Answers: (2022-23 HKMO Heat Events)

Created by Mr. Francis Hung
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Individual Events
Il c&vadedb BLF%k- % A>+b*-8a+34b+305=0> Fa+b i -
Given that a and b are real numbers. If a®> + b*> — 8a + 34b + 305 =0, find the value of a + b .
Reference: 2021 P1Q15
a’>—8a+16+b*+34b+289=0
(a—42+(b+17)=0
Sum of two squares = 0 << each term =0
a=4and b=-17
a+tb=4-17=-13
12 F x 2 yHO5FHR B x+8xy+y=28> F x+2y chk x ¥ it £ o
If x and y are positive integers satisfying x + 8xy +y =28,
find the largest possible value of x + 2y .
Reference: 2022 P2Q3
x(1+8y)+y=28
8x(1+8y)+1+8y=225
(8x + 1)(8y +1)=225
8x +1 8y +1 X ‘ y x+2y
1 225 no positive solution
3 75 no integral solution
5 45 no integral solution
9 25 1 | 3 7
15 15 no integral solution
25 9 3 | 1 5
The largest possible value of x + 2y =7.
13 4<m<40-° %> 4 x*-22m-3)x+4m* - 14m+8=0 3
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Let m be an integral constant, where 4 < m < 40. If the equation

x?—2(2m —3)x +4m? — 14m + 8 = 0 has two integral roots, find the largest possible value of x .
Reference: 2011 FI3.1
A=4Q2m —3)* — 4(4m? — 14m + 8) = P? , where P is an integer.

P b

2
[Ej =4m?> - 12m+9 —4m> + 14m — 8 =2m + l,xZ—Ei\/§=(2m—3)i\/2m+l

The possible square numbers are 9, 16, 25, 36, 49, 64, 81, ---

=1
GETRAR

2m+ 1 m quad. equation X
9 4 rejected
25 12 xX?—42x+416=0| 16,26
49 24 x*—90x+1976=0| 38,52
81 40 rejected

The largest possible value of x is 52.
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Created by Mr. Francis Hung

3 , 1 , 1
Kai-2REF a+==14> % a+= @iE -
a a

Let a be a positive real number. If a® + iz =14, find the value of a° + —-
a a

Reference: 2017 F11.4

a2+i2=14
a

2
[a+1j =16
a

a-+ 1 4 or —4 (rejected, . a > 0)
a

a’ +i3=(a+1j(a2 —1+i2j
a a a

= 4x(14 - 1)=52

PR e 60 B x I FHcE IS2HY 5 - B FERL 12 ",’T‘. Friet FEc12
Haepn Belhir e - BELHS] o R and Fieo

The sum of certain number of positive integers is 60. The largest positive integer is 15 and one
ofthe positive integers is 12. Apart from this positive integer 12, the remaining positive integers
form an arithmetic sequence. Find the smallest positive integer.

Let the smallest positive integer be ¢ and the number of terms be 7. then n < 15.

2(15+€)+12=60

n(15+0)=96
Possible integral values of n are 1, 2, 3, 4, 6, 8 and 12.
The corresponding values of / are 81, 33,17,9,—1,-3 and —7.

1 </<15
- £ =9 only
LBl- ¥ s 3 & 33, ABCD %¥7T ¢ i P4 45° R

S A, EFGH » % AB=4 » RI£§:3%4 PORS 1 # .

H
In Figure 1, the rectangle ABCD is rotated about its centre 45° A F/k? b
)

anticlockwise to obtain the rectangle EFGH . If AB = 4, find the 4

area of the shaded region PORS . B C
Reference: 2011 FG2.1

Let PQ =x. Then x cos 45° =4 =

x=42 ~ ‘

-+ EF = AB=4 and /FRQ = 45° - Figurel

~ OR=42

. PORS is a rhombus with length of side = 42 and ZPQR = 45°
2
Area of PORS = (4\/5) sin45°=16+/2
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2 s

17

1
% Ix4x16x64+2x8x32x128+3x12x 48x192 +---+ 2023x 8092 x 32368129472 6 ,
Ix5%x25x125+2x10x50x 250 +3x15x 75x 375+ ---+ 2023x10115x 50575x 252875

