Hong Kong Mathematics Olympiad (2009 —2010)
Final Event Sample (Individual)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
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[x] be the largest integer not greater than x .

Let
If a :[(\/5 —\/5)2009} +16, find the value of a

BTG o Foa-dh - E W Sx+ay =129 2 &0 fFA b T
b_

2.
SHE R b E -
In the coordinate plane, if the area of the triangle formed by the x-axis, y-axis and the
line 3x+ay=12 is b square units, find the value of 5.
3. Qirr'x—E:Zba X3—i3=Cu"f‘\cé'ﬁf§_o
X .
. 1 3 1 i
Given that X——=2b and X -—=¢, find the value of ¢ .
X X
4. ieBl- ca=c~B=43-y=59 2 o=d> FdiE o
InFigure 1, a=c, P=43, y=59and o=d, find the value of d . d=
Bl -
Figure 1
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Hong Kong Mathematics Olympiad (2009 —2010)
Final Event 1 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
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. RZBWHFALSE 18272 238 Mg ke > 2384 % o
FaiirEoi e WMok Rie 0 RadiE o

Three cubes with volumes 1, 8, 27 are glued together at their faces.

If a is the smallest possible surface area of the resulting polyhedron, find the value of a.

2 o e f(r)= a2+ 10x+9 0 T 2<x<o o E b A feboA & Bo) B2 £ 0 Kb o|p

[{e]

Given that f(x) = —x?+ 10x +9,and 2 <x S%.

If b is the difference of the maximum and minimum values of f, find the value of b .

3 ’:‘:’»T'p;‘ q{?ﬁi’qu:blp2q+q2p+p+q:7o°%C:p2+qz ’LCE’?’
i o

Given that p and ¢ are real numbers with pg =b and p?>q +¢’p +p+q =70

If c¢=p?+q?, find the value of c .

4. h- B3 cFaFE R ,E—f;;mb-a—.’:—f%iﬁf@;@fio
FPRDEG 4BRT TFERET FOBARE ()7 d=
There are ¢ rows in a concert hall and each succeeding row has two more seats than the
previous row.

If the middle row has 64 seats, how many seats () does the concert have ?
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Hong Kong Mathematics Olympiad (2009 —2010)
Final Event 2 (Individual)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
‘ff?hﬁf?ﬂlﬁ'ﬂg P ERprEFAE TV IAY

Fa'p qifl P B a<pZ%atp=q> FfasiE-

If a, p, g are primes with a < p and a + p = ¢, find the value of a . a=
2. F bE hiHinE¥PEED<hEDbD+I=blath)tah> FbiE -
If » and h are positive integers with b <h and b>+ h>=b(a + h) +ah, b=
find the value of 5.
3. - BROHDxQb+ Dehizs P T ZEBS B2 -7 2%
FCHREPNA B ROELED 0 ReiE o c=

Ina (2b+ 1)x(2b + 1) checkerboard, two squares not lying in the same row are randomly
chosen. If ¢ is the number of combinations of different pairs of squares chosen, find the

value of ¢ .

C B X E PR B Box ehE A B o
d_

oo L]
X Lx 2
Fd 5 [kt L Rd i -
Given that f'(x) =c 1 {1 + %J » where |_XJ is the greatest integer less than or equal to
X X

the real number x. If d is the maximum value of f(x), find the value of d .
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Hong Kong Mathematics Olympiad (2009 —2010)
Final Event 3 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
GABUED  FERATET AL ELIARY

1. % ai 15147 cofp & F Flicendiep o Ka g o

If a is the number of distinct prime factors of 15147, find the value of a .

a =
7 %”x+1=a£ x3+i3:b v F b g o
)i ) 1 b=
If x+==a and x°+— =b, find the value of b .
X X
Xx+5 B xE &
3. ?}: f(x) =9X " ° =
5 XA ¢
F i - FHE (o) =b> Fcehd ] i -
x+5 if xisan odd integer
Let f(x) =< x . . . .
E if Xxisan even integer
If ¢ is an odd integer and f(f(f(c))) = b, find the least value of c.
4, K f(§j=x2+x+ loe g di®smfBx)=cex2fr> £ddig -
3 d=
Let f (g} =x?+ x + 1. If d is the sum of all x for which f(3x) =c ,
find the value of d .
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Hong Kong Mathematics Olympiad (2009 —2010)
Final Event 4 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

1. %“B-"*¢ »ABCD 5 - >3, E i—- %2 LEAB=30°- D c
% ABCD 1% #f £ AABE c0a ffehi 5 2 Rl AE:AB=a:1 ° a=
FaehiE o 1 E
In Figure 1, ABCD is a square, E is a point and a
ZEAB = 30°. If the areca of ABCD is six times that of AABE, then the w

A 1 B
ratio of AE : AB=a : 1. Find the value of a .
}g] —

Figure 1

a a a

5 b log8® +log27° +10g125 LA b i -
log9+1log25+1log2—logl5 b=

log8* +1og27% +logl125°

log9+1log25+1log2—logl5

Given that b = , find the value of b .

