Answers: (2023-24 HKMO Heat Events)

Created by Mr. Francis Hung
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Il & 2024 975 Fliez fe o
Find the sum of the factors of 2024.
Reference: 2002 FG4.1
2024 = 23x11x23
The positive factors may be 2211°23¢, where 0 <a <3,0<b, ¢ < 1 are integers.
The sum of all positive factors are (1 + 2 + 22+ 2%)(1 + 11)(1 + 23) = 15x12x24 = 4320

12 # a¥=729> & a¥ g o
If a¥ =729, find the value of a™?.
Reference: 1993 FI1.1
@) =93
=9
an L
81
I3 - @ 6idikd @ @Bipln3 Hce &m = 5 4256256 2 678678 °
Fipe 6 Hoehd & o Fl#c o
A 6-digit number is formed by joining two identical 3-digit numbers, such as 256256 and
678678. Find the greatest common factor of these 6-digit numbers.
Reference: 2000 FG4.1, 2010 HG1
Let p =abcabc =abc000 + abc =abc x 1000+ abc = 1001 abc
The H.C.F. = 1001

14 F 4P_47=193+ 4T, f (47)(4) g e

If 4¢3 47 =193 + 4! find the value of (4**3 )(4*+1 ).

64x4% = 240 + 4x4*
60x4* =240

4=4

x=1

(4x+3 )(4x+1 ) = 44x4? = 4% = 4096
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I5 %H-%F &= 4357 > 4 BRAriFea? MER S T2 90 = &8 F0E -
In a right-angled triangle, the lengths of the medians from the vertices of the acute angles are 7
and 9. Find the length of the hypotenuse of the triangle.
Reference: 1990 HI17
Let the triangle be AABC, ZC =90° and D, E are the
mid-points of BC and CA respectively. AD =7 and BE = 9.
LetBD=x=DC,AE=y=EC

XX+ Q2y)P=7% (1)

(2X)2 + y2 =92 ...... (2)
4(1) - (2): 15y2 =115= y2 :?

42) - (1): 152 =275 = X2 =§

AB? = (2x)% + (2y)? =4x

23;55:104

— AB =226

16 Xig4>20+ % (1901-2000) > »* y* #prengkdics yo RE g4 & o
Eric was born in 20 century (1901-2000), and he was Y years old in the year of y>.
Find his year of birth.

Reference: 1990 HGS

Suppose Eric was born in X years after 1900 A.D.
1900 + x +y = y?

43% = 1849 < 1900, 44 = 1936, 45> = 2025 > 2000
Ify=44,x=1936 — 1900 — 44 = -8 (rejected)
Ify=45,x=2025-1900 — 45 =80

1900 + x = 1980

= He was born in A.D. 1980.
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17 4oBl- 577 0 - FavRE- AFE - A
Nip 3 EEP 2 Qo ri%A Flip 2t EkC ¥
T u G 49 2 255 $PQ ik o

As shown in Figure 1, a common tangent touches a

large circle and a small circle at P and Q
respectively. Given that the two circles touch each
other at C and their radii are 49 and 25 respectively,
find the length of PQ.

As shown, let the centre of the two circles be A and

B respectively. APLPQ, BQLPQ (tangent L radius)

Draw BD_LAP, cutting AP at D.

Then DPQB is a rectangle.

AP =49, BQ =25 = DP (opp. sides of rectangle)
AD=AP-DP=49-25=24,AB=AC+CB=49+25=74

PQ =DB =+/AB? - AD? =+/74’ — 24’
= J(74+24)(74-24)
— /9850
/49100 = 70

I8 +4r® = #7+ » ABCD # - Bw:¥3; - % LABD = ZCBD =

®]- Figure 1

X 3
60° » ZADB=74°% /CDB=53° » #/BAC thig - V

As shown in Figure 2, ABCD is a quadrilateral.
If Z/ABD = ZCBD = 60°, Z/ADB = 74° and ZCDB = 53°,

Method 1 provided by Mr. Elstan Fong, Mr. Tony Cho and Mr. Ben Yip
In AABD, ZBAD = 180° — 60° — 74° = 46° (£ sum of A)
LetBC =1, ZBAC =60, ZCAD =46° — 0.