1
( Ix4x16x64+2x8x32x128+3x12x48%x192 +---+2023x 8092 x 32368x129472 JG
Evaluate

1x5x25x125+2x10x50x 250 + 3x15%x 75x 375+ ---+ 2023x10115x 50575 x 252875
Reference: 2000 FI5.1, 2015 FG1.1

1
Ix4x16x64+2x8x32x128+3x12x48x192+---+2023x8092x 32368129472 \6
Ix5%x25x125+2x10x50x 250 +3x15x 75x 375+ ---+2023x10115x50575x 252875

) 1
l><4><16><64(14+24+34+~--+20234) 6
1><5><25><125(14+24+34+---+20234)

1 1
_ 4x 4% x 43 EZ 45 Ezﬂ
5x5%x5° 55 5

I8 #-BEF= 7o Fod o R blic@ ApE > f3%0 = £ 350 Bt T o
If the area of an equilateral triangle is numerically equal to its perimeter, find the radius of the
circumcircle of this equilateral triangle.
Let the equilateral triangle be 4BC with BC = x. A
Let O be the centre of the circumscribed circle with OC =r.

V3 .

Perimeter = 3x, area —% x2sin60° ——X )

O

3x —\/_ X = x =43 B X

Apply cosine rule on ABOC: 2r* — 2r? cos 120° = x?
{2 2( ﬂ (4\/_) —r=4

19 4B-*¢ »P5i=a,4ABCD |\ éh— 8Lt 18 AABP = AADP > A D
AP=5\2 2 BP=13 < &1 * ) ABCD s #f « £ 13
In Figure 2, P is a point inside the square ABCD such that
AABP = AADP. AP =52 and BP=13.

Find the area of square ABCD .
ZBAD =90° (property of square)
ZBAP = ZDAP (corr. £s, =As)
= 45°
Let E be the foot of perpendicular from P to AB.
AE=APcos45°=5\/§><%=5,EP=APsin45°= 5
EP? + BE* = BP? (Pythagoras’ theorem)
13 -5 =12
AB=AE+EB=5+12=17
Area of ABCD = 17> =289

13

B C

Bl- Figure 2
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110

I11

112

GRW=¢ "D E2 FAuliBC~AC % AB ¥ 18 » AD ~ BE
2 CF 4p 2% P ¢ 18 AAPF & f= 84 ~ ABPD 15 = 40 ~
ACPD % #=30 2 ACPE i =35 o KAABC 5 f ° 9

In Figure 3, D, E and F are points lying on BC, AB and AB 7
respectively. AD, BE and CF intersect at P such that such that area ﬂ
40 / 30

Created by Mr. Francis Hung

A

E

of AAPF = 84, area of ABPD = 40, area of ACPD = 30 and area of B
ACPE = 35. Find the area of AABC .

Let S represents the area(s), Sappr = X, Saape =y

ABPD and ACPD have the same height but different bases

Sween  BD 4

Sweo DC 3

AABD and AACD have the same height but different bases
BD 84+x+40 4

Sueo DC  y+35+30 3
3(124 +x) = 4(y + 65)
372+ 3x = 4y + 260
112+ 3x =4y - (1)

ABPC and ACPE have the same height but different bases
Speec _ BP _40+30 _2

S, PE 35 1

AABP and AAPE have the same height but different bases
Sper _ BP _84+x 2

D

SAABD —

PE vy 1

SAAPE

168 +2x =4y - )

(1)=(2) 112+ 3x=168 + 2x

x=56

Sub. x =56 into (*): 84 + 56 =2y

y=170

Area of AABC=40+30+35+70+84+56=2315

Shrop R B 2023 0 Blco Ea vt = BT K he i o

Given that n is a positive integer less than 2023.

