Answers: (2023-24 HKMO Final Events)

Individual Events

Created by: Mr. Francis Hung
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C 116 C 40 C 6 C J52
D 4 D 144 D 2 D 64
Group Events
Gl| P 8010 G2| a 24\/7 G3| n 14 G4 -14
A 6 b 527 b—a 10 X 6
should switch
numbers 13696 c 4 gain S 7400 2 466 : equation |x? +90x+ 2 = 0
m 1 d 2 Area 1000 cm? Area w2 -
see the remark

Individual Event 1

I1.1

cqrom e on BLEEH oAk mtntmn=54 2 A=m+n-> £ 4 5@ o
Given that m and » are positive integers. If m + n + mn = 54 and A = m + n, find the value of 4.
Reference: 2006 FG2.4, 2024 FG4.1

l+m+n+mn=>55
(1 +m)(1 +n)=55
l+tm=51+n=11 &

l+m+n+mn=>55
(1 +m)(1 +n)=55

1+m=11,1+n=5 (1+m=51+n=1lorl+m=11,1+n=>5

m=4>n=108 m=10>n=4 m=4,n=10orm=10,n=4
A=m+n=14 A=m+n=14
1.2 % fla)=a—2 Fa. b =b+ta+d> B=F@& 15) £ BHiE -

If fla)=a—2,F(a,b)=b*>+a+A and B=F(4, f(5)), find the value of B
Reference: 2023 F14.2

f(5)=5-2=3
F4,f(5)=F@4,3)=3*+4+14=27
B=27
.3 fxy BTe o d (B+2,00(-B-2,0)-(0,2) 2 (0,-2)%F y
Rz FAewm s CT 2 H > RCoi o
The area of the rhombus on the x-y coordinate plane with vertices X
(B+2,0), (=B -2, 0), (0, 2) and (0, —-2) is C square units. Find the value (-29,0)
of C. (0.-2)
Reference: 2023 FI3.3
1
-2 [2-(-2)][29-(-29)]
=116
1.4 4% D £ i (%+227)D=D R D i o
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If D is a positive integer such that (% + 227]0 =D, find the value of D .

Reference: 2023 FI13.4
% +227=D"

D=4
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Answers: (2023-24 HKMO Final Events) Created by: Mr. Francis Hung
Individual Event 2
121 = A4 & 20227 enipizdic 4 -
A is the units digit of 20222°*"" | Find the value of 4 .

2 =2,22=4,2°=8,2*=6 (mod 10) 21=2,22=4,23=8,2*=6 (mod 10)

T REF OREEIR 4 DBEEH - X o This pattern repeats for every multiple of 4.
2023 = -1 mod 4, 2023? = 1 (mod 4) 2023 = -1 mod 4, 2023% = 1 (mod 4)
T REF R ESRE 2 Rk EH - & o This pattern repeats for every multiple of 2.
2023224 = | (mod 4) 2023%2% = 1 mod 4

32024

20222%™ =2022' =2 (mod 10) 20222%™ =2022' = 2 (mod 10)

A=2 A=2

122 ¢ 40 (x+20)°+(y—24)? chd | BE B> ¢ xfry 34 19x+ 13y =4 hiF iz -
£ B hit o

B is the minimum value of (x + 20)? + (y — 24)* , where x and y are integers that satisfy the
equation 19x + 13y = 4. Find the value of B.

19x + 13y =2
13x6 — 19x4 =2

- iR

= (13k+ 162 + (-

(-4,6) & - iz
tx=-4+13ky=6-19

(x +20)* + (y — 24)?
= (-4 + 13k +20)> + (6 — 19k — 24)?

19k — 18)?

= 169k* + 416k + 256 + 361k> + 684k + 324
= 530k* + 1100k + 580

19x + 13y =2

13x6 —19x4 =2

(-4, 6) is an integral solution

The general solutions: x =—4 + 13k, y=6— 19k
(x +20)* + (y — 24)?

= (4 + 13k +20)> + (6 — 19k — 24)?