DC BC sin 60°
In ABCD, — =— =DC=— ....-. (1)
sin60°  sin53° sin53°

AC _ DC

sin(74°+53°)  sin(46°—0)
sin 60° 8 sin127° sin 60°

In AACD,

By (. AC=55 sin(46°—0) sin@aeo—g) @
BC AC

In AABC, ——=—;
sinf sin120°
1 sin60° 1

BY@: Gho ” sin(@6°—0) " sin120°

11

sinf  sin(46° — )

. 0=46°—0

/BAC =0 = 23°
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19

110

Method 2

Reflect ABCD along DC to AFCD.
By the property of reflection,

BD =FD, ZCDF =53°, ZCFD = 60°
ZADB + ZCDB + ZCDF = 180°

.. A, D, F are collinear

Extend ADF and BC to meet at E.

180" —53° =53
/DBF = ZDFB = =37

(base Zs, 1s0s. A, Z sum of A)

ZCFE =180° — ZCFD = 120° (adj. Zs on st. line)

= /ZABC
.. A, B, C, F are concyclic (ext. £ = int. opp. £)
ZBAC =0 = ZBFC (s in the same segment)

= /CFD - ZDFB = 60° — 37° = 23°
(a+3)x+(a+2)y=1
(a—1)x— ay =1

;{aéi?ﬁzo%"‘vﬁiﬁﬂ{ £z K a i

Let a be a positive real number.
(a+3)x+(a+2)y=1

has no solution, find the value of a.
(a—1)x— ay =1

If the system of equations {

a+3 a+2
a-1 -a
—a@+3)-(a-1)@a+2)=0
—a’-3a-a’—-a+2=0
2a’+4a-2=0=a*+2a-1=0
a=-1+2

ca>0. a=—1++2

=0

B = #77r 5 [{l ABCDEFGH > # a+b+c+d g -
Figure 3 shows the circle ABCDEFGH.
Find the value ofa+ b+ c +d.
As shown in the figure, leta=ai + a2, c=C1 + C2
a2 +b=180° air+c2=180° c1 +d=180°

(opp. Zs cyclic quad.)
a+b+c+d=180°%3 = 540°

¥ = Figure 3
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M # 1+2+3+--+kefri- 22T N> H7? N<250000° FN e+ 7 i & o

If1+2+3+---+kis aperfect square N, where N <250 000,

find the largest possible value of N.

Reference: Discovering the square-triangular numbers by Phil Lafer, Washington State University

The first few square-triangular numbers are 1, 36, 1225 and 41616.

Ti=1 =12 = 12x(140)?
To=1+2+3+4+5+6=36 =27x3? = 22x(2+1)?
Ts=1+2+--+49= 49;50 =357=1225 = 52x7? = 52x(5+2)
Ta=1+2+--+288 =Mzzo42=41616 = 122x17? = 122x(12+5)>

Define the recurrence sequence {an} as follows: ao =0, a1 = 1, an+2 = 2an+1 + an for n > 0.
Thena: =2x1+0=2,a3=2x2+ 1 =5 a4 =2x5+2=12

It seems that a1, a2, as, as, -+, an are the first square factor of T1, T2, T3, T4, -+, Tn.

It also seems that the second square factor are (a1 + ao), (a2 + ai), --+, (@n + an-1).

We shall prove this by induction. We have already proved that it is true forn=1, 2, 3 and 4.

mx(m+1) 2a’x(a, +a,,) 2
Suppose Tk=1+2+---+m= > = ) —— and ‘2alf_(ak+ak—l) ‘:1

2 .
Clearly a/, x(a,, +a,) isasquare number.

