Hong Kong Mathematics Olympiad (2008 —2009)
Final Event Sample (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
GABUED  FERATET AL ELIARY

1. 3% A=15xtan 44°xtan 45°xtan 46° » F A4 i o
Let A = 15xtan 44°xtan 45°xtan 46°, find the value of 4 . A=
n {2008
2 FE on 51 F#cz 20082008 --2008L5 #¢ 4x A %E“’T‘ ° B=
¥ on b T EE B LB i o

n 2008's

Let n be a positive integer and 20082008 --2008L5 is divisible by 4 .

If the least possible value of n 1s B, find the value of B .

3. ety C BEEBIEME x-2/tx+1[=B> £C &g -

Given that there are C integers that satisfy the equation [x - 2|+ |x + 1| =B, Cc=
find the value of C..
4, BAETG Vo B (-C,0) 2 E R y=x Fpegf JD o KD i o .
In the coordinate plane, the distance from the point (—C, 0) to the straight line y =x is
JD , find the value of D .
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Hong Kong Mathematics Olympiad (2008 —2009)
Final Event 1 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

GAFUER 0 FRET EF R B -

1. % a~b-c 2 d 534 x*—15x2+56=0 B 42 -
* R=a*>+b*+c*+d*>>» £ R hig o R=
Let a, b, ¢ and d be the distinct roots of the equation x*—15x>+56=0.
IfR=a?+ b*> + ¢* + &, find the value of R .

2. Bl- »AD 2 BE 52 XY AB=AC %2 AB//ED -
% ZABC=R° 3 LADE=S°> £ § g - S =
In Figure 1, AD and BE are straight lines with 4B = AC and AB // ED.
If ZABC = R° and ZADE = §°, find the value of S .

A
E ] -
- Figure 1
5 D
3. %k F=1+2+224+23+ ... +25 2 T= —|09(1+F) s KT ehiE o
log2 T=

LetF=1+2+22+23+ .. . +25and T= /IO?— i1+2Fj , find the value of T'.
0g

4. FHA)E- B IR FET Bl a6 B fin)=@m-1)fn-1)% f(n)#0 -

(T —
* U= () v R U ehid o U
(T-1)f(T-3)
Let f(x) be a function such that f(n)=(n—1) f(n—1)
(T
and f(n) # 0 hold for all integers n > 6. If U= ( ) , find the value of U .
(T-1)f(T-3)
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Hong Kong Mathematics Olympiad (2008 —2009)
Final Event 2 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

GARHER  FEATEF AL P IEY -

1. & [x] €7 LB x k-~ Fiko & aZ[(\/g—\/E)ZOOQ}+16 v fog ehiE o
Let [x] be the largest integer not greater than x.

Ifa =[(\/§ —ﬁ)zoog} +16, find the value of a.

2 BLHRI G0 F B pWE D& dvbay=12 42 &0 4
b THHE Kb i o "

In the coordinate plane, if the area of the triangle formed by the x-axis, y-axis and the

line 3x + ay = 12 is b square units, find the value of 5 .

(98]
[

i 1 1 ; L
fvox—==2b 2 X*-==c. % ¢ diE o

Given that X—1 =2b and x° _is =, find the value of c .
X X

4. drBl- coa=c,p=43,y=59 2 o=d’ f d @iE -
In Figure 1, a = ¢, B =43, y =59 and o = d, find the value of 4 . d=

Bl -
Figure 1
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Hong Kong Mathematics Olympiad (2008 —2009)
Final Event 3 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
GABUED  FERATET AL ELIARY

4 1 e
1 ¢ 4 _ =Ja-b o % m=a-b> F m g -
V6+42 J3+42 nm=

4 1 Ja
- = a—\/B.Ifm=a—b,ﬁndthevalueofm.
J6+2 3442

2. 4cBl- POR 522 4= 47,2 RSTU L4835 °2% A B 2 C ZAp¥BI; 0
A cF A:B=m:2 %2 A:C=n:1> fn ehig o .
In figure 1, POR is a right-angled triangle and RSTU is a rectangle.

Let A, B and C be the areas of the corresponding regions.
IfA:B=m:2and 4 : C=n: 1, find the value of n .