If n has only 3 distinct factors, find the number of possible values of 7.
Reference: 2004 FI1.1

n must be the square of a prime number p, i.e. n = p?, the factors are 1, p and p?.
442 =1936 < 452 =2025, 44 <2023 < 45

Possible n are 22, 32, 52, 72, 112, 132, 172,192, 232,292, 312,372, 412 and 432 .
Number of possible 7 is 14.

siep 2 g 3R % log, p=log,q=10g,(3p+2q) + £ P

g o

C

Bl = Figure3

#eo

Given that p and ¢ are positive numbers. If log, p=1log,; =100, (3p+2q), find the value of P

Let log, p=log,; q=100, (3p+ 2q) =k

logp logg log(3p+2q)
log9 logl5 log 25
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Answers (2022-23 HKMO Heat Events) Created by Mr. Francis Hung

log(3p+2
10g9=|0£,10g 15 :Ioiq’log 25 :M
k k K
fog 3~ 09q |, 5 109(3p+20)

0g3=7,10g3+10g5=T,log5 K

log p . log(3p+2q) logq

2k 2k k
log p +log(3p +2q)=2log q
rBp+29)=¢*
3p*+2pq—q*=0
CBr-9)p+q)=0

p

r_ % or—1 (rejected)

a .a 1,
n-2%n-1 o R g o
2an—z —a,, Q23

13 @7 {a,} €Wki al=1‘az:$ FEAG o n230 8=

A sequence of numbers {an} isdefinedby a =1, a2=§ and a, :% foralln > 3.
o~ &,

Find the value of 1 .

a'2023
Let b, le 1, bzzi:z, by :i:i_i: 2by1— b2
al a‘2 3 an a‘n—l an—2

The characteristics equation for b, isA>=2A -1 => A2 -2A+1=0=> A =1
.. The general solution for b, = 4 + Bn, where A and B are constants

bi=A+B=1: (1)

b2=A+2B=% )

41
@)= (1) B=, A=—3

=2697

a2023 3

114 ABC # - BE"%= 473, H¥ AB=AC=18 2 BC=12°P % AABC
pENiER - 8@ 1§ LABP+ LACP=90° 2 AP=15-
F BP2+ CP? ehig o 15
ABC is an isosceles triangle with 4B = AC= 18 and BC = 12. P is any interior 18
point of AABC such that ZABP + ZACP =90° and AP = 15. Q
Find the value of BP?>+ CP?. h
Let ZBAC = 0. Rotate AAPC clockwise about 4 through 0 to AAQOB.
AAPQ ~AACB (S.A.S.) and AABQ = AACP
QP :12=15:18(corr. sides, ~As)
= Q0P=10
/PBQ=/ABP+ ZABQ
= ZLABP + ZACP =90° (corr. Ls, =As)
BP?>+ CP*=PQ?>=100 (Pythagoras’ theorem)

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOHeat\HKMOheatanswers\HKMO2023heatans.docx ~ Page 5



Answers (2022-23 HKMO Heat Events) Created by Mr. Francis Hung

N5 %242 Ix+Yx—4=Yx-25132 F -
Find the product of roots of the equation 3/x +3x—4=3x—-2.
Lett=x-2,thenx=1¢+2,x—4 =t 2, the equation becomes t+2 +3t—2 =§/f

(672 (4]
t+2+3m-§/t—_2+3§/u_2-§/(t—72)2+t—2=t
t+ 33t - 4) - 4i+2+ 3823t - 4) =0
t+3§/@-(3/t+_2+§/t—_2)=0
t+33(t -4) %k =0

(€ - at) =t

27(F - 40 =1
288 —-108t=0
(72 -27)=0

f27 f27
t=0, [— or —|—

7 7

V 7 7
Productofroots=2(2+ 2][2_ ZJ

V 7 7
2(4_£j
7

~ N
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Group Events

Gl & 3292 gif B & = #F o Find the last two digits of 32023 .
Reference 2021 P1Q2
31=03,32=09,3*=27,3*=81,3=43,30=29,37=87,3*=61,3"=83,3'°=49
311=47,312=41,38=23,34=69,35=07,39=21,3" =63, 318 =89,39=67,32°=01
32023 = (320)101.33 = 27 (mod 100)
Method 2 (provided by Mr. Tam Chi Leung)
32023 3X(32)1011 = 3)((10 1)1011

1011

32 ClOll 01011 k

=3(101°11 —CiM 100+ CYM 10 4+~ Clis 107 + Cing 10 1)

=3(100m + 10110 — 1), where m is an integer
=300m + 30327
The last two digits = 27.