282 x(a,_ +a )
alf+lx(ak+l+ak)2: - (2k+] k)

‘Zakil —(a,, +a, )2‘=‘2(2ak +a,, )2 —(2a, +a,_, +a, )2‘

=‘2(4a|f +4aa,, +a,)—(9a; +6a.a,, +a; )

:‘_alf +2a.a,, + 35—1‘:‘3-3 —2aa,_, - alf—l‘

Z‘Zalf —(a,+a,,) ‘ =1 (by induction assumption)
By mathematical induction, a’,x(a,, +a,)’ is a triangular number for all positive integer n.
Claim: Any square-triangular number is given by Tn=a; x(a, +a,_, )2 :

k, (k, +1)

Proof: Let m’ = be an arbitrary square-triangular number. (m1, ki are +ve integers.)
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k +1

k, +1

If ki is odd, then k12+1 is an integer and ki and are relatively prime (2 x -k =1)

.. Both ki and ki +1

are perfect squares

k
Let

‘2+l=bf and ki =c* with bi, 1 > 1.

k +1
Now b= ‘2+ = ki=c/=2b/-1>21= c¢/-b’= b'-1>20=bi<c

k +1

2
bi=cieki= ski=le m=1< m’=a’x(a+a,) =Tiand we are done.

Consider b1 < c1 and define b2 = c1 — b1, c2=2b1 —c1and m]=b] xc;.

w2 -cl=ki+l-ki=1

We factor and get («/Ebl -C, )(\/Eb1 + Cl) =1,

where by, ¢1 > 1 implies that ~/2b, +¢, > 0, which implies that ~/2b, —¢, > 0.

3 3
So /2b, >c,. Now > >+/2 so it also follows that Ebl >C,.

This is equivalent to 3b1 > 2¢1 and thus 2b; —¢1 > ¢1 — bi.

Also €1 > b1 >2b1 —¢1 > ¢1— b1 >0, or equivalently ¢; > by > ¢z > b2 > 0.
2 2

Furthermore, m;=b; xc; =2bZTXCZ

where ‘2b22 —CZZ‘ =‘2(C1 ~b,) —(2b,—¢,)

=l - 20| = -1 =1
So, m; is also a square-triangular number and is necessarily smaller than m’ .

It might be observed that in this case m: # 1 which is equivalent to the fact that ¢z > b,.

2b; xc; Ky (k, +1)

Now let m; = 5

with 2b; = k2 (since 2b; —c;=-1 gives ¢;=2b; +1.)

Continue in the same manner by defining bs = c2 — b2, ¢c3 =2b2 — c2, and m: =b] xc;.

In this case, b3 < ¢3 since if b3 > c3, then by substitution ¢2 — b2 > 2bz — ¢2 which implies

3
C2 >5b2
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Recalling that 2b} —c¢l=c’ —2b’=-1,

3 3.Y
which is equivalent to ¢ —2b} = 1, we get by using C, > Ebz that (5 sz -2b <1.

b2

This implies 72 <1,

which implies b2 is a positive integer with square less than 4, or that b2 = 1.

This, however, yields c; — 2(1)2 =1 or ¢’ =3 inwhich case c2=+/3, a +ve integer, false.
Thus the hypothesis that bs < ¢3 as claimed.

3 2
We might note that b; = C3 is equivalent to C, = Ebz which implies 1 =¢; —2b] :b?z .

C 3
This implies that b, =2 and also C, = EX 2=3.

This, in turn, gives bs =c3 = 1 as wellasbi =5,¢c1=7,50 m?=527>=a’x(a, +a,) = Ts.
. 2b? x ¢?
In general, with bs <c3, m;=b; x cfz% ,

with |207 —ci[=[2(c, b, )" - (2b, - ¢, )’|=[c} ~2b7|= 1.

So m; is again a square triangular number.
Since €2 > b2 > 2b2 — €2 > ¢2 — b2 > 0, or equivalently ¢2 > b2 > ¢3 > b3 > 0,

m; is again smaller than m; .

obixc:  (k +1)k,

If welet m;= with ks =c; (since 2b;—c;=1 gives 2b;=c; +1.)

We have 2b’=ks + 1. Thus ks is now odd as in the first case and one can proceed in exactly
the same manner generating new and smaller square-triangular number until we finally arrive
at mn2=bn2><c§ =1 withbh=cn=1.

This givesus 1 =bn=cn1—bn1and 1 =cn=2bn1—Cn1

which gives bn-1 =2 and ¢n-1 = 3 when solved.