= (13k + 16)*> + (~19k — 18)?

= 169k> + 416k + 256 + 361k* + 684k + 324

= 530k + 1100k + 580

2 2
110, 557 552 x10 _ » 110, 557 55 %10
= 2, 20 _ =530\ k*+—k+ +580—
530(k 5 k+53 J + 580 ( 3 32 =3
=530 k + 55 +@ —530(k 55) +@
53 53 53 53
k=0 5 =580 k=0, expression = 580
_ N k=-1, expression = 10
k=-1, & 3;=10
k=_2 & i X = 500 = -2, expression = 500
7 B=10
B=10
12.3 4+}t’4 ’J%ﬁ‘fﬁfrfﬁ ﬁﬁﬁﬁi’?fFaﬁﬂ.ié)gt'E_{Co&r%ﬁ%B&Eﬁ;é ‘jﬁ-ﬁi’ -

frfd SEIRB B T GIR 5 3125 4ok e 2 BIEEd IRk o d o d ki gt b
Pl 213 & Ceig o

There is C marbles in a bag, which are either red or blue. If we add B red marbles to the bag,
the ratio of red marbles to the blue marbles becomes 3 : 2. If we add B blue marbles to the bag,
the ratio of red marbles to the blue marbles becomes 2 : 3. Find the value of C.

BK 2
PR 7

3 ox i d IR o

)3 (C—x) 3p 7 H3k o
x+10): (C—x)=3:2 - (1)
x:(C—x+10)=2:3

d (1)7% : 2x+20=3C—-3x From (1): 2x +20=3C - 3x
5x=3C—-20------ (3) 5x=3C—-20------ 3)
#(2)7% 1 3x=2C-2x+20 From (2): 3x =2C — 2x + 20
5x=2C+20 ------ 4) 5x=2C+20 :----- 4)
(3)—(4): C=40 (3)—(4): C=40

Suppose there are x red marbles originally.
Then there are (C — x) blue marbles originally.

x+10): (C—x)=3:2 -+ (1)
x:(C—x+10)=2:3
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Answers: (2023-24 HKMO Final Events) Created by: Mr. Francis Hung

R4 = 5(\/25+2J5+\/25—2\/B)=c v F D ehig o

If 5(\/25 +2JD +J25—2JB) — C, find the value of D .

5(\/25+2\/5+\/25—2\/5)=40

(\/25+2J5 +\/25—2J5)2 — 64

25+ 27D +24/625—4D +25-2JD = 64
2J625—4D =14

625-4D =49

D=144
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Answers: (2023-24 HKMO Final Events) Created by: Mr. Francis Hung

Individual Event 3

, . , 11 2 . S
31 5 x fry 5m&> 4% —+—=§ 3 e B K A=x+y qiE -

Xy
I 1 2
If x and y are two different positive integers such that —+—=— find the value of A =x + y .
Xy
y+x _2 y+x _2
xy 5 xy 5
2xy =5x+ 5y 2xy =5x+ 5y
4xy —10x — 10y + 25 =25 4xy — 10x — 10y + 25 =25
(2x-=5)(2y—-5)=25 (2x-5)(2y—-5)=25
(2x—=5,2y-5)=(1,25),(5,5) & (25,1) (2x—-5,2y-5)=(1,25),(5,5) or (25, 1)
CXNYy BRI " x, y are different positive integers
s y)=3,15) & (15,3) S (6 y) =3, 15) or (15, 3)
A=x+y=18 A=x+y=18

132 B &5 t F#N#{FT ijf“f Y+ (19 - A4) eh#® > K B HiE o
If B is the number of positive integers N such that 2V + (19 — A) is divisible by 7,

find the value of B .
2N+(19—A)=2N+(19—18)=2N+1 2N+(19—A)=2N+(19—18)=2N+1
21+153,22+155,23+152(mod7) 21+153,22+155,23+152(mod7)

T BT REFIE 3 hZsicE A - = o |This pattern repeats for every multiple of 3.
DY E - B EEN VN1 2 a7 ﬁ;_ﬂ,f o 2V + 1 cannot be divisible by 7 for every
B=0 positive integer N

B=0

133 25 afrb 3HBE> e a*?—b*=9 2 gh=3 P #K o

EHNIERK a fr Co a+b=yJa+C—B » £ C @it

Given that a and b are real numbers such that a> — b>* =9 and ab = 3.

