Hong Kong Mathematics Olympiad (1999-2000)
Final Event (Individual) Example

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
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() HELFEmMZ2n>mOn2Z TZ W™ mQOn=m"+n"-
F2QP=100> K P2 g - p=
For all integers m and n, m ® n is defined as m ® n =m" + n™.
If 2® P=100, find the value of P.

(i) % 313Q+6P+1-313Q-6P-1=32 » H ¥ O0>0» R Q2 & -
If 3/13Q+6P +1-3/13Q —6P —1=3/2, where O > 0, find the value of Q. 0=

(i) B - > AB=ACHvKL=LM- ¥ LC=Q—-6cm 2 KB=Rcm~> R 2 & °
In figure 1, AB=ACand KL=LM. If LC=Q—-6 cmand KB=Rcm, R=
find the value of R.

A
K
L
B C M
Bl - Figure 1

(iv) BINan}hT & AT Tar=R> ami=an+t2n(n21)° % ao0=8> K£S2 & -
The sequence {a,} is defined as a1 =R, apr1 =a,+2n (n > 1). S=
If ai00=S, find the value of §.
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Hong Kong Mathematics Olympiad (1999 —2000)
Final Event 1 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

‘ﬁ%?k—ﬁ‘v‘li‘ﬂg  FEREvEFAE XTI

(1) 3% [x] &7 # x IR o
¢ A [3.126] + [3.126+%]+[3.126+§]+...+[3.126+§] =P fPenig -
Let [x] represents the integral part of the decimal number x. Given that
[3.126] + [3.126+%]+[3.126+§ ]+...+[3.126+%] = P, find the value of P.

a’ b2 c
2 + 2 + 2
2a°+bc 2b“+ac 2c +ab
a’ b2 c?
Leta + b + ¢ =0. Given that 5 +— +— =

2a°+bc 2b“+ac 2c+ab

2
(i) o

wKatb+tc=0-2¢°

=P-30 £ Q #it o

P_3Q7

find the value of Q.

B3 ABART G ¥ R o P AR S AHCIEEAE LT S R
2. (0,0) %% 15
2 (1,0) 5% 2% A
2. (1,1) =% 3%

2. (0,1) =% 4% I >
2. (0,2) =% 5%
2. (1,2) 5%
B (2,2) 5% T 1 A
B2, &%

“ e (0—1,0) B3 % R R R it -

(iif)

L

ks
o0
5
A
»
»
»
»

\ 4
dl
)l

\ 4

v

In the first quadrant of the rectangular co-ordinate plane, all integral points are numbered

as follows,

point (0, 0) is numbered as 1,
point (1, 0) is numbered as 2,
pOil’lt (1, l) is numbered as 3, A_>. ........................... »
point (0, 1) is numbered as 4, — —
point (0, 2) is numbered as 5,

A

point (1, 2) is numbered as 6,
point (2, 2) is numbered as 7,
point (2, 1) is numbered as 8§,

A

\ 4

v

Given that point (Q — 1, Q) is numbered as R, find the value of R.
. R

(iv) & xty=4 pFo3x2+)? ko] B3 5 RS

R
When x + y = 4, the minimum value of 3x? +)? is 3 find the value of S
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Hong Kong Mathematics Olympiad (1999 —2000)
Final Event 2 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

AR PR EF A B0 IR -

(i) 4% loga(logs P) =logs(logaP) 2 P#1> K Peig o
If logx(logs P)=logs(log> P) and P # 1, find the value of P. pP=

(i) ®¥3,ABCD ¥ » AB//DC-° AC v BD p 2 * O° = %3} AOB fv COD % ##

Lulh PAe25e ¢ ampAieg 5 Q0 R QhiE o o
A B
D C

In the trapezium ABCD, AB // DC. AC and BD intersect at O. The areas of triangles
AOB and COD are P and 25 respectively. Given that the area of the trapezium is Q, find
the value of Q.