It follows that 2 =cn2 —bn2and 3 = cn-1 =2bn2—Cn2, which yields b2 and ch 2 =7, ---.

In general, for j > 2, bj+1 = ¢j — bj, ¢j+1 = 2bj — ¢j , and bj = ¢j-1 — bj-1, ¢j = 2bj-1 — Cj-1 .
Therefore, 2bj + bj+1 = 2(cj-1 — bj-1) + (¢j — bj) = 2¢j-1 — 2bj-1 + (2bj-1 — ¢j-1) — (Cj-1 — bj-1) = bj-1
and bj + bj-1 = bj + (2bj + bj+1) = 3bj + bj+1 = 3¢j-1 — 3bj-1 + (2bj-1 — Cj+1) — (Cj-1 — bj-1) =Cj1 .
We have done the computation for the induction proof bj = an j+1 and ¢j = anj+1 + anj forj=1,
2, -+, n. In particular, for j = 1, it follows that m’=b’c’=aZ(a,+a,,)’ and m? is our
sequence as claimed.

Since all an are positive integers and so Tnh =a’ x (an +a, )2 is a strictly increasing sequence
of squared-triangular number.

as=2x12+5=29,ac=2x29+12=70

T4=41616 <250000

Ts=29x(29 + 12)? =m= 1413721 > 250000

The largest N is 41616.
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112 #AABCH#E£ 5 910 2 17> £ AABC “H & FlehL iz o
If the lengths of the three sides of a AABC are 9, 10 and 17,
find the radius of the circum-circle of AABC.

Reference: 1991 HI19
a=9,b=10,c=17

sin C=+/1-cos*C =% (- 0<C<180° ..sinC>0)

= 2R, where R is the radius of the circumscribed circle.

By sine formula,

sinC
R—_L7 _8
2x— 8
113 -1 32+ 53— 74+ 95—~¢ﬁ@o
2024 2024 2024° 2024° 2024
Find the value of S = ! — 32+ 53— 74+ 95—-~-.
2024 2024 2024° 2024° 2024
1 3 5 7 9
- _ ~+ - T+ S (1)
2024 2024 2024° 2024° 2024
! S = 12_ 33+ 54_ 75+ 96_... (2)
2024 20247 2024° 2024° 2024° 2024
(1Y+2): 2025S= 1 B 22+ 23_ 24+ 25+...
2024 2024 2024 2024° 2024° 2024
20258 =1- 2 2 2 2

+ 2 E T
2024 20247 2024° 2024

1 2 1 1 1
S= 1- 1- + T T+
2025 2024 2024 20247 2024

I O 1
2025 2024, 1
2024

_ ]2 (2024}}
2025 2024\ 2025

1 2023 2023

2025 2025 4100625

C:\Users\85290\Dropbox\Data\My Web\Competitions\ HKMO\HKMOHeat\HKMOheatanswers\HKMO2024heatans.docx ~ Page 8



Answers (2023-24 HKMO Heat Events) Created by Mr. Francis Hung

14 G@lez? XY £- B2 O 2<% LT3 5cm A
S i e XY #25 AB fpR gk Qo # 49
/AQO=90° 2 XQ=QO - 11 AB 3 E frch
Rl XY Ap2>t Mo uts BM 22 Fl4p 2 08k C o 5cm

F AC ek o « .

Cm

In Figure 4, XY is a diameter of the circle with centre at Q 0 M
O and radius 5 cm. XY intersects the chord AB at Q such
that ZAQO =90° and XQ =QO.A semi-circle with 45°
diameter AB intersects XY at M. BM produced
intersects the circle at C. Find the length of AC.

Join OA, OC and AC. Then OA = OC = 5 c¢m (radii) Wz Figure 4
QA = QB = QM (radii of the semi-circle)

.. AQBM is a right-angled isosceles triangle.

Z0QBM = ZQMB = 45° (base £s isos. A, Z sum of A)

ZAOC =2/ZABC =2Z0QBM = 90° (£ at centre twice £ at ©O)

Apply Pythagoras’ theorem on AOAC: AC =+/5% + 5% cm = 5v2cm

115 “H7 "  2PZRSAFCLF -AP £ C e s
C
AR 4p2* Q- % QR=10 2 PA=5\3 » £ AQ & -

In Figure 5, P and R are points on the circle C. AP is the
tangent to C at P and AR intersects at Q.