3. Wed PH2+ . +2009°+2010° 4 1 b7 b > e shig
Let ¢ be the remainder of 13 + 23+ ... + 20093 + 20103 divided by b2, c

find the value of ¢ .

4, wB-" S EFG i-E 4=k HLZ FG ta F
- 8., %% GH:HF=4:5% L/GEH= ZFEH - d=
% EG=c 2% FG=d>» £ d g -

In Figure 2, EF'G is a right-angled triangle.
Given that H is a point on FG, such that GH : HF =4 : 5 and

/GEH= /FEH . ¢ E
If EG=cand FG =d, find the value of d . Bl =
Figure 2
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Hong Kong Mathematics Olympiad (2009 —2010)
Final Event Spare (Individual)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

GAFUER 0 FRET EF R B -

@ 4 =1/(19.19) +(39.19) —(38.38)(39.19) = * a hit -

Given that a =+/(19.19) +(39.19) —(38.38)(39.19) . Find the value of 72 .

%% 2 R(0,0) ~ S(a,0) ~ T(a, 6)% U(0, 6) °
FERy=bx-T)+4f e A RSTU»+d i» » Ha % » £behig o b=

Given four points R(0, 0), S(a, 0), T(a, 6) and U(0, 6). If the line y = b(x — 7) + 4 cuts the

quadrilateral RSTU into two halves of equal area, find the value of b .

- b ] (B o Foc thiE o

x2—2x+1
. Find the value of ¢ .

Given that ¢ is the minimum value of f(x) = —;
2X°+2x+1

¢ arfr)=pxStqt+3x—2 > T pg B AR R o

2 d=1f(e)—flec) » %d thiE -
Given that f(x) = px® + gx* + 3x —+/2 , and p, ¢ are non-zero real numbers.

If d=1(c)—f(—c), find the value of d .
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Hong Kong Mathematics Olympiad (2009 —2010)
Final Event Sample (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
RAEUER > PR RFTLE XTI A

1. &4 tanGZ% » B @ 180°<0<270°° F A=cosO+sin0 > F A4 eiE o

A =
Given tan 0 Z%, where 180° <0 <270°.
If A =cos 0 + sin 0, find the value of 4 .
2. K [x]E A AREx B B B B=[10+\/10+\/10+\/10+~--} » K B eniE o
B =
Let [x] be the largest integer not greater than x .
IfB ={10+\/10+\/10+\/10+--- } , find the value of B .
3 #adb=ab+10-#C=(192) ®3> & C g -
Leta®b=ab+ 10.If C=(1®2) @ 3, find the value of C . C=
4, LRETGF o UTEENFIBGSRfFE DI EE LD aE
L y—- 2=0 D=
Ly:y+2=0
L3:4x+7y—-10=0
Ly:4x+7y+20=0
In the coordinate plane, the area of the region bounded by the following lines is D square
units, find the value of D .
Ly: y—- 2=0
Ly:y+2=0
L3:4x+7y—-10=0
Ly:4x+7y+20=0
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Hong Kong Mathematics Olympiad (2009 —2010)
Final Event 1 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

1. F£sin?21°+sin22°+ ... +sin289°iE o

Find the value of sin? 1° + sinZ 2° + ... + sin? 89°.

X+Z 742y X

X
2. DA s = = 9_?_!\2" X~ ‘Zéiﬁt°«ﬁ_ﬁjt§‘°
22-X 2X—-7 Y 4 - X_
y
Given that Xtz _z+ 2y = 5, where x, y and z are positive numbers.
27—-X 2X-1 'y
Find the value of X .
3. R (X4 + (44-2)3= (4 +25-6)% Gt FAIX e o
Find the sum of all real roots x of the equation (2% —4)3 + (4* - 2)3 = (4*+ 2* - 6)3.
4. “®- > F AB L CD» F &_BE n® 8> /4=45°>
DF=3,BD=4 % AD=n> o n enig - n=
In Figure 1, if AB 1L CD, F is the midpoint of BE,
ZA=45°, DF=3,BD =4 and AD =n,
find the value of n .
Bl -
Figure 1
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Hong Kong Mathematics Olympiad (2009 —2010)
Final Event 2 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

|, Ep=2-22_23_24__ _29 210421, § p thip o
Ifp=2-22-23-24— .. -29-2194+ 21 find the value of p . p=

2. LA X~y~Z A3 BAARFHc F x+£:y+1:z+1 2 m=x%?z% -
z X

Fom g o

Given that x, y, z are three distinct real numbers.

