4+5+6 3 143+4+5
545 $o chEhfics 3+5=8

Regard the numbers as 5+1,5+2,5+3,5+4,5+5,5+6
36 =5x4+16,33 =5x4 + 13

16 =2+3+5+6 = 1+4+5+6

13 = 1+2+4+6 = 1+3+4+5

Case 1: 24+3+5+6 and 1+2+4+6

Case 2: 2+3+5+6 and 1+3+4+5

Case 3: 1+4+5+6 and 1+2+4+6 impossible

Case 4: 1+4+5+6 and 1+3+4+5 impossible

The number opposite to 5+5 is 3+5 =8

G23 $591 102+809 fr 100+ 8 e+ 2 Flic o
Find the greatest common divisor of 10'? + 809 and 10'° + 8 .

102+ 809 =9x111111111201

100+ 8 = 9x 138888889

102+ 809 4= 100+ 8 H ¢ — B 2 F# L9 -
102+ 809 = 100(10'° + 8) + 9

1x(10'2 + 809) — 100(10'° + 8) =9

FI# HehAp g i ehid T

10" +809=9x111111111201

10" + 8 = 9x 138888889

9 is a common factor of 10'2 + 809 and 10'° + 8
10'2+ 809 = 100(10° + 8) + 9

1x(10'2 + 809) — 100(10° + 8)=9

By the converse of Euclidean algorithm,

B

X FHe =9 The H.C.F. =9

G24 23 & TG o ApadiEE (0,0) &k (4,2 BREhwd () BHFEF

PEE G 0l et (F) BB FL 0982 Nt et - BEH IR 7t
¥ FREBELEINABIMFLS S ? (FRFEmRI e F 228F o)
Hong Kong is located at (0, 0) of a grid map and a typhoon is at (4, —2). Suppose the typhoon
will only move to the west (left) with a probability of 0.1 or to the north (up) with a probability
of 0.9 , and may only change course after moving one unit distance. What is the probability that
it will hit Hong Kong? (Give your answer in 4 significant figures.)

W L= %hwd -

X L= wh v fHd- £

TS e B R BT A B T R BT
LLLLUUZ LLLLUU% e £ 7] o
PEF=C?-0.1'x0.9°=0.001215

Let L = the typhoon moves to the west one unit
Let U = the typhoon moves to the north one unit
One possible way to hit Hong Kong: LLLLUU.
and different arrangements of LLLLUU

Probability =C; -0.1* x0.9°=0.001215
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Answers: (2022-23 HKMO Final Events) Created by: Mr. Francis Hung

Group Event 3
1
G31% a, 2572 a-= o drdk s=aitaytaytetapy 0 FsaiE o
(n+1)\/;+n\/n+l e 20
1
Let a, be asequence such that :
1 (n+1)x/;+n\/n+1

Find the value of s where s =a, +a, +a; +---+a,, -
1 _ 1 .(n+l)x/;—nx/m
(n+1)\/;+n\/n+1 (n+1)\/;+n\/n+1 (n+1)\/;—n\/n+1
(n+1)\/;—n\/ﬁ _(n+l)\/;—n\/m

(n+1)2n—n2(n+1) n(n+1)
1

N

:(1-%)+(%‘%)+'"+(\/11270_ﬁj

oL 110
Ji21 111
G32 WABCD 7 * f7w 2,2 AB = 40 > AD = 242 | Re__ E -
DB =56°/DABsn& T 45 R DCAp > E8 > © %t
& ADBYE AEHp % >t F8ho fw A ECBF # o 56
Let ABCD be a parallelogram with AB =40, AD = 24 24 F
and DB = 56 . The angle bisector of ZDAB meets side
DC at the point £ , and the diagonal DB meets AE at A 20 B
the point /. Find the area of the quadrilateral ECBF .
2 2 2 2 2 2
cos/BAD =22 YW 56 _ 1 pip=120°|cossBap =22 X0 _ 1 pyp— 1200
2x24x40 2 2x24x40 2
/BAE = ZDAE = 60° /BAE = ZDAE = 60°
fI* & T 0¥ %3 BF:DF=AB: AD By angle bisector theorem, BF : DF = AB : AD
2% BF = 40k » DF = 24k Let BF =40k, DF = 24k
BF + DF = BD = 40k + 24k = 56 = 8k =7 BE+DF = BD = 40k + 24k =56 = 8k =7
BF =5(8k) =35, DF = 3(8k) =21 BF =5(8k) =35, DI = 3(8k) = 21
2 eg2 g2 40% +56° —24* 1
o4 AABDY > COSZABD:4O2:45£><5§4 :E In ABD, cosZABD =——— — =£
4 AABF® » AF? =402+ 352 —2x40x35c08/ABD In AABF, AF? = 40% + 352 — 2x40x35¢c0sLABD
13
=402+352—2x40x35x5 =40°+ 35" - 2x40:35x
=225 =225
CAF =15 S AF =15
AABF ~AEFD (% &) A;}fF ; 1AEFD (equiangular)
%=% (dp 2 = 4 I}i?’f@_é) — FEF=9 Ezg (corr. sides, ~As) = EF =9