If QR =10 and PA =53 , find the length of AQ.

Reference: 2000 FG1.4
By intersecting chords theorem, AQxAR = AP? ¥l FigureS

Let AQ =X, then x(x+ 10) =(53 )2

X2+ 10x—-75=0
(X—5)(X + 15)=0
AQ=x=5
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Group Events

G1

G2
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“+®-°¢ VABCEZ- Be sl > &% VALVB-
VBLVC %2 VALVC-VA=5-VB=4% VC=3-
% DA4cE ~ % 5 AB - AC =37 2L »

R & 44 VBCED 88 4 o B
In Figure 1, VABC is a tetrahedron such that
VA 1 VB,VB 1L VCand VA 1 VC.VA=5,VB=4and
VC = 3. If D and E are the mid-points of AB and AC
respectively, find the volume of pyramid VBCED. - Figure 1

Similar questions: HKCEE Mathematics 2006 Q17, Additional Mathematics 2001 Q15

Volume of the tetrahedron VABC :% x area of AVABxVC Z%x % x5x4x3=10

Let the area of AABC be S. Let the height of the pyramid VABC with base ABC be h.
By calculating the volume of the pyramid VABC in two different ways:

lexh:IO
3

h=39
S

"> D and E are the mid-points of AB and AC

.. DE // BC and DE =% BC (mid-points theorem)
AADE ~ AABC (equiangular)

Area of AADE _( DE T:( I T 1

Areaof AABC (BC) \2) 4
Area of trapezium BCED _ Area of AABC — Area of AADE _ ) 1.3
Area of AABC Area of AABC 4 4

Area of trapezium BCED :% S

Volume of pyramid VBCED ZLXEthleES x£=1—5=7.5
3 4 3 4 S 2

7B = ¢ > O £_[f] DEFGHI 1[f]«~ » AABC £ 3% [fl4p 2 ¢ A

D-E~F-G-H=z | ##AD=EB2 BF=CG: ¢ 4 D

Z/ABO =38°%2 L/ACO=28°> & «/BOC -
In Figure 2, O is the centre of the circle DEFGHI. AABC A
intersects the circle at D, E, F, G, H and | such that AD = EB 9, O
and BF = CG. If ZABO = 38° and ZACO = 28°, find ZBOC. ’ %
Reference: HKDSE 2014 Paper 2 Q21 “
Join OA. Let the feet of perpenculars from O to AB, BC and B F . %
CAbe P, Q and R respectively. (OPLBC, OQLCA, ORLAB) v
AR = AD+DR = BE+ER = BR(line from centre L chord bisect chord) ]

~. AAOR = ABOR (S.A.S.) = Figure 2

BP = BF+FP = CG+GP = CP (line from centre | chord bisect chord)

.. ABOP = ACOP (S.A.S))

OA = 0B = OC (corr. sides, = As)

. ACOQ = AAOQ (R.H.S.)

/BOR = ZAOR =90° —38° = 52°, Z/COQ = ZAOQ = 90° — 28° = 62° (corr. Ls, = As)
Z/BOC =360° — 2x52° — 2x62° = 132° (/s at a pt.)

Page 10



Answers (2023-24 HKMO Heat Events)

Created by Mr. Francis Hung

G3 #a-bzcirHi#-% ab+c=2023 2 a+bc=2024> F a+b+cenig -

Let a, b and ¢ be positive integers.
If ab + ¢ =2023 and a + bc = 2024, find the value of a + b + c.
ab? + bc =2023b
ab? + 2024 —a=2023b
ab+1)(b-1)+1=2023(b-1)
1=(2023-ab-a)b-1)
(c—-ayb-1)=1
(c—a=landb-1=1)or(c—a=-landb-1=-1)
(c=a+landb=2)or(a=c+ 1andb=0) (rejected)
Sub.c=a+ 1and b=2into ab +c=2023
2a+a+1=2023
a=674,c=675,b=2
atb+c=674+2+675=1351

