Hong Kong Mathematics Olympiad (2002 —2003)
Final Event 1 (Individual)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

GAFUER 0 FRET EF R B -

1. T.}: P { 32003 x 52002 % 72001 i fi’_ﬁ'{ o T\P HIE o
Let P be the units digit of 32003 x 52002 x 72001 Find the value of P.

2. % fe (x2—x— 1)x+P—l =1 e}; O B ﬁgg,:ﬁ; ’ v-ji\Q IR o
If the equation (x*> — x — 1)**7"! = | has Q integral solutions, find the value of O .

1 1
3. Ex Yy EFEY xy=1-% —+
K Yy & 7 y » 4 Qy“

.. 1
Let x, y be real numbers and xy = 1. If the minimum value of —-+

X" Qy

chg] BE_R> f R i o

T ISR,

find the value of R .

4. ® XR >XRi1 > ... xk(K>R) % K—-R+1 fﬁ’/ﬁ#ﬂ}’?’é’ﬁ_ﬁﬁﬁi
P oXxptxgat .. +xg=2003° % S F_ K itV aniE o S eiE o
Let x&, Xg+1, ..., Xxx (K> R) be K — R + 1 distinct positive integers

and xg + xg+1 + ... + xxk =2003.
If S isthe maximum possible value of K, find the value of S'.
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Hong Kong Mathematics Olympiad (2002 —2003)
Final Event 2 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
GABUED  FERATET AL ELIARY

1. - Ba P50 F - B 69 *#H - £ P g o
(¢ 4 log2=10.3010 > log3=0.4771 > log 11 = 1.0414)
If the 50" power of a two-digit number P is a 69-digit number, find the value of P .
(Given that log 2 =0.3010, log 3 =0.4771, log 11 = 1.0414.)

2. RN +rax-P+T7=0 I o fv B A AN X +bx—r=0 I —q
fo P F 3N WPHrax—P+N+(P+bx—r)=0 ehr 1L Q- F Q aig o 0

The roots of the equation x> + ax — P + 7 =0 are o and B, whereas the roots of the equation

x%+ bx — r =0 are —a and —P. If the positive root of the equation
(x*+ax—P+7)+(x*>+bx—r)=0is O, find the value of O .

3. @ %AABC % - $%= 47,  AB=AC=+2% BC'+ % Q BED Dy~ ...~Dg°
%X mi=AD? +BDixD;C > % mi+my+ms+...+mg=R> F R &ig o R=
Given that AABC is an isosceles triangle, AB=AC = V2 ,and D1, D, ..., Dg are Q points
on BC. Let m; = ADi2 + BD;xD;C .

Ifmi +my+m3+ ...+ mp =R, find the value of R .

4. 32003 BREZI LA whZh OREF RBIR -5 P& 7 BApARaR R
3 I9OBk - Fh o hEF SBR RSHE - g=
There are 2003 bags arranged from left to right. It is given that the leftmost bag contains
R balls, and every 7 consecutive bags contains 19 balls altogether.

If the rightmost bag contains S balls, find the value of S .
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Hong Kong Mathematics Olympiad (2002 —2003)
Final Event 3 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
GABUED  FERATET AL ELIARY

wxyz =4
| e VEZ% o Ws0e % w s L Py £ P chig -
W—Xxyz=3 P=

wxyz =4

Given that { and w > 0. If the solution of w is P, find the value of P.

W—Xyz=3

2. &) £l By EBIVA 0 4 [3.14]=3 - & [(\/5+1)P}=Q’