G2 ¥ 0<x<2>» % (

J2+x 2-x j{4 ZJm

V2+x—+2-x \/4 x> +x—=2 ?

J2+x 2-x j{ 4 2}

+
V24X =2-X JA—x2 +x=2

For 0 <x <2, find the value of (

Reference: 2017 FG3.2
Expression

V2rx_ N2exeN2ex | 2-x 4—x2+(2+x)][ 4_x2_g]
2 —(2-x) 2

J2+x P2—x L2+x+2-x J4
2+ x+A—x2 (Z‘X)(V“‘Xz*z‘x)( 4—x2—2]

_l’_
2+x—(2-x) 4—x2—(2—x)2

_2+x+\/4—x2+«/4—x2+2—x V4-x* -2
2X 2X X

24X 4 NA-X" -2 A-X"+2 NA-X"-2 _4-x"-4
- 2X X - X X X
G3 ¢ v tano fr tanP A2 P AR X2 —4x-2=0 192 -
A sin?(o + B) + 2 sin(a + B)cos(a + B) + 3 cos}(a + ) FhiE e
Given that tan o and tan B are the roots of the quadratic equation x> — 4x — 2 = 0.
Find the value of sin?(o + B) + 2 sin(a. + B)cos(a + B) + 3 cos?(a. + B).
tano +tan B=4,tan o tan f =-2
an(o + B) = tana+tanf 4 =i>0
1-tanatanp 1-(-2) 3
o + B lies in the first or third quadrant.
When a + [ lies in the first quadrant, sin(a + ) > 0, cos(a + ) > 0

=1

sin(a + 3) —%, cos(a+B)=—

5
2 2
Expression = ﬂ +2 ﬂ § +3 § :ﬂ
5 5/)\5 5 25

When a + B lies in the second quadrant, the answer is the same.
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G4 PEFS5BAFanEEZEZSBEF Ffltlr- FREZLA BpSNEOFL L Fike &
ArF REF T G P o
Five distinct odd numbers and five distinct even numbers are arranged in a row such that the
product of any two consecutive numbers is always even.
Find the number of all possible arrangements.
Method 1 Arrange the five odd numbers in a row, number of permutations = 5! = 120
The following pattern shows one possible arrangement:
| | 0 | | 05 | 01| | 04 | | 05 | |
Gi G2 Gs G4 Gs Gs
Mark the gaps amongst these odd numbers as G1, G2, G3, G4, Gs and Ge .
If E; is put into Gy, then only the following pattern is possible:
 E | o | E [o0o | E [ o [ E | O | E [ 05|
Number of permutations for putting "E"s = 5! = 120
If Es is put into Ge, then only the following pattern is possible:
| | o | E [ os | E | oo | E | 0o | E [ Os | E
Number of permutations for putting "E"s = 5! = 120
If E does not put in G and Geg, then, the 5 "E"s must be inserted into G2, G3, G4 and Gs.
One of Gz, G3, G4, Gs must contain 2 "E"s, number of arrangements = P25 x 41 =480
Total number of permutations = 120x(120 + 120 + 480) = 86400
Method 2 If these 10 numbers are arranged in any order, number of permutation = 10! = 3628800
Let O be an odd number, E be an even number. Then Ex E = Ox E = ExO = even, OxO = odd
We find the number of ways so that the product of at least one pair of consecutive number is odd.
Case 1 Divide these five odd numbers into groups of (0102), O3, O4, Os .
Number of ways of arranging these odd numbers = P, x 41= 480

Next, arrange the five even numbers in a row, number of permutations = 5! = 120

Then insert the 4 groups of odd numbers amongst the 6 gaps of even numbers so that every group of
odd numbers is separated by even numbers. Number of combinations =C, = 15

Number of different arrangement in case 1 = 480x120x15 = 864000

Case 2 Divide these five odd numbers into groups of (010.), (0304), Os .

Similarly, the number of different arrangements in case 2 = 5x P, x P7 +2 x3!x5!x C? = 864000
Case 3 Divide these five odd numbers into groups of (0103), (030405).

The number of different arrangements in case 3 = P, x P/ x 25 CJ = 432000

Case 4 Divide these five odd numbers into groups of O1, Oz, (030405).