If atb=+Ja+C-B for positive integers o and C, find the value of C .

3 3
K b== » 2-b*=9 Sub. b== intoa®>-b*=9
a a
2 3) 4 2 2 3) 4 2
a—-|—| =9 2a"-9%4*-9=0 a—-|—| =9 2a"-9%4*-9=0
a a

» 9+ I
2

va R LAP20=>a caisreal .. a*>>0=a

,_9+117
2
9  9x2  117-9 J117-9 e 9 9x2 N17-9 _Jil7-9

br=—= . = =_ = . =
a 9+4117 J117-9 2 a 9+4117 J117-9 2

(a+ by =Ja+C (& 4v) (a+ by =Ja +C (given)

@ +2ab+ b =a +C @ +2ab+ b =Jo +C

9+g“7+J“;_9+6=Ja+C 9+g“7+vnz_9+6=J&+c

117 +6=~Ja +C 117 +6=+Ja +C

w7 G EEEC 62 C L7 ik - +/117 isirrational, 6 and C are rational

~C=6 ~C=6
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Answers: (2023-24 HKMO Final Events) Created by: Mr. Francis Hung

og, x , . Cl
B4 % x5 4 (log, x) ™ =x et £ 9 o LF e a>10 & D:% i -
a
If x is real root of the equation (loga x)log“x =x,where aisaconstantanda > 1,
Cl
find the value of D =% .
a

(log, x)log”x =X
log, [(loga x)log“x} =log, x

log, xlog, (log, x) =log, x
log, (log, x) =1
log,x=a
x=a"
D Clog,x _6log, a“
3a 3a
_2alog,a

2
a
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Answers: (2023-24 HKMO Final Events)

Individual Event 4
141 4% 4>1 ¢ 1+i+i+i+ =A
A A4 A 3
I 1 1
IfA>1and I+—+—+—+
A 4 A

Created by: Mr. Francis Hung

= F 4 iE e

---:?,ﬁndthe value of 4 .

I e R 2l F IE 2o o

AT

) _'/E\\:‘ 0<l<10
A

| =

1

b
A

34=A(A-1)
A2 —44=0
A=4

3

The above is an infinite geometric series with
.1 1
common ratio =— , where 0 <—< 1.
A A

14
L3

y
34=A(4-1)
£ -44=0
A=4

14.2 &r%%{: x> ﬁixz—Bx+éB=Oéﬁ— B> £ B g o

1. : .
If y is a root of the quadratic equation x’

—Bx+%B:0,ﬁndthe value of B .

l _§+1B:0
4 4 6
B:E
4
43 T R+ B*® 0= £ 4c% tanO=B> H 7 0°<0<90°>
R C i o
Consider the triangle in the figure on the right.
If tan 6 = B, where 0° < 0 < 90°, find the value of C.
4
tanBZ%,sinBZE,cosE):—
C? =32+ 52 — 2x3x5%c0s(90° + 0)
. 3
C2=34+30s1n9=34+30><§=52
Cc=452
144 % d=C*-20> 4% D %% >4z 8=D'> £ D #iE o
Let d = C?—20 . If D satisfies the equation 8 = D the value of D .
d=52-20=32 d=52-20=32
8D:D32 8D:D32
230 =p32 ... (1) 2D =p32 ... (1)
kK D=2" Let D=2"

b (1) 5% e B T 3x27 =32
107 %34 % 0 % 1=3 » ()7 : LHS#RHS
K x=6 »(2);% : LHS=RHS

x=06

D=2°=64

Compare the indices of (1): 3x2* = 32x

By trial and error, put x =3 in (2): LHS # RHS
Put x =6 in (2): LHS = RHS

x=6

D=20=64
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Answers: (2023-24 HKMO Final Events) Created by: Mr. Francis Hung

Group Event 1

Gl.l 532 &= $2)4ABC*75 fL55 & Flic> P AB =189 4
.}‘».. & A5ABC % B P o
Find the perimeter P of the right-angled triangle ABC if all 80

the side lengths are positive integers and 4B = 89.