* 0 i . 0=
Let [y] represents the integral part of the decimal number .
P
For example, [3.14] = 3. If [(\/E +1) }= 0, find the value of Q.
L, s 5 o X2+l e
3. = ar xguo#0 2 Oxo?—223xqpo+ 11y2 =0 % —5—5 =R, & R hig o
Given that xqp # 0 and Oxo? — 22 /3 xqv0 + 1162 = 0.
2 2
if ¥ *Yo _p find the value of R
6Xo —Yo
4. 2 ABCD A ¥4 & ACHvBD 3 }p&% - AB=5>BC=4>CD=R -
F DA=S> F Senig o §=
The diagonals AC and BD of a quadrilateral A BCD are perpendicular to each other. Given
that AB=5, BC=4, CD =R.1f DA =S, find the value of S".
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Hong Kong Mathematics Olympiad (2002 —2003)
Final Event 4 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
‘ff?kfﬁf?‘fﬁlﬁ'ﬂg PR EFTAE T IEM -
l. do% 9 =¥ 32x35717y H_ 72 ehiz ¥k P=xy> F P g o
Suppose the 9-digit number 32x35717y is a multiple of 72, and P = xy,
find the value of P.

T A R 4x+y=2 rmx+y=0 fr 2x-3my=4 F i fp> - B= £
E m>0% QF m chb | 7 i chiE o & Qi o
Given that the lines 4x +y=2,mx +y =0 and 2x — 3my = 4 cannot form a triangle.
Suppose that m > 0 and Q is the minimum possible value of m, find QO .

3. ¢ Rox>y % z &F#Y R>x>y>z°% Rox y 2 z /R &> 4%
2R+2x+2y+2z=% v R R DE o

Given that R, x, y, z are integers and R > x>y > z.

495Q

If R, x, y, z satisfy the equation QR4 x4y 4+ 22 = 6 find the value of R.

4.
4 O H 7
Bl- Figure 1
4eBl- P AABC P - B.Q > Wi Q F= A WT F3 s fehs 809 FE/
AB > GK//AC 2 HJ//BC > AKQE » AJFQ % AQGH s 4~ % E_R>9 2 49
#F AABC sho fFE_ S K SehiE -
In Figure 1, Q is the interior point of A4BC. Three straight lines passing through Q are
parallel to the sides of the triangle such that FE // AB, GK // AC and HJ // BC.
Given that the areas of AKQFE, AJFQ and AQGH are R, 9 and 49 respectively.
If the area of AABC is S, find the value of S.
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Hong Kong Mathematics Olympiad (2002 —2003)
Final Event 1 (Group)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

AR D > FRE T BT AL £ DA -

I sdvnck ¢ i pikic T 1<k<ne
o (@+2+3+-+n)-k
¥

n-1

Given that n and k are natural numbersand 1<k<n.

=10 2 n+k=a> % a g o

1+2+3+---+n)-k
e )

1 =10 and n + k= a, find the value of a .
n_

2 Ao 1Py =d0 1 xfey LR M F b2l B b b i -

Given that (x — 1)> +y? = 4, where x and y are real numbers.

If the maximum value of 2x +)? is b, find the value of b .

D

Bl -
Figure 1
4ell- > AABC #- BE'E= &35 H¢ AB=AC -

[
Il

F 4B ehd T o83 AC % D ¥ BC=BD+AD ° %X ZA=c°> $ ¢ g -
In Figure 1, AABC is an isosceles triangle and AB = AC. Suppose the angle bisector of

/B meets AC at D and BC=BD + AD. Let ZA4 = ¢°, find the value of ¢ .

4, A F#E2 AL 1050 Fied T2 ff i d> fd i o
Given that the sum of two prime numbers is 105.

If the product of these prime numbers is d, find the value of d .
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Hong Kong Mathematics Olympiad (2002 —2003)
Final Event 2 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