The number of different arrangements in case 4 = P, x 35 C2 = 864000

Case 5 Divide these five odd numbers into groups of (01020304), Os.

The number of different arrangements in case 5 = P, x 25 C2= 432000

Case 6 Divide these five odd numbers into one group = (010,030405).

The number of different arrangements in case 6 =5&5k C> = 86400

Total number of arrangements = 3628800 — (864000 + 864000 + 432000 + 864000 + 432000 + 86400)
=3628800 — 3542400 = 86400
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G5 &B- 7 MAcN & % EAABC i# AB v BC } gk MN ¥ AABC
., AM 5 _ CN 3 DP
P MAp R P F =22 Z_ =2 £ —_chig o
1 *BM 3 BN 2 ' BP
In Figure 1, M and N are points on 4B and BC of AABC respectively. MN 5k
and the median of AABC intersect at P.
AM 5 CN 3

B

2s
N

S

C

If —=— and ——=—, find the value of E A—F
BM 3 BN 2 BP

Let AM = 5k, BM =3k, CN=3s, BN=2s,AD=CD =1t
Join AP, CP, MD. Let the areas be S. Sagur = p, Sagne = ¢
AAMP and ABMP have the same height but different bases
Suawe AM 5 5

= :—2SAAMP:_p
Speve BM 3 3

ACNP and ABNP have the same height but different bases
_SACNP = ﬂ = § = Sacnp=—
SABNP BN 2

AADP and ACDP have the same height and same base

=> Saapp = Sacpp

AABD and ACBD have the same height and same base
=> Sa4sp = Sacap

Saasp — Saapp = Sacsp — Sacpp => Saasp = Sacsp

p+5_p:q+3_q:>8_p:5_qz>£:15

3 2 3 2 g 16
ABMP and ABNP have the same height but different bases

Swe _MP _ P _MP_15 1ot mp =155, NP = 16x
Sene NP g NP 16
Draw PE , BF and NG // MD, cutting AC at E, F and G respectively.

By the theorem of equal ratios,

AD :DF =AM : BM=5:3, FG:GC=BN:CN=2:3,DE: GE=MP:NP=15:16
DF=%=O.61‘, CF=CD-DF=t-0.6t=0.4t

GC=§CF =§><O.4t= 0.24t, FG =ECF =E><0.4t= 0.16¢
5 5 5 5

DG=DF+ FG=0.6t+0.16¢=0.76¢

DE = 15 DG=EXO.76t=Et,GEZEXOjGtZ@t
15+16 31 31 31 31

FE= GE—FG=@t—O.16t=Bt
31 31

DP_DE _114 72 _19

BP FE 31 31 12

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOHeat\HKMOheatanswers\HKMO2023heatans.docx
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Produce MN and AC to intersect at Q. Let CQ be x.
Apply Menelus theorem, AABC is cut by MNQ.
AM BN CQ 1

MB NC QA

52 X

10x =9(x + 2b)
x=18b
Apply Menelus theorem, AABD is cut by MPQ.
AM BP DQ 1
MB PD QA
5 BP x+b 1

3 PD x+2b
5 BP 18b+b 1

3 PD 18b+2b
DP 19

BP 12

X+yz=6  --een (]_)
G6 X x~y % z ¥ P REGEIYFIX=6 e (2)’:]“‘\xyz % B o
Z+Xy=6 .- (3)

X+Yyz=6
If x,y and z are real numbers that satisfy the system of equations {Yy+2X=6
Z+Xy=6

find the largest possible value of xyz .
From(1):x=6—-yz ----- (*)
Sub. (*)into 2): y+z(6 —yz) =6 =y +6z—yz2 =6 =>y(1 -22) =6(1 —z) --+--- 4)

Ifz=1, then (1) becomes x + y = 6 and (3) becomes xy =5 = (x,y)=(1,5 or (5, 1) = xyz=5

Ifz # 1, then (4) becomes y(1 +z)=6:>y=% ...... (5)
+
Sub. (5) into ("‘)x=6—£=i ...... (6)
1+z 1+z
. 6 6
Sub. (5), (6) into (3): Z+————=6
1+z 1+z