(iil) § 19992 # 7 ",%El? s AR¥c: Re KRR eniE -
When 19999 is divided by 7, the remainderis R . Find the value of R. R=

(iv) 4o% 111111111111 —222222=(R+8)? » &1 # S enig -

If 111111111111 —222222 = (R + S)?, find the positive value of . S=
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Hong Kong Mathematics Olympiad (1999 — 2000)
Final Event 3 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

AR PR EF A B0 IR -

(1) @ Fr ] 243 + - #1997 +1998+ 1999+ 1998+ 1997 + --- + 3+ 2 + 1 e i =8

P> f P o p=
Given that the units digit of 1+2+3+..+1997+1998+1999+1998+1997+...+3+2+1 is
P, find the value of P.

1
(11) Qﬁ:‘f’x-l-lzpo,&‘-_«% x6+F:Q’-}\Qﬁ‘JE‘iQ

' 1 1 0=
Given that x +;= P.If x° +F= 0, find the value of Q.
(i) © 4 Q__, Q TR Q = R )
JO+42Q0 20 +.3Q J1998Q +./1999Q ./Q ++/1999Q R=
F R i o
Given that

Q Q Q _ R
JO +42Q " J2Q +4/3Q T J1998Q+,/1999Q /Q ++/1999Q°

find the value of R.

(iv) EH0)=0:fn)=fn—-1)+3 % n=1~2~34~...0
4ok 2f(S)=R> K SehiE o S=
Let f(0)=0; f(n)=f(n—-1)+3 whenn=1,2,3,4,---.
If 2 f(S)=R, find the value of S§.
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Hong Kong Mathematics Olympiad (1999 — 2000)
Final Event 4 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

BAPUEN > FRATEF AR B0 TR

() EX a+ ! =b+ ! -2 #27¢ gx-1b#lfra-b+2%0-
a+l1 b-1 p=
Sir gb—a+b=P> K P o
Suppose a+i—b+i—2 where a#=—1, b#1,anda—b +2 #0.
a+ b-1

Given that ab—a + b =P, find the value of P .

(i) “TH® AB:LRhE /S - CfrDE ™ ABA L5 - HMERFH L Po

PR f 5 Q0 K Qi o 0-
In the following figure, AB is a diameter of the circle. C and D divide the arc AB

into three equal parts. The shaded area is P.
If the area of the circleis Q, find the value of Q.

/ el

wf sB

(iii) & 4vA B QO =8 1111---11 £ 9999---99 ek # R B#cF &4 &>

Given that there are R odd numbers in the digits of the product of the two O-digit

numbers 1111---11 and 9999---99 , find the value of R.

(iv) Kar~ax~--~arstFi# B¢ g <m<a;<---<api1<ag-
¢ drip R B e s 90 2 amﬂﬁx—\u@v_ﬁ S kS eniE o S=
Let a1, as, -+, ar be positive integers such that a1 <ax <az <---<ap-1 < ag.
Given that the sum of these R integers is 90 and the maximum value of a; 1s S, find
the value of S.
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Hong Kong Mathematics Olympiad (1999 — 2000)
Final Event 5 (Individual)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
“%ﬁﬂf?w%ﬂ? BRI F A T A

1
i) 4ok (1><2><4+2><4><8+3><6><12+---+1999x3998x7996)3:P, £ P hiE e pe
1¥+2%+3+...+1999°

1

It (1><2><4+2><4><8+3><6><12+---+1999x3998x7996j3:P
1¥+2%+3+-.-+1999° ’

find the value of P.

(i) 4% @x-P)x-20)-1=0 F & B K> £ Qg
If (x—P)(x—20Q)—1=0 has two integral roots, find the value of Q. 0=

@ dv AABC i1 §% 5 3Q 5 D~Efc F A~ % % AB~BC v CA ¥ 8L 17 AD =
Y BE=LnC, CF=%CA o 4% ADEF ¢hd 4 5 R> R R hiE o R=

(iif)

Given that the area of the AABC is 3Q; D, E and F are the points on AB , BC and
CA respectively such that AD = %AB , BE= %BC , CF= % CA.

If the area of ADEFis R, find the value of R.

B K C
s (sz—x-l- 1)1999E a0_{_aix_‘_azxz_‘_____‘_asggg)(Sggs
ES= ay+a +a,+-+ayy, @ R SHE -
Given that (Rx?—x+ 1) = a,+aX+a,X* + -+ +dyeeX
IfS= a,+a +a,+---+a,,,, find the value of §.