If x+£: y+1: z+1 and m = x?y? 72, find the value of m .
y z X

3. carX Ao FH DB x3 =380 k F- & #K? k<x<k+1>
ok thig o k=

Given that x is a positive real number and x-3* =318 .

If kisapositive integerand k<x<k+ 1, find the value of k.

4, B- o Al 2o A AN REDRA
5 95 B @A, che & FLF Glicp o

Figure 1 shows the sequence of figures that are made of squares of white and black. Find

the number of white squares in the 95 figure.

u .

- B 5B 5=
1 figure 2" figure 3" figure
Bl -
Figure 1
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Hong Kong Mathematics Olympiad (2009 —2010)
Final Event 3 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

I H 101303+ 30110 chge | 5 F] S o
Find the smallest prime factor of 1013% + 301101

2. % oni SIRERINA > fn iE o

1
1 1 e 1
1980 + 1981 + + 2009

Let n be the integral part of . Find the value of n .

1
1 1441
1os0 + 1081 T " ¥ 2009

3. AB-vY > FLA4=60° /B=/D=90°-BC=2>CD=3% AB=x"
Fox eiE o ¥ =

In Figure 1, £4=60°, LB=4D=90°. BC=2,CD=3and AB=x,

find the value of x.

Figure 1

A a i3

4. c i £ T R Bkx TR 2+ =1f2-x)>
2 ) =04s%F e BB Rige BAPR R e o
Given that the function f'satisfies f(2 + x) = f(2 — x) for every real number x

and that f(x) = 0 has exactly four distinct real roots.

Find the sum of these four distinct real roots.
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Hong Kong Mathematics Olympiad (2009 —2010)
Final Event 4 (Group)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
K{f?h%\i‘ﬂ]%ﬂg ’ g%}ﬁ%&i%g’j.fLi&ﬁgo

1. Failis azlec w32 (a-1)x2-mx+a=0 3 {3355 I & -
Fem g o m=
Let a be an integer and a # 1. Given that the equation (a — 1)x?> — mx + a = 0 has two roots
which are positive integers. Find the value of m .
2. thrxi- FHE y=AxX2—2x+2+4X*—10x+34 o fy hbo] @ o
y =
Given that x is a real number and y = X2 —2x+2 ++/x* —10x+34 .
Find the minimum value of y .
3. cirAB-Cix & ¥ AxBfrCende~ D Fl#cE > 1o A+B+C=
#A-B~C % & Alogsoo5+Blogsn2=C> £ 4+B+ Cenig -
Given that A, B, C are positive integers with their greatest common divisor equal to 1 .
If A, B, C satisfy A logsoo 5 + B logsoo 2 = C, find the value of A + B+ C.
4. LR~ BEC®- £Fj% F L3 /2 BC I éh-
BLo < ZxBF:FC=3:1>AB=8 % AE=4- —
FECHE R o
In figure 1, BEC is a semicircle and F is a point on the
diameter BC. Giventhat BF : FC=3:1,AB =8 and AE
= 4. Find the length of EC .
E]"‘
Figure 1
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Hong Kong Mathematics Olympiad (2009 —2010)
Final Event Spare (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
RAEUER > PR RFTLE XTI A

1. twni-TE#keE2n+5n+13 5- 22T 38 fnenig o
Given that 7 is a positive integer. n=

If n?+5n+ 13 is a perfect square, find the value of n .

2
2. ¢ jrr13+23+...+k3=[—k(k2+1)j P RN H123+ 243 ihiE .

k(k+1)

2
Giventhat 13 +23+ ...+ /2 :(Tj . Find the value of 113+ 123+ ... + 243 .

3. FPEZEE= &35 4BC P e g X - B RAABP 0o #f b ¥ < T AACP % ABCP
G PES o

If P is an arbitrary point in the interior of the equilateral triangle ABC, find the

probability that the area of AABP is greater than each of the areas of AACP and ABCP.

4, £ 3 50 Br FEom @ FAEE A(-m,0) % 2 B(0,2)shE K vi i P(7, k)
R A S 1 %,
How many positive integers m are there for which the straight line passing through points
A(-—m, 0) and B(0, 2) and also passes through the point P(7, k),

where £ is a positive integer?
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