Given that

Q
T ¢ U
]%] —
Fi 1
s igure
A
P S R

3. Exivxcxscxa s FEE xi#Ex2e B (0 txs)(xtxa) =2+ x3)(xotxs) =n—10

2 p=x1+x3) (2atx3)+ (1 +xa)(2txa) 0 K p g o p=

Let x1, x2, x3, x4 be real numbers and x; # x».
If (1 + x3)(x1 + x4) = (x2 + x3)(x2 + x4) =n — 10 and
p = (x1 +x3) (x2 +x3) + (x1 + x4) (x2 + x4), find the value of p .

4. R EA A I T B 201000 EE A A A pt]lpt2 E p
T3ROS ] e WF A AP TR g0 Fg P q=
The total number of students in a school is a multiple of 7 and not less than 1000.
Given that the same remainder 1 will be obtained when the number of students is
divided by p+ 1, p +2 and p + 3. Let g be the least of the possible numbers of students

in the school, find the value of ¢ .
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Hong Kong Mathematics Olympiad (2008 —2009)
Final Event 4 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

GAFUER 0 FRET EF R B -

1. 2dr X 4+X—1=0 c Em=x3+2x;+2 » fem ehig
m =
Given that X5 + X, —1=0.1If m=x3 +2x7 +2, find the value of m .
2. 4oBl- » ABACH - % 4= 47, > AB=AC=mcm~ ¢ &v® jL 5 AB Dfl& BC
A2 D EEERA he L nem? oy & op g o =
In Figure 1, ABAC is a right-angled triangle, AB = AC = m cm. Suppose that the circle
with diameter 4B intersects the line BC at D, and the total area of the shaded region
is n cm?. Find the value of n.
B -
Figure 1
3. Q”/T‘_‘-"p:4n[mj ’ ]‘\p e o b=
log(1)
Given that p = 4n(mj , find the value of p .
4 wxzyigEsmic (x—pf+ly—Jpf=1-
2 k=Y 2 gL Rb T i E o fqenid o -
X—3
Let x and y be real numbers satisfying the equation (x— \/E )2 + (y —\/E )2 =1.
If k= and q is the least possible values of k2, find the value of g .
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accuracy speed
Bonus Time
score
Total score Min. Sec.

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOFina\HKMO2009final.docx Final Events (Individual)



Hong Kong Mathematics Olympiad (2008 —2009)
Final Event Sample (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
RAEUER > PR RFTLE XTI A

1. 4®l- "BD~FC~GC3 FE 32 % »
Fz=at+tbtctdtet+f+g > fzeanig o 7=
In Figure 1, BD, FC, GC and FE are straight lines.
If z=a+b+c+d+e+f+g,findthe value of z .

2. F 10420436446+ 50+ 66 4% 7 ‘% (&l E R KR ehiE o
If R is the remainder of 1° + 20+ 36+ 4° + 56 + 6° divided by 7, R=
find the value of R .

3. %”14!&‘@7%;»6"%”,%’?:“ k 5 B Rhkand * 7 i iE o
If 14! is divisible by 6%, where k is an integer, find the largest possible value of & . k=

4. HFHEx~yE zk X+1:4 ) y+1:1£ Z+1=% o F xyz g o

y z X xXyz =
. 1 1 1 7
Let x, y and z be real numbers that satisfy X+—=4, y+—=1 and z+—= 3
Z X
Find the value of xyz .
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Hong Kong Mathematics Olympiad (2008 —2009)
Final Event 1 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

1. ewzdA=fhl RANE acm 2cm % bem> H¥ afrb LFHK? a<2<
be 3 qff? 2%z 2% L HEE > fg i q=

Given some triangles with side lengths a cm, 2 cm and b cm, where a and b are integers

and a < 2 < b. If there are ¢ non-congruent classes of triangles satisfying the above
conditions, find the value of ¢ .