(iv)

3998
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Hong Kong Mathematics Olympiad (1999 — 2000)
Final Event (Group) Example

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
%%%W§W’§$ﬁ%&$%é’i“i&@°

Kx*y=xt+ty-xy> A9 x,y G F#> Fa=1*0*1)> faziE-

(1)
Letx * y=x + y —xy, where x, y are real numbers. a=
Ifa=1%*(0*1),find the value of a.

(i) ©®- > ABTLT 73 DC> LACB 5 - £ % > AC=CB % AB=BD.>
F LCBD=b°> $b2 18 o b=
In figure 1, 4B is parallel to DC, ZACB is a right angle, AC = CB and AB = BD.
If ZCBD =5b°, find the value of 5.
D C
Figure 1 |-
(i) Rx~ ya22F P8 FxALyd250% @ 2y Exedic% Kez g e
Let x, y be non-zero real numbers. o=
If x i18250% of y and 2y is ¢% of x,findthe valueof c.
(iv) # logyx=2>logyx=3>log.x=6 % logyyx=d > Fd2 i °
If log,x=2,log,x=3,log -x=6and logy,x=d, find the value of d. d=
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Hong Kong Mathematics Olympiad (1999 — 2000)
Final Event 1 (Group)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

EE UL SRR T VLS SEE-SESESN R

() T #on % 81849 ~ 106392 % 124374 (8 dichbhlicip & > Rk X B a -
Given that when 81849, 106392 and 124374 are divided by an integer n,

the remainders are equal. If a is the maximum value of #, find a.

—1_\/§ b1 —ﬂoﬁr% b=2x>-3xy+2y? > Fbenig o b

i) R X=—7F= y=
W) 1443 1-3
1-+3 d —1+\/§ If b = 2x*> — 3xy + 22, find the value of 5 .

Let X=—+ an =
1+\/§ Y 1—\/§

2 s

(i) 2 e s t#c ok G- SF7EEA(l,0)F B2 8
C:x2+ )2 —2x—2y—T=04p 2%~ B £ ¢ ehig o

—+
£
S

Given that c is a positive number. If there is only one straight line which passes through
point A(1, ¢) and meets the curve C: x> + 32 — 2x — 2y — 7 = 0 at only one point,

find the value of c.

(iv) %Bl- PA> > 4>0 5w «4o% PA=6>BC=9> PB=d > $ d éhig -

In Figure 1, P4 touches the circle with centre O at 4. If PA=6, BC =9, PB =d, d=
find the value of d.
A
Q
C UB P
Bl -
Figure 1
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Hong Kong Mathematics Olympiad (1999 — 2000)
Final Event 2 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
%%%W§W’§$ﬁ*&3%é’i“i&@°

() 4% 191 i3 BRFL 32 Lo magird? b )T fagmi-
If 191 is the difference of two consecutive perfect squares, =
find the value of the smallest square number, a .

1
(i) ®®l=() ABCD # - £33, DE:EC=1:5>2% DE=12% -
ABCE ;- BE##3 ¥ — > o %k b 2 Bl= (b)¥ £ 8 3ixhm o Fe b ehig o

1
In Figure 2(a), ABCD is a rectangle. DE:EC =1:5,and DE =12+%.

ABCE is folded along the side BE.
If b 1s the area of the shaded part as shown in Figure 2(b), find the value of 5.

CI
A i %
) W,
E
60°
E
30°
B (™
B
® = (a) Figure 2(a) & = (b) Figure 2(b)

(i) % & y=x>—Tx+12 & xphen2 B2 4% B> @ & ydhen2 85 Co
4o¥% ¢ . AABC s ff » e hiE o o=
Let the curve y = x? — 7x + 12 intersect the x-axis at points 4 and B, and intersect the y-
axis at C. If ¢ is the area of AABC , find the value of c¢.