B C

K BC=a,AC=b Let BC=a,AC=b
a* +89% =’ a’ + 897 = b’
(b+ a)(b — a) = 892 (b+a)(b—a)=89

9 ZF#ZE b>a ¥ iIEK "+ 89 is a prime and b > g are positive integers
SL(bt+a,b—a)=(7921,1) S(bta,b—a)=(7921,1)
b=3961, a =3960 b=3961, a=3960
P=3961+3960 + 89 =8010 P =3961+3960 + 89 = 8010
G1.2 & A F_ 88882022024 i i+ fic o F 4 1fE o

If A is the units digit of 88882%2*?* | Find the value of 4.

81 8,8 =4,8=2,8"=6(mod 10) 81=8,82=4,8=2,8"=6 (mod 10)

TREFOREFIE 4 DBREEAHF - X o This pattern repeats for every multiple of 4.
20242024 = 0 (mod 4) 20242024 = 0 (mod 4)
888820242024 _ 84 — 6 (mod 10) 888820242024 — g4 — 6 (mod 10)

4=6 A4=6
Gl3 5 5% 5 =g 75> 1 B "1, 45> 1 B3, 79
How many 5-digit numbers contain at least one “1” and at least one “3” ?

33— 5 fndk— £ 73 1 9x10*=90000 Method 1 No. of 5-digit numbers = 9x10* = 90000
RF Doy 35 ko If there are no ‘1’ and no ‘3’,
-3 7x84—28672 [ numbers = 7x8* = 28672
R - B foing 3ehS ik If there is only one ‘1’ but no ‘3°,
£ 3 Ix8*+ Txdx83 = 18432 1 numbers = 1x8* + 7x4x8> = 18432
F- Bl S il § 18432 B Ifthere is only one ‘3’ but no ‘1’ ,numbers = 18432
F A B ot 35 ik If there are 2°1’s but no ‘3’,
~ £ 4 =4x8+ Tx C,) x82 = 4736 (@ numbers = 4x8> + 7x C; x8> = 4736
48 B d 1S il § 4736 B If there are 23’s but no ‘1’°, numbers = 4736
4 Z B et 3enS ik If there are 31’s but no ‘3’,
- 4’5 = Tx4x8 +C’; %82 = 608 B numbers = 7x4x8 +C§ X82 =608
R4 2 B3 feind IhS i 608 @ If there are 3°3’s but no ‘1, numbers = 608
w e 3 S F T+4x8 =39 B If there are 4“1”s but no “3”, numbers = 7+4x8 =39
i3 e ,’5 Vens mdic 39 B {fthere, are 4°3’s but no L, r,lumbers =39
T4 1R 5 333334 1 ik 111117, number = 1; *33333’, number = 1
4 B 90000-28672—(18432+4736-+608+39+ 1)x2 Total=90000—28672—(18432+4736+608+39+1)x2
= 13696 & - 13696

Method 2 If there is only one ‘1’ and one ‘3’,
numbers = 4x83x2 + 7x P x8% = 9472

If there is 2°1°s but only one ‘3°,

numbers = 7x8x Cy x2+ B x82 + Cy x8% = 1824

If there is 2°3’s but only one ‘1°, numbers = 1824
If there are 2°3’s and 2°1’s,

numbers = 7x Cy +Cy x2x8 +C; x2x8 = 234
If there are 3°1’s and one ‘3,

S B - BUfo- B35S ko
— 24 =4x82+ Tx B x82=9472 %
7 l[%‘l’ fo— B35 =¥
2 4 = 7x8x Cy x2+ B x82 + C; x82 = 1824 i
BB 3fe- BUHS #1824 B
A B fod B3eS ik
x5 =7x C;-FC; x2x8 +C§ x2x8 =234 i
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Answers: (2023-24 HKMO Final Events)