2(Z2+2z+1)+36=6(z2+2z+1)
23-4z22-11z+30=0
(z=5)(2+z-6)=0
(z=5)(z+3)(z-2)=0
z=5,-3o0r2
Whenz=5,x=y=1,xyz=5
Whenz=-3,x=y=-3,xyz=-27
Whenz=2,x=y=2,xyz=28

The largest possible value of xyz is 8.
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G7

G8

Kdclicn] (a,) %k 5 a, =100+ B9 n b0 e d 5 a fra, kot 2 Tk
Fod, Es E e
A sequence of integers {an} is defined by a =100 + n?, where n is a positive integer.
Let d, bethe greatestcommondivisorof a, and a_,.Find the greatest possible value of d .
The solution is provided by Mr. Tam Chi Leung.
{ n?+100=0 (mod d) - (1)

n*+2n+101=0 (modd ) - (2)

2)— (1): 2n+ 1 =0 (mod dy)
2n =-1 (mod d,)
4n’=1 (mod dy) -+~ (3)
From (1) n?> =-100 (mod d,)
4n?=-400 (mod dy) ----- 4)

(3)—(4): 0=401 (mod d»)
As 401 is a prime number, d, =401 or 1
.. The largest possible value of d, is 401.

Chx B oy AR FEIBRE 2P =4-(1)F xy=2---(2) °
F x+ty ?,’%%Va\/an\/E’—,ﬂt‘ a~b % ¢35 Bl F 100a+ 10b+c ek | (& o
Given that x and y are positive real numbers satisfying x> —y?> =4---(1) and xy = 2---(2).

If the value of x + y can be expressed in the form of a\/b+ Jc , where a, b and c are positive
integers, find the least value of 100a + 105 + c.

From (2), y =§ -+(3)

Sub. (3) into (1): X _% _4

x*—4x?-4=0
2=2+242 or 2-2J2 (<0, rejected)
x=\/2+2\/§ or —\/2+2\/§ (<0, rejected)
=\/2(1+\/§)=\/2(\/§+1)

2

2(J§+1)

2 /7
NN \/J_l

x+y=\/2 2+1 +\/2(«/§—

(x+y)2=2(ﬁ+1)+2 4Jﬂ+2(ﬁ—1)
—4+42
x+y=4+4J2 =241+2

(a,b,c)=(1,4,32),0r (2,1, 2).
100a+10b+¢c=140+32=1720r200+10+2=212
The least value of 100a + 106 + ¢ 1s 172.

y:
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GY9 T&% f(o)=22+4z> 2V z - BAF# K z=x+2i> 579 x 22-FF ¥
. f(f(2))-f(2)
z—f(2)

Define f(z) = z? + 4z, where z is a complex number. let z = x + 2i, where x is a non-zero real
f(f(2))-1(2)
z-f(2)

f(f(z)) = (2% + 4z)> + 4(z> + 42)
=z4+ 823 + 1622 + 422 + 162
=74+ 823+ 2022 + 162
f(f(z)) — f(z) = 2* + 82 + 2022 + 162 — (2> + 42)
=z4+8234+ 1922+ 122
z—f(z)=z— (2% +4z)=—(z* + 32)
f (f (Z))—f (z) _ 2'+82°+207° +16z

z—f(z) 7°+3z2
_2°+82°+202+16

z+3

= (2 +5z+ 4)

= —[(x + 20)* + 5(x + 2i) + 4]

= (x> +4xi—4+5x+10i +4)

= —[(x? + 5x) + (4x + 10)]
It is a purely imaginary number = Real part =0
X2 +5x=0
x=0o0r-5

- PRk F x i@

number. If is a purely imaginary number, find the value of x.

"’ x is non-zero .. x =—5 only

=26 1
G10 = 7> 425 - B9 iz {BIOga(\/;Ioga X) 26 ( )

3log, (+/xlog, x) = 26--(1)
09,0, X = 24---(2)

b

The following system of equations has one real number solution {

find the value of a .
26

From (1), vxlog, x=a2 .- (3)

1

From (3), log, x=x2 ...... (4)
ro1 %
Sub. (4) into (3): X2-x* =a3
13 26
X% =a?
x=qlo...... 5)

Sub. (5) into (4): log, a** =(a* )
2

16=a3

a=64
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