(iv) #* fx)=41x’—4x+4 > gx)=-2x+x° 4v% f(x) +kg(x)=0 ¥ 7 - B >
Fehkendo B d- d=
Let f(x) = 41x% — 4x + 4 and g(x) = —2x? + x. If d is the smallest value of k such that
f(x) + kg(x) = 0 has a single root, find the value of d .
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Hong Kong Mathematics Olympiad (1999 — 2000)
Final Event 3 (Group)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
%%%W§W’§$ﬁ%&$%é’i“i&@°

(i) % a=1997x1998x1999x2000+1 > F a g o
Let a=+/1997x1998x1999x 2000+1, find the value of a . a=

() =Bz Flgehi 2202255 6053 BR4EMAf-B-4% B hfiv
Bl5 3:ledesk bR BHF R > RKbhiE o b=
In Figure 3, 4 and B are two cones inside a cylindrical tube with length of 20 and
diameter of 6. If the volumes of 4 and B are in the ratio 3:1 and b is the height of the
cone B, find the value of 5.

£ 20 S
6 A Ts< B
Bl = Figure3
(i) w4 «%A[£ £J cfl C:x2+y2=1 e
N lad: S c{ﬁ@%Aéi’lﬁ]#ﬁ*?jﬁiﬁﬂ&% HE o, Lo o

If ¢ is the largest slope of the tangents from the point 4 {@ : @J to the circle C: x?

+y? =1, find the value of c.

(iv) EAEET G PRI F - B P Bhefk B3 onZhlion 108 ¥k
Phx o pii&n; &knipdk Py s taine d=
Yok F A RERZRE PIEE (4,4) KdSiE -

P is a point located at the origin of the coordinate plane. When a dice is thrown and the

number n shown is even, P moves to the right by ». If n is odd, P moves upward by n.
Find the value of d, the total number of tossing sequences for P to move to the point (4,

4).
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Hong Kong Mathematics Olympiad (1999 — 2000)
Final Event 4 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
%%ﬁwﬁm’éﬁﬁ%&iié’i“iﬂﬁo
(1) ek a ¥ - Bz 8 B AS504 208 Fres s VAT 911 g“fr‘ » R
a E‘nlgl_ °

Let a be a 3-digit number. If the 6-digit number formed by putting a at the end of the
number 504 is divisible by 7, 9, and 11, find the value of a.

N}
I

(i) {fBwe > ABCD % & =35> D I3

N lg_ " L b=
AB — 8+ 64 — 2 . BC— 64 — 2 | :__I,

BE ~ BF ~ 4] KU C~A & Flwes o ,'

FOEEFING2Z M Kb AE - _ _.

In Figure 4, ABCD is a rectangle with
8+64-1° 8647’ A ¢

ABZN{— and BC =[—— . '
T T B f——

BE and BF are the arcs of circles with centres at C ey

. : Bl = Figure 4
and A4 respectively. If b is the total area of the shaded
parts, find the value of 5.

Giy BT >0 5Me > c=2°> fcoi o
In Figure 5, O is the centre of the circle and ¢ = 2y°. Find the value of c.
B

BlZ Figure5

(ivv ANB~C~D~E~F~G-= B*RFR&n L -
dr% B % G‘%’K"E’C#B;.ﬁm dgdeo i i h do FodaiE e d=
A,B,C,D, E, F, G are seven people sitting around a circular table.

If d is the total number of ways that B and G must sit next to C, find the value of d .
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Hong Kong Mathematics Olympiad (1999 — 2000)
Final Event 5 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
%%%W§W’§$ﬁ*&3%é’i“i&@°

(1) 4% a 7 4 810 ?ﬁ“ff k] = 3 e Fea g e
If a isthe smallest cubic number divisible by 810, find the value of a . a

(i) H*OAIIy=["-4-6x (¢ 2<x<5) chk & RKbhiE o
Let b bethe maximum of the function y=|x>—4|—6x (where-2<x<5), b=
find the value of b.

N

Giiy W= 5- BE AR M- FHRADH P L o2 FRIGFHZ ¥R lic s

w

om i BT RINE A gt > Re ihiE o
In Figure 6, a square-based pyramid is cut into two shapes by a cut running parallel to

the base and made 2 of the way up. Let 1 : ¢ be the ratio of the volume of the small

pyramid to that of the truncated base, find the value of c¢.

Bl Figure 6

(iv) 4% cos®O+sin®0=04> %2 d=2+5cos*0sin’0 > fd ig o
If cos®0+sin®0=04 and d=2+5cos?0sin?0, find the value of d. d=
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