Created by: Mr. Francis Hung

B Ufe- B35 ko
£ 4 =C) x2x8+ 4x8 + Tx4 = 156

2B e- BURS il 156 @

Z B Ufes B3RS el £ =C+4=10
ZB3fed BUenS5 iz F 10 B

z B fe- B3RSl 3 =1+4=51
B3 fo- B il 5

A8 8= 9472 + 1824x2+156x2+ 234 + 30 = 13696 i

numbers = Cy x2x8+ 4x8 + 7x4 = 156
If there are 33’s and one ‘1°, numbers = 156
If there are 3°1’s and 2°3’s, numbers =C§ +4 =10

If there are 33’s and 2°1°s, numbers = 10

If there are 4°1°s and 1°3’, numbers =1 +4 =15

If there are 4°3’s and 1°1°, numbers = 5

Total =9472 + 1824x2+156x2+ 234 +30= 13696

Gl4 %G m HEFl#afo b it a*+4b* 5 F > £ m hiE o
Let m be the number of possible pairs of positive integers a and b for which a* + 4b* is a prime

number. Find the value of m .

a*+ 4b* = a* + 4a°b* + 4b* — 4a’P?
= (a* + 2b*)* — (2ab)?
= (a® + 2ab + 2b*)(a* — 2ab + 2b?)
a*+2ab+2b*=p> - B F#3
a*—2ab+2b*=1
(a—by*+b*=1
a=b % b=138 a-b=1% b=0
(a, b)=(1,1) & (1,0)
R & g?+2ab+ 207 =p
1+2+2=p (&%)
1+0+0=p * £ F#k (¥32)
S(a,b)=(1,1)
m=1

a*+ 4b* = a* + 4a°b* + 4b* — 4a’P?

= (a* + 2b*)* — (2ab)*

= (a® + 2ab + 2b*)(a* — 2ab + 2b?)
a*+ 2ab + 2b* = p , a prime number and
a*—2ab+2b*=1
(a-by+bp =1
Eithera=bandb=1ora—-b=1and b=0
(a,b)=(1,1)0r(1,0)
Sub. the solutions into a® + 2ab + 2b> = p
1 +2+2=p (accepted)
1+0+0=p,nota prime, (rejected)
S(a,b)=(1,1)
m=1
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Answers: (2023-24 HKMO Final Events) Created by: Mr. Francis Hung

Group Event 2

1 11
G21#% x>0 ¢ dv x——=+37 a=xX"+X +x+—+—+— » fa iE
X X X X

1 I 1 1
Letx > 0. Given that x——=+/3 anda=x" +x° +X+—+—+—, find the value of a .
X X x x

x—l:\/g :>x2—2+i=3
x x?

) 1 1Y
X424 —==T=x+—| =7

x x
wilo 7
x
X2+—2:5
x
3 1 LY » 1
X +—==|x+— | x -1+— =\/7(5—1)=4\/7
e ¥ 32
» 1 31 s 1 1 s 1
X+ ||+ =(5)(4\/7):>x +—5+x+—=20\/7:>x +—5=19\/7
X X X x X
a=(x5+i5j+(x3+i3j+(x+lj=19\/7+4\/7+\/7=24\/7
X X x

G2.2 * 20241 & FEH: 152345622024 33 11— B ATA #c 123456789101112---2024-
FhEGBHEH T0, i » K b hiE o