SeceF = 25A48D — SA4DE — SA4BF
SecBF = 25A4BD — SA4DE — SA4BF

1 1
=24-40sin120° ——-24-24sin60° ——-15-40sin60° =1 86+/3
=24-40sin120°—%-24-24sin60°—%~15~40sin60°=186\/§ s 2 s 2 s \/—
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Answers: (2022-23 HKMO Final Events) Created by: Mr. Francis Hung

Remark: The original question is: Let ABCD be a parallelogram with AB =48, AD =36 and DB = 56 .
The angle bisector of ZDAB meets side DC at the point £, and the diagonal DB meets AE at the point
F . If the area of ABCD is 560 square units, find the area of the quadrilateral ECBF' .

Using Heron’s formula, area of AABD = 856 sq. units > 560 sq. unit = area of ABCD, impossible
G3.3 % f(r) % S i & f(x)+f(—%)=2?x+§+f(l—lJ Cx#0 1o f D) -

x— 3 X

Let f(x) be a function such that f(x)+f(—Lj:2—x+§+f(l—lJ,x¢0, 1.
x—1 3 3 X
Find the value of f(-1).
1 25

P f(—1)+f(5j=—§+§+f(2):>f(—1)+f(5j=1+f(2) ------ M)
ret: f(%j+f(z):§+§+f(-1) = f(-l)-f@:-uf(z) ------ @

(1) + (2): 2f(~1) =—1 + 2f(2) = f(2) =f (~1) +% ...... 3)

e[ L) 1.3
(1) - (2): 2f(2) 3= f(zj 5

4 5 1 3 9
v=2: £(2) 4t (1) = +3+f(2j = F(R)+f(-1)=343 = e
. " 1 9

Sub. (3) into (4) ~(3) > (4): f(-1) +§+f(—1) =3 = f(-1)=2
G34 +F*¥ ABCD R~ BE-7j-a BEMAzrtpevm A r E K D

oyt Apr o 4ok AB=2 2 BC=6° LR E¥o f# !

($%7 n &7) ’ RN

In t.he' followiqg ﬁgure, ABCD is a rectangle. The two e P—' 7 1 o,

semi-circles are identical and they are tangent to each other. N 6 >

If AB =2 and BC = 6, find the area of the shaded part in terms of &t .
B3k @ X FlApr 2K o Suppose the semi-circles touches each other at K.
®%A LFIAKF 2 CKH (X == r)en[f] . 4 [Let E'and G be the centres of the semi-circles AKF
Wi E 2 G 4o o and CKH (radii = r) as shown.

Draw the common tangent MN at K.
EK L MN, GK 1. MN (tangent L radii)
.. E, K, G are collinear

W K T8 MN -
EK 1 MN,GK L MN (*»®1*Xj%)

LE~K~NG 28 EG=2r
EG=2r Draw EP L BC as shown.
FEP L BC 4] - EP=2,BP=AE=CG=r,PG=6-2r
EP=2>BP=AE=CG=r>PG=6-2r In AEPG, EP* + PG*> = EG* (Pyth. theorem)
& AEPG® » EP?+PG*=EG* (2 < z32) |22+ (6-2r)=(r)
224 (6 —2r)* = (2r)? 1+GB-r?=r
1+@B-r)?=r S
5 "3

2
Shaded area =2x6—7 (%)

_1p_ 2"
9
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Answers: (2022-23 HKMO Final Events) Created by: Mr. Francis Hung