GAFUER 0 FRET EF R B -

1. E3 A ax(x+]) + bx(x+2) + c(x+1)(x+2)=0 1 1 fr 2 F a+b+c=2"
Foa g o a=
Given that the equation ax(x + 1) + bx(x + 2) + c(x + 1)(x + 2) = 0 has roots 1 and 2. If
a+ b+ c=2, find the value of a .
2. K 48 =2:48=3 % 8 =p K b hiE o
Given that 48 =2 and 48’ =3.If 8~ = b, find the value of b . b=
3. i
c =
P 0
i N R O
Bl -
Figure 1
4o@- > & A5 PORS P #*% AABC > AAPQ ~ APBS fvAQRC hd fx » W & 4~ 4
fe 120 % > A5 PORS ho ff 5 ¢ fcehig o
In Figure 1, the square PORS is inscribed in A4BC. The areas of AAPQ, APBS and AQRC
are 4, 4 and 12 respectively. If the area of the square is ¢, find the value of ¢ .
B _4 _r _ s
4. & AABC ¥ ’cosA—gfrcosB—zs o F cosC=d>» Fdeig o
4 7 =
In AABC, cos A :E and cos B :E .If cos C =d, find the value of d .
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Hong Kong Mathematics Olympiad (2002 —2003)
Final Event 3 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

K{f?h%\i‘ﬂ]%ﬂg ’ g%jﬁ%&i%g’j‘]ﬁTLiﬁﬁgo

1. xR fi-dk - f()=1> THEZLFEmZ n> f(m+n)="1(m)+1f(n)+mn-
f (2003)

F a= v Fqg g e a=
Let f be a function such that f(1) = 1 and for any integers m and n,
f(2003)
f(m + n) = f(m) + f(n) + mn. If a :T , find the value of a .
5 ;gx%+x_% 3. XX 7 -3 ¥ b ihis
= ’ = K E 1B ©°
X*+x7? -2 b=
Suppose X2 X 2 =3,b =X2L2_3, find the value of b .
X“+X° =2
3. e srrf(n)zsin”f CH Y o R e o= (1) +H2) + - + 2003) 0 K ¢ P o
c=

. . N . .
Given that f(n) = s1n7 , where 7 is an integer.

Ifc=1(1)+f(2) + --- + f(2003), find the value of ¢ .

—2X+1 when x<1
, o FdR_f(x)=3 ekt F#kfz o KdiE o
x? —2x, when x>1 ) R Sk = d=

—2X+1 when x<1
x? —2x,when x>1

If d is the maximum integral solution of f(x) = 3, find the value of d .

4. © eadk f(x)={

Given that f(x) :{
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Hong Kong Mathematics Olympiad (2002 —2003)
Final Event 4 (Group)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
‘ff?hﬁf?ﬂlﬁ'ﬂg P ERprEFAE TV IAY

l.

4oBl- 2 AE ~AD H_E E ¥
AB=BC=CD=DE=EF=FG=GA -

% ZDAE=0°> F o i -

In Figure 1, AE and AD are two straight lines
and AB=BC=CD = DE=EF = FG = GA.
If ZDAE = a.°, find the value of o .

KPX)=aotaxtax?+.. . tapx® A ~FZ 53N B govar~ . vas bRk

¥ P(k)zég; k=1,2,...,9, 2 b=P(0) > £ b thig -

Suppose P(x) = ao + a1x + ax®* + ... + asx® is a polynomial of degree 8 with real coefficients

ao, ai, ... , as. If P(k) :% whenk=1,2,...,9,and b= P(10), find the value of b .

S i x0y 58 T E#i# xy—(x+y)=HCF(x,y)+ LCM(x,y) » & ¢ HCF(x,y) fr
LCM(x, y) ~ Bl x fo y e+ o Flicfrd ] o &

F e A xty sk AviaE foco

Given two positive integers x and y, xy — (x + y) = HCF(x, y) + LCM(x, y), where

HCF(x, y) and LCM(x, y) are respectively the greatest common divisor and the least common multiple of

x and y. If ¢ is the maximum possible value of x + y, find c.

bl 0 AABC 5 %#8=42,> M % N A
sulE_ AB 2 AC ¢ 8.F 2.8 8 MN
MF

B[R ABC 2 8ho % d=—— » F 4
¢ [F] Cmnhq;dMN $ d eh . ) ,.

1B ©

In Figure 2, A4ABC is an equilateral triangle,

points M and N are the midpoints of sides 45

and AC respectively, and F'is the intersection B C
of the line MN with the circle ABC.

MF
Ifd = find the value of d = Figure 2
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