Using the first 2024 positive integers: 1, 2, 3, 4, 5, 6, --- , 2024, a new integer is formed as
123456789101112---2024. If b is the number of “0” in this integer, find the value of 4 .
‘0" edc P Number of ‘0’s
,2,--,9,10, 11, ---,99 9 9
100, 211, ---, 999 (11 +9)x9 (11 +9)x9
1000, 1001, ---, 1009 21 21
1010, 1011, ---, 1099 90 +9 90 +9
1100, 1101, ---, 1999 (11 +9)x9 (11 +9)x9
2000, 2001, ---, 2009 21 21
2010, 2011, ---, 2019 11 11
2020, 2021, 2022, 2023, 2024 6 6

‘0’ % % Total number of ‘0°=9 + (11 +9)x9 +21+90+9 + (11 +9)x9 + 21 + 11 + 6 =527
G2.3 ¢ &_2024%-2023% ¢ Flccr#ic® o R ¢ hiE o
c is the number of positive factors of 2024% — 2023 .

2024% — 20232 = (2024 + 2023)(2024 — 2023) 2024% — 20232 = (2024 + 2023)(2024 — 2023)
=4047 =3x1349 » 13495 F #k = 4047 = 3x1349, 1349 is a prime

o F#cE 131349 ~ 4047 - The positive factors are 1, 3, 1349, 4047.

c=4 c=4
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Answers: (2023-24 HKMO Final Events) Created by: Mr. Francis Hung

G2.4 B3k TO,~T1 s T2 v o2 To AR EHA ~ - ~ -~ fri = o

SpERH- o E 207 xpavio T ERHH KEL Tdyo K d i
Let “0”, “17, “2”, .-« and “6” represent Sunday, Monday, Tuesday, --- and Saturday
2024

respectively. Today is Monday. If “d” represents the day of week that comes after 20% days.
Find the value of d.

20=7x2+6 = 20=-1 (mod 7) 20=7x2+6 = 20=-1 (mod 7)

20 =(-1)’=1 (mod 7) 20 =(-1)’=1 (mod 7)

TREFOREFIE 2 DR EEHF - X o This pattern repeats for every multiple of 2.

2420% 8 _ (B e o 24?024 {5 an even number.

42024 20242024 =1 d7
20" =1 (mod 7) =1(mod 7)
2024 242024 .
20 p s o The day after 20 days is a Tuesday.
d=2 d=2
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Answers: (2023-24 HKMO Final Events)

Group Event 3
G3.1 #H ¢

Created by: Mr. Francis Hung

el Bl n 8 210428 40" AL - B r T ko

Find the smallest positive integer n such that 2'° + 213 + 27 is a perfect square number.

210+213+2n=m2

20 +8)+2"=m’

2" =m? — (2°x3)?

2920 = (m + 96)(m — 96)
m+96=2* m—-96=2"%a,b eZ"
192=2¢-2b a>peZ'

20x3 =20(240 — 1)
hb=6,2"_1=3=2"=4=74=8
2n=28><26=214

n=14

G32 % A>+b+6a—14b+58=0° F b—a

Suppose a* + b* + 6a — 14b+ 58 = 0 . Find the value of b—a .

a*+2a(3)+32+b*-2b(7)+7*=0
(a+3P+@b-77%=0
a=-3,b=17
b—a=7-(3)=10

G33 &l » A4 pehE - B &R
3 Ve s R A R R i
THRE S L - RE - BAE O BF
I:L'J—‘? i/;’ﬁ

PEHEE T Y E o

SR

,/,

BT $8,000 o - S F Y Ry — B
44 ,}; - BAFEL B RE RN FIRER o in ﬂg’"«
LA ET T - BAE o AREE B 75

PHIAF o NP R Y - B A > & FS200- HRTE Ufﬁzv,% ?

There was a chest containing $8,000 buried in one of the corners of a square piece of land. In a
contest, you and another man called “Mr. Badluck” were digging for the chest. Mr. Badluck
had one peculiarity: he always made the wrong choice. You won the toss and chose first. You
picked a corner, and Mr. Badluck picked another. Before you started, you observed that Mr.
Badluck found no chest. The rules of the game allowed you to make a switch to another corner,
but with a penalty of $200. Should you make a switch?