2. e ﬁi|x|—;=¥ﬂﬁ K#pd§43 > Kk -

k =
. : 43X -
Given that the equation |[X——=——"has k distinct real root(s),
X X
find the value of k.
v . X 7
3. cArx k2 oy 5 2ER R B ‘J%i”’ﬁi—ﬂ=—5 X—y=7-¢ w=
y x 12
FW=X+Yy o fw g o
. e . X 7
Given that x and y are non-zero real numbers satisfying the equations £—ﬂ =—
Wy 12
and x—y=7.1fw=x+y, find the value of w .
4., ExE y s FE” X—%+\/y2—1:0°‘:\;§p=|xl+[y]’:]"’\pé’f‘lf_ﬁ_‘o
p =
Given that x and y are real numbers and |X —% +4/y?-1=0.
Let p = x| + |y|, find the value of p .
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Hong Kong Mathematics Olympiad (2008 —2009)
Final Event 2 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

1. ¢ Gr tan6=% » H ¢ 180°<0<270°° % A=cosO+sin0> F 4 e o

Given tan 0 =%, where 180° <0 <270°.If 4 = cos 0 + sin 0, find the value of 4 .

2. % ] LA x kot Kk

¥ B={10+\/10+\/10+«/10+---} v & B i o B=

Let [x] be the largest integer not greater than x .

IfB=[10+\/10+\/10+\/10+---}, find the value of B .

3. % a®b=ab+10-% C=(1®2)®3> & C ¢z -
Let a®b=ab+10.I1f C=(1®2) @ 3, find the value of C. C=
4. BEEEG L YUTERGHEMALG 5 D 22 KD i -
Li:y-2=0 D=
Ly:y+2=0

Ly:4x+7y—-10=0

Ly:4x+7y+20=0
In the coordinate plane, the area of the region bounded by the following lines is D square
units, find the value of D .

Li:y-2=0

Lyy+2=0

L3:4x+7y—-10=0

La:4x+7T7y+20=0
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Hong Kong Mathematics Olympiad (2008 —2009)
Final Event 3 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

GAFUER 0 FRET EF R B -

1. H[x] A A2 x Pk~ B o
= 4 :{ZOOSX 80+2009x130+2010x180

2008x15+2009x% 25+ 2010x 35
Let [x] be the largest integer not greater than x.
[FA = 2008x80+2009x130+2010x180
2008x15+2009% 25+ 2010x 35
2. e 99...9%x99..9+199..9 ¢ » Ri=F0X£F RB > K R FE -
2009(E9 2009{H9  2009(EH9

There are R zeros at the end of 99...9 x 99...9 +199...9 | find the value of R .
— — —
20090f9's  20090f9's  20090f 9's

}’.ﬂ“\Aﬁvfg_o A=

J , find the value of 4 .

3. deBl- 0 #E L Qom i AP RENLE L 2em LY 0 R Q i e
In Figure 1, a square of side length O cm is inscribed in a semi-circle of radius 2 cm. | =
Find the value of O .

2om N
Ed

4, Bl 0 %35 OAB chE &5 4em 2 LAOB 5 ® & o KU
Flo#2R<s: 12 /04 2 IJ 23 EFAR3Ke FEEINAL
em? s K T hiE o (B n=3)

In Figure 2, the sector OA4B has radius 4 cm and £4OB is a right angle.
Let the semi-circle with diameter OB be centred at / with 1J // OA, and 1J intersects the semi-circle at K.

If the area of the shaded region is 7 cm?, find the value of T . (Take & = 3)
B

! B =
Figure 2
o 4cm A
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Hong Kong Mathematics Olympiad (2008 —2009)
Final Event 4 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

1. % PL3#oEJ3-2P+/1-2P=2 > £ Pehit o
Let P be a real number. If 3—2P ++/1—2P =2, find the value of P . p=

2. 4rBl- X AB~AC % BC 2 A X FlehE /& o
# AC=BC=1cm % AR e ff L Rem? » LR g - R=
In Figure 1, let AB, AC and BC be the diameters of the corresponding three semi-circles.
If AC= BC = 1 cm and the area of the shaded region is R cm?.
Find the value of R.

B -
Figure 1

3. 4Bz »AC~AD~BD~BE 3% CF 3 & & »
ELA+ LB+ LC+ 4D =140°% a+b+c=S> £ Sehig o S=
In Figure 2, AC, AD, BD, BE and CF are straight lines.
If ZA+ 4B+ ZC+ 4D =140°anda+ b+ c= S, find the value of §.

B

B =
Figure 2
A E F D
4 % 0-log, 2] g g
Q =
Let O= Ing+\/zT_1 (2—\/22 —1), find the value of Q.
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