Group Event 4
G4.1 F3 2 x°B0Y =10 14 F 12 e0fk o

Find the product of all the real roots of the equation x'*0* =10.
Reference: 1990 HI9, 2015 Fi4.4

X80 =10 X80 =10
(logo x)(log,y x) =1 (logo x)(log,y x) =1
log,, x==1 log,, x==1
x=10 &t L x=100ri
10 10
F =1 Product of roots = 1

G42 % p L WHE m 588 % pptm)+2p=m+2) > £ m b < & o
Let p be a prime and m be an integer.
If p(p +m)+2p=(m+2)°, find the greatest possible value of m .
Reference: 2015 FG3.2

p(p+m+2)=(m+2) p(p +m+2)=(m+2y

Fm EE2 p i H If m is even and p is odd,

Bl Ex(E + B +2)=(+2) then oddx(odd + even + 2) = (even + 2)*
= LHS.#RHS. 4 % = L.H.S. #R.H.S. !

If m is odd and p is odd,

then oddx(odd + odd + 2) = (odd + 2)?
= L.H.S.#R.H.S. !!!

In all cases, p must be even.

Fm 452 pLH>
P Ex(HE + § +2)=(F+2)°
= LHS.#RHS. 4 3
T =2 ’ :(.s";/ o : 1
R p Ea - the only even prime is 2 .. p =2
CorE - L FEY PR T ERE2 . p=2

2 /S L EL2 0 p 2m+4)=(m+2)> emem- (*)

+ = +) ...... *
2(m 4} (m +2) L ) ) L.H.S. is even = (m+2)’ is even = m+2 is even
LHS.ZE =>m2) s =>m+2 3 F = R.H.S. is a multiple of 8
=RHS. 5 8 #=LHS. % 85 # |= LH.S.isamultiple of 8

S>m+4=4n> B9 n L Hik = m + 4 = 4n, where n is an integer
>m+2=4n-2 >m+2=4n-2

N m+2=4n-2 » > F&B(*): Put m + 2 = 4n — 2 into the equation (*):
2(4n) = (4n —2)? 2(4n) = (4n-2)’

n=02n-1)> n=2n-1y

4141._;;« n>1> I’l<(2l’l—1)3 : }'i,_;;'\ n<l > n>(2n_1)3 For n > l,l’l<(27’l— 1)3, forn < l,l’l>(2l’l—1)3
=>n=1,m=0

=>n=1,m=0
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Answers: (2022-23 HKMO Final Events) Created by: Mr. Francis Hung

G434kt v e e £ H 1> £t v o BBl f -

If the length of one side of a regular tetrahedron is 1, b
find the volume of such tetrahedron.
Reference: 2008 HG3
C
4 o/ M
B
4o o KiEe o % 5 ABCD - Let the tetrahedron be ABCD as shown above.
% M % BC e 8L o (BM=MC=0.5) Let M be the mid point of BC. (BM = MC =0.5)
AABM = AACM (S.S.S.) AABM = AACM (SS.S.)
A M:ﬁ (2% 2.92) AM =§ (Pythagoras’ Theorem)
2
O % AABC i€ < o 40 =2AM=£ O is the centriod of AABC. AO =§AM=?
N 3
e o |2 ~ hei _Jap*—40° = |2
DO= v & Mg =AD? — A0 :\/; DO = height of tetrahedron =+ AD” — AO —\/;
NG B s .2 2
Wi =——12sin60 Ty Volume =—-—- 17 sin 60 PRy

G4.4 % P % 3659893456789325678 {r 342973489379256 gk ff o F P chizfic o

Let P be the product of 3659893456789325678 and 342973489379256.
Find the number of digits of P .
Reference: 2013 FG4.1, 2015 FG1.3

3659893456789325678 = 3.7x10'8 (5 1= »c#c3)[3659893456789325678 = 3.7x10'® (cor. to 2 s.f)
342973489379256 = 3.4x10'% (5 =4 »elies)  |342973489379256 = 3.4x10™ (cor. to 2 s.f.)
P~3.7x10"8x3.4x10" = 12.58x10%2 = 1.258x10%|P ~ 3.7x10'%x3.4x10'* = 12.58x10** = 1.258x 10>
P ez fich 34 o The number of digits is 34.
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