Calculate the expected gain from making the switch in dollars.

#-p A b LEAB-C 2 Do

* 7 ¥ P(A)=P(B)=P(C)=P(D)=—

BHiE= $l x8000 = $2000

lh&l:bsfﬁ)/llw] i-ll{ﬁ]B’mB
)1 3 o ok R 4k PR HeniE it

1

2 e ¥ —$(— 8000 —200) = $@>$2000 o

l,l\}‘l@ i ijl,f.'

Label the four corners as 4, B, C and D.
1

Without switching, P(4) = P(B) = P(C) = P(D) :Z
1
Expected gain == $Z x8000 = $2000

Suppose you had already chosen 4 and Mr. Badluck
had chosen B; while B doesn’t contain the chest. If]
you switch, then the conditional probability P(C | B

is not) = P(D | B is not) :l

Expected gain $( —x8000-200)=$ %>$2000

You should make a sw1tch.
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Answers: (2023-24 HKMO Final Events)

G34 - By 8355 TR

Created by: Mr. Francis Hung

() d ZXEREPMBS BRIEL D= A5
#5-2.1,000 cm? ; -
(i) CH=DI- .
N LR !
A convex hexagon has the following property:
(1) all the triangles formed from any vertex with the two I
adjacent vertices have an area of 1,000 cm? ; and
(i) CH=DI

Find the area of the hexagon.

B CGeJHAp 2 >0 > CIZ2DHAp %Y A4 -
BKOC=p~0J=q~0G=r~0OH=5s"-
Sacur = Sacac = Saocu + Saocy = Saock + Saonc

Saocs = Saonc = % pq sin LCOJ = %-rs sin ZGOH

o /COJ= /GOH (475 &)
o pg=rs=2L_0C

OH OG
/ZJOG=/ZCOH (178 %)
ACOH ~ AGOJ (4 & vt 6 » — % & 4p %)
JCHO=/GJO (1p 1= & 254 &)
L CHIJG(R & &4p %)
. CH/IDI/JG,CJ//HD /I GI,JD// CI /| HG
CDHIE ~ B 7w i#2;(4f4p % 2 T 7)
ACIDR~ BT Fu ifa)(d 4 BT 7l )
AHGIE - BT 7w f25(d A T 780 3)
Saarr = Sagrr = 1000 cm?
Saacp = Sasep = 1000 cm?
ACHGE- BT 7w f75(d 5 0T 78 0 &)
ADGIR -~ BT 7w B25(d A oL (718 )
Saact = Sacer = 1000 cm?
Saapr = Sagpr = 1000 cm?
+ 2 eh5 = 1000x6 cm? = 6000 cm?

Suppose CG meets JH at O, CI meets DH at A.
LetOC=p,OJ=¢q,0G=r,OH=5s.
Sacur = Sacuc = Saocu + Saocs = Saoch + Saouc

Saocs = Saonc = % pq sin LCOJ = %-rs sin ZGOH

 LCOJ = ZLGOH (vert. opp. £5s)

S pq=rs =07 _0C

OH 0G
£JOG = ZCOH (vert. opp. £s)
ACOH ~ AGOJ (ratio of 2 sides, inc. £)
ZCHO = ZGJO (corr. Zs, ~As)
S CH/IJG (alt. Zs eq.)
- CH//DI/lJG,CJ// HD /I GI,JD /I CI/| HG
CDHI is a //-gram (opp. sides eq. and //)
ACJD is a //-gram (formed by 2 pairs of // lines)
AHGI is a //-gram (formed by 2 pairs of // lines)
Saarr = Sacar = 1000 cm?
Sascp = Sasep = 1000 cm?
ACHG is a //-gram (formed by 2 pairs of // lines)
ADGI is a //-gram (formed by 2 pairs of // lines)
Saacr = Sacer = 1000 cm?
Saapr = Sacpr = 1000 cm?
Area of hexagon = 1000x6 cm? = 6000 cm?
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Answers: (2023-24 HKMO Final Events)

Group Event 4

Created by: Mr. Francis Hung

G413}k a~b 522 FF#Hc> P BE > a—ab+b=18¢° F a+b ig o
Let a , b be non-zero integers satisfying the equation a — ab + b = 18. Find the value ofa + b .