G4 ©=B=°" Al~Bi %2 Cis % i BC~AC 2 AB } &gk >
¢ ¥ AC1=2CiB > BAi=2AiC 2 CBi1=2B/A-
FAABC g ff 221 T 2 H = > RIEFINA s F o
In Figure 3, A1, B: and C; are points on BC, AC and AB
respectively such that ACi1=2CiB, BAi=2AiC and
CB1 = 2BIA. If the area of AABC is 21 square units,
find the area of the shaded region.
Reference: 1986 FG10.2
Let P, Q and R be as shown in the figure.
By considering the areas of AACA: and AABA..
3AC-AAsin ZCAA CA 1
1 AB-AAsin ZBAA BA 2

j—ACS?HZCAA' 1o (1)
ABsin ZBAA 2

By considering the areas of AAC1Q and AABQ
7AC,-AQsin ZCAA CQ
1 AB-AQsin ZBAA  BQ
AC sin ZCAA CQ
ABsin ZBAA  BQ
3ACsin ZCAA _ CQ

ABsin Z/BAA  BQ
By (1), lxlzlej%:l ...... @)

3 2 BQ BQ o6

By considering the areas of ACAB1 and ACBB;.
1AC-CB;sinZACB, AB, 2 ACsinZACB,

2 1 LR W NG elstennaduind RPN SRR (3)
1BC-CB;sin£ZBCB, BB, 1 BCsinZBCB,
By considering the areas of ACC1P and ACBP.

3CC,-CPsin ZACB, CP

1CB-CPsinZBCB, BP

CC,sin ZACB, CP

CBsin«ZBCB, BP

3 ACsin ZACB, CP

BCsin «BCB, BP
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By (3), 2x2=
CP 4

=— e 4

BP 3 @

By (2)and (4),CiQ:QP:PB=1:3:3
By symmetry BiP : PR:RC=1:3:3and AIR:RQ:QA=1:3:3
Let S stands for the area, X = area of APQR.

21

SAABC1 = SABCBI = SAAC/A1 :? =17

I 1

1
and Syc, =Suops, ~Suom = %5 *Susc= 1 (C1Q:BQ=1:6= CIQ=-BC)

The total area of AABC: 21 =355 +S,5c8 S aaca T Sapor— 3 Sancc,

21=7+7+7+x-3
X = area of APQR =3

G5 R34 (log4 x? )2 +9log, 64 =’ et o e o
Find the sum of the roots of the equation (log WX )2 +9log, 64 =1
(10g4 X’ )2 +9log, 64 = 1
(2 log, X)2 +9log, 43 = (nlogﬂ3 )3

4(log, X)’ +27log, 4 =3

27
log, X

4(log, x)" + =27

4(log, X)3 —27log, x+27=0
(log, x+3)(2log, x-3)" =0

3 3
log, x=-3, = or —
24 ) >

3 3
X=473, 42 or 42

xzi,80r8
64

sum of roots =6L4+8+8=16i=%

64 64
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Go6

G7

LBz oz BEE S lom &t > 35 ABCD-MNPQ-~
MQRS & - 4= ¥ A% B £ %5 MN 2 MS 7
oo - FleigzBr>4,,28EC-D-P2 R
In Figure 4, three squares ABCD, MNPQ and MQRS of
sides] cm toucheach other so that points A and B are the
mid-points of MN and MS respectively. Given that a circle
contains all three squares and passes through points C, D,
P and R, find the radius of the circle.

By symmetry, the centre of the circle(O) lies on MQ.

Extend QM to meet CD at E. Then DE Z%, OE=2-x Bz Figure 4
Let the radius be r. Apply Pythagoras’ theorem on AODE and AOPQ.

2
X2+ 1 =(2—x)2+[%j =r?

=4 dx+s
4
13
X:_
16

2

r? =(EJ 41=22

16 256

16
FX Y ZE 75 e ik Roxyz=10000 7 (X, Y, 2)mendcp o
If X, y and z positive integers, find the number of sets of (X, Y, z) satistfying xyz = 10000.
10000 = 24x5*
X = 23x5¢, y = 2Px 54, 7 = 24aby54-cd
where @, b, ¢ and d are integers such that0 <a,b,c,d<4,0<a+b<4and0<c+d<4
We count different combinations for a and b and different combinations for ¢ and d separately.