Reference: 2024 FI1.1

a—-ab+b-1=17
1-a)b-1)=17
1-a,b-1)=(1,17) & (-1,-17)
(a,b)=(0,18) (#2) & (2,-16)
at+tb=-14

a—ab+b-1=17
(I-a)b-1)=17
(I-a,b-1)=(1,17)or (-1,-17)
(a, b) = (0, 18) (rejected) or (2, —-16)
at+b=-14

G42 % x 52— I Bfc P A E x(x+ D(x+2)(x +3)=3024 - £ x hiE -

Let x be a positive integer satisfying x(x + 1)(x + 2)(x + 3) = 3024. Find the value of x .

x(x+ 1)(x +2)(x +3)=3024

(% + 3x)(x* + 3x +2) = 3024

(x* + 3x)> + 2(x* + 3x) + 1 = 3025
(? + 3x + 1)> =552

2+3x+1=55 & x*+3x+1=-55
2 +3x—54=02& X’ +3x+56=0
(x—6)(x+9)=0 &2 F #jz
x>0 x=6

x(x+ 1)(x +2)(x +3)=3024

(% + 3x)(x* + 3x +2) = 3024

(x? + 3x)> + 2(x* + 3x) + 1 = 3025
(? + 3x+ 1)> =552

2 +3x+1=550rx*+3x+1=-55
x> +3x—54=0o0rx*+3x+56=0
(x = 6)(x +9) =0 or no real solution
v x>0..x=6

G433k o P ZZF 3 FP+6x+2=0 A B o

2

2
. o v s v . L
Frr — Ae b PPE X e idic: 1 o xR
p a
Let a,, B be the two roots of the quadratic equation x>+ 6x +2 =0.
2 2
. . ) a . .
Find the quadratic equation whose roots are — and “—, and coefficient of x* is 1 .
a

oat+tpB=-6,apf=2

o + B = (o + B)(o® — ap + B?)
= (o +B)[(oe + B)°— 30p]
=-6[(-6)* - 3(2)] =-180

P 90
f «a af 2
2 2
a—x—=ocB=2
f «
x> +90x+2=0
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Answers: (2023-24 HKMO Final Events)

G44 +Blz v "L d - B s - Fflfo- B2
e ABCDE ~ B £ 2 7)o RIEFINA e ff o
The unshaded part in the diagram on the right is made
up of a quarter-circle and a semi-circle which touch

each other externally. ABCD is a rectangle.
Find the area of the shaded part.

Created by: Mr. Francis Hung

MI4psh A FT
2 G2
E
2
D S 4
E c

Bire A= e (X Aph > F 2 G s
E el - R D FoG 5 -
DG=DF+FG=2+1=3

CD*+CG*=DG* (& <~ 32)

Suppose the quarter-circle and the semi-circle
touch each other at F and G is the centre of the
semi-circle. Then D, F, G are collinear.
DG=DF+FG=2+1=3

CD? + CG? = DG? (Pythagoras’ theorem)

CG=+3%-1* =242

‘/_1 - i CG=+3> -1 =242
LR F=2V2%x2——-7(2) ——-7(l
B =232 x 4 7(2) 2 7(1) Shadedarea=2\/§><2—%-7r(2)2—l-fr(l)2

kY4

=42 -
V2 2 =4J5—%?

Remark: the original question was:
LRIZm™Aad - Be s - Flio- BERES A4

FIEF0A 5 -

The unshaded part in the diagram on the right is made up of a
quarter-circle and a semi-circle. Find the area of the shaded part.

L

D E C

If ABCD is not a rectangle, then it is impossible to find CD and hence the area of of the shaded part.
Furthermore, the fact that the quarter-circle and the semi-circle touch each other externally must be

specified.
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