Arrange the four ‘2’s in a row:‘ 2 | 2 ‘ 2 ‘ 2 ‘
|There are ‘5 gaps bet\iveen the fTur number|s, includin|g the front‘ and the el‘ld. ‘ ‘
2 2 2 2

Insert two vertical sticks in these five gaps, so as to divide the four numbers into 3 groups.
The following is an example:

. 1 [ 2 [ 1 [ 2 [ [ 2 [ | 2 [ |
The first group has no number (left of the leftmost stick), the second group has one ‘2’ (between
two sticks), the third group has three ‘2’ (right of the right most stick).
Then22=20=1,20=21=2 2%ab=g

The following is another example:

.1 2 [y [ 2 | | 2 [ | 2 [ |
The first group has one ‘2’ (left of the leftmost stick), the second group has no number (between
two sticks), the third group has three ‘2’ (right of the right most stick).
Then22=2'=2,20=1,2%3ab=g

It is equivalent to arrange 6 objects in a row, choose two object as sticks and the rest and ‘2°.

o x [ ox [ x | x [ x | x |
. Number of combinations for ‘2’sis CS=15.

Similarly, the number of combinations for *5’sis C; = 15.

The total number of combinations = 15x15 = 225.
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G8

X asFHcor M Xtax+6a=0 7o B fadh < frd ) B2 L o
Let a be a real number. If the equation x> + ax + 6a = 0 has two integral roots,

find the difference between the largest and the smallest values of a .
Reference: 2001 FI12.2

-+ The equation have two integral roots .". It can be factorised as x*> + ax + 6a = (X — o )(X — B)

where a and [ are integers. a = —(a + ) and a3 = 6a = a is an integer

A = a’ — 4(6a) = m?, where m is an integer.

a?-24a+122=m>+12°

(@a—12)>—m?=144

@+tm-12)(@a-—m-—12)=1x144 = 2x72 = 3x48 = 4x36 = 6x24 = 8x18 = 9x16 = 12x12

Leta+m-12=p--«(1)anda—-m-12=q --- (2), where p and q are integers so that pq = 144

+@ , ,_pta

P+q
2

a is the largest when p, ¢ are positive integers and the difference between p and q is the greatest
iLe.(p=1,q=144)or (p=144,q=1)

a=12+

But this will gives a =12 +% which is not an integer .". rejected

2+72

The second choice is (p =2, = 72) or vice versa, thena=12 + =49

.. The largest possible a = 49
a is the smallest when p, q are negative integers and the difference between them is the greatest
re.(p=-1,9=-144)or (p=-144,q9=-1)

But this will gives a =12 —1475 which is not an integer ... rejected

2+72:_25

Another choice is (p =-2, g =—72) or vice versa, thena =12 —

.. The smallest possible a =-25
The difference between the largest and the smallest a is 49 — (-25) =74
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GY9 F=45emBER 525392 560 fiZ= 25000 w2 v 2 B ENEEAE o
If the lengths of the three sides of a triangle are 25, 39 and 56, find the distance between the

incentre and the orthocentre of the triangle.
Reference: 2022 P1Q15

Let the sides of AABC be AB =25, BC = 39, AC = 56. F
2 2 202 A
cosA=25 +36 -39 Zﬂ:> sinA=E > IS
2x25%56 5 5 / .
2 2 gp2
cosB=25 39756 =—£<O:B>90°
2x25%39 65
56* +39* -25* 12
cosC= =

2x56x39 13
The orthocentre H lies outside AABC.
Construct a circum-circle, centre at O with circumradius R.

: :2R:>R=3—93=32.5
sin A x>

By sine rule,

Let the incentre be I.
Join Al and HI (note that H, B, | are not collinear)
/BOC =2/A (£ at centre twice £ at ©O)

Let P and Q be the mid-points of BC and AC respectively.
1
Then ABOP = ACOP (R.H.S.), PQ // AB and PQ :E AB (mid-point theorem) ------ (1)

ZCOP =/BOP (corr. £s, = As), OP L. BC, OQ L AC (line centre centre to mid-pt of chordsL chords)

=%ABOC =ZA

OP =R cos ZCOP =R cos LA=32.5 x%: 26 - (2)

CB produced cut AH at D.
* H is the orthcentre. ADH L. CBD, BH L AC

OP // AH and BH // OQ (int. Zs supp.)
.. AOPQ ~ AHAB (A.A.A., 3 pairs of //-lines)

2—5 = i—g = % (corr. sides, ~As and by (1))
AH =20P =2x26 =52 (by (2)) ------ 3)

A B
In AAIB, ZBAI :E , ZABI :5 (" I is the incentre)

A B
ZAIB = 180° Y (£ sum of A)

= 180° 7%;90" +E
2 2

25 B Al
sin ZAIB  sin ZABI

Apply sine rule on AAIB,
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1- cosB
25sin £ 25 B \/ /
Al = sin 2 sin 3 _ys |28 __7\/—
sm(90 +< cos$ f1+cosC /1+}§ 65
2

In AABD, ZBAD = 180° — 90° — AABD (£ sum of A)
—90° — (A+C) (ext. Z of A)

A A+B+C A _ B-
ZHAI = ZBAD + /BAI = 90° - (A+C)+—_+—+C___ _ C

COSLHAI—COSB_C—cosEcosE+51n—51n——/ \/@ / \/7
(BB B E 825

2 27410
Apply cosine rule onAAHl:H|2:522+(7Jﬁ) —2(52)(7\@)x 1;/0_ by (3), (4) and (5)
HI2 = 1682
HI =41
G10 “-HI * »ABCDE 5- 17 i#4,>BD % CE4p2* P o A

FAABE hg ff 5 15 RABPC tha #f o

In Figure 5, ABCDE is a regular pentagon,

BD and CE intersect at P.

If the area of AABE is 1, find the arca of ABPC.
Let AB=BC=CD=DE=EA=x.

180" x (5 - 2)

/BAE = ZBCD = = 108° (£ sum of polygon)

/CBD = ~CDB =w= 36° (base £s isos. A)

1 . .
Denote the areas by S. Saase :E X’ sin108° =1

2 1

1y
2 sin108§°

SaBPC =% x* sin 36°

_ sin36°
~ sin108°
_ sin36°
§in72°
_ sin36°
© 25in36° cos 36°
B 1
 2c0836°
Let 6 =36°, 50 = 180°
30 =180°-26
sin 30 = sin(180° — 20)
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3sin0O—4sin’> 0 =sin20 =2 sin O cos O
.+ sin O =sin 36° # 0, divide both sides by sin 0, we have

3-4sin’0=2cos 0
3—4(1 —cos’0)=2cos O
4co0s’0—2cos0-1=0

1+45  1-45
4 or

p > (<0, rejected)

cos 0=

1
S - @@
ABPC ]+\/§
2 x
4
2 As-1
1+45 5-1
_V5-1
2
Method 2

It is easy to show that AABE = ACDB and their angles are 108°, 36°, 36°.

It is easy to show that ABCP is a 36°, 72°, 72° triangle.

Also, it is easy to show that APCD is a 108°, 36°, 36° triangle.

Let AB=BC = CD = DE = EA = x. Then BP =x (base £s isos. A), let DP =Y.
Then BE = BD = BP + PD = x +y (corr. sides, ZAs)

APCD ~ AABE (A.A.A))

BE AE

= = X*y _X (corr. sides, ~As)
CD PD X y
14—1=£,lettzl,then1+t=1

X Yy X t
t+t—1=0

—14++/5 -1-+/5

t:%: J;\/_ or 2\/_ (<0, rejected)

Denote the areas by S.
Sapcp _ Ez_ Xz_tz_l_t_l_—l-i-\/g_:i—\/g
AE X 2 2

345
2

SAABE

SapcD = (" SamBe=1)

SapcD + Sapc = Sacep = Saage = 1

3-45
2

+ Sarc =1

—1++/5

SaBPC =
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