Hong Kong Mathematics Olympiad (2011 —2012)
Final Event Sample (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

1. Ha-~b-c3di>#x*—15x2+56=0 142 o
FP=a+b+c+d* kP o P=
Let a, b, ¢ and d be the roots of the equation x* — 15x> + 56 = 0.
If P=a*+b>+c*+ d>, find the value of P.

2. 4cBl- » AB=AC % AB//ED » % ZABC=P°% /ADE=Q° » % Q thig o

In Figure 1, AB=AC and AB // ED. If ZABC = P° and ZADE = Q°, 0=
find the value of Q.
E
A
Bl -
C Figure 1
B
D

3w F—1+2+4224054 1202 g— [PMTF) e popy
log2 R=
LetF=1+2+22+23+ ... +2%andR= /—IO?EJ'JFZF} , find the value of R .

0g

4. FHA)E- BI3ER T L En f(n=n-1)fn-1)% f(1)#0-

f =
+ S= (R) v RS EiE o 5
(R-1)f(R-3)
Let f(x) be a function such that f(n) = (n — 1) f(n — 1) and (1) # 0 for all positive integers
f(R
n.IfS= ( ) , find the value of S'.
(R-1)f(R-3)
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Hong Kong Mathematics Olympiad (2011 —2012)
Final Event 1 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

K{f?h%\i‘ﬂ]%ﬂg ’ g%}ﬁ%&i%g’j.TLi&ﬁgo

1. FAELSHEN A6+ 1202+ 9x+2 0953 13ehT 2 2 fo > 4 hiE o
If A4 is the sum of the squares of the roots of x* + 6x3 + 12x> + 9x + 2, A=
find the value of 4 .

2. EKx yrzows I AFA e BARGRR e FEE Y DR R G2
% w8 xyzw i F La+b o K B=213b g B
Let x, y, z, w be four consecutive vertices of a regular 4-gon. If the length of the line

segment xy is 2 and the area of the quadrilateral xyzw is a + Jb ,
find the value of B =2%3".

3. FCEABeawr rFFzfor B9 BenFlF e 1 4o B> R CehiE o
If C is the sum of all positive factors of B, including 1 and B itself, C=
find the value of C..

4, FC'=10Pk> B¢ D2 k¥ 5 8H? k* 2102 #c > £ D hig -
If C! = 10P-k, where D and k are integers such that k is not divisible by 10 , D=
find the value of D .
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Hong Kong Mathematics Olympiad (2011 —2012)
Final Event 2 (Individual)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

u,/fil:,—,—i‘ﬁ,l | Bp > TR AE TV EE o

1. EPE 2+ +13=2VX"+9x+21ch#4 F2 § 4 » R Pehig o

If the product of the real roots of the equation x2 + 9x + 13 = 2v/x* + 9x + 21 is P,

find the value of P.

2. %f(x)=25%5x 2 Q= f( j (

25
If f(x)=252XSX and O = f( j (

j+ +f( j F Qi o
i 2
25

j+ +f( jﬁndthevalueon.
+P 25

3. % X=./(100)102)103)105)+(Q —3) E A #c %2 R B X i1} = » K R g o

If X=,/(100)102)103)105)+(Q—3) isan integerand R is the units digitof X, |[R=

find the value of R .

4. ¥ S E 422012 XX = xR it 1492 g ff chbots 3 e (B ik
L FoRli)z oo K S eiE o

If § isthe sum ofthe last 3 digits (hundreds, tens, units) of the product of the positive

roots of /2012 x'°%2* = x® find the value of S .

Q:
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Hong Kong Mathematics Olympiad (2011 —2012)
Final Event 3 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

| AE-¢  E-Sd z BHED ] L — — !
spsmes. P F L
%()LOZAABD"‘ZACD’«‘_F\(X HIE o L //‘/ 1
In Figure 1, a rectangle is sub-divided into 3 /
. : : . 1 [ [
identical squares of side length 1 . B 1 g 1 1 D
If a°=ZABD+ ZACD, Bl- Figure 1
find the value of a.
L . 12 .
2. EABC i - &k = ﬁ-ﬂjo%‘smA=§’smB=—£ smCzE’
KPpenm- " B2 oy TEFGitz iAo
. . 36 . 12 . B
Let ABC be an acute-angled triangle. If sin 4 =—, sin B = 3 and sin C=—,
a y
find the value of [ ,where [ and y arein the lowest terms.
3. ER-¢ 5 - BRI EODR > AR R
A~B%2 C>r 2 if¥E 104~0B~AC ¥ BC> * _
04 #2 BC T {7 - |
#DHEOB2%2 AC 2 %282 /BDC = (2B - 1)° % /

ZACB=v°> F y enig o

In Figure 2, a circle at centre O has three points on its

circumference, 4, B and C. There are line segments ,

OA, OB, AC and BC, where OA is parallel to BC. If D

is the intersection of OB and AC with ZBDC = (23 —

1)° and LACB =v°,

find the value of y. A B
- Figure 2

4. b o(ax+b)y™2 BB sg B b L3 T2 Elo
Fx e X smiddplk 0 K d=a+b g o 5=
In the expansion of (ax + b)*°'2, where a and b are relatively prime positive integers. If
the coefficients of x* and x*"! are equal, find the value of 6=a + b .
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Hong Kong Mathematics Olympiad (2011 —2012)
Final Event 4 (Individual)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

K{f?h%\i‘ﬂ]%ﬂg ’ g%}ﬁ%&i%g’j.TLi&ﬁgo

1 1 1 12
. FAG-TFHY —+——— b =" s R AE o
- AR 3 s (Ar1(ATD) 25 4=
If A is apositive integer such that S + 44 L ,
1x3 3x5 (A+1)(A+3)
find the value of 4 .
0. E Xy LY x>p>1% xy=x+y+Ade % B=2 » £ Binig -
y B=
If x and y be positive integers such that x >y >1and xy =x +y + 4.
Let B= X , find the value of B.
y
3. Rf55F- S¥ed R TR
(1) ##r3 & Blen o f(n) 2 5 K, C=
(i) f(2)=2;
(i) 13 & B#m 2 n o f(mn)=f(m)-f(n) %
(iv) ¥ m>n- f(m)>1(n) -
% C=1(B) > # Cenig o
Let f be a function satisfying the following conditions:
(1)  f(n) is an integer for every positive integer #;
(i) f(2)=2;
(ii1) f(mn) = f(m)-f(n) for all positive integers m and » and
(iv) f(m)>f(n) if m > n.
If C = f(B), find the value of C.
4. E D G 2401x7C (LA A T )PE = m#F 2 e e KD AE o
Let D be the sum of the last three digits of 2401x7¢ (in the denary system). D=
Find the value of D.
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Hong Kong Mathematics Olympiad (2011 —2012)
Final Event Spare (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

1. HPLFELER]NANEN =z £3558p o R PE o
Let P be the number of triangles whose side lengths are integers less than or equal to 9. [P =
Find the value of P.

2. K O=logixs 23+ logi2s 25+ logi2s 27+ ...+ logi2s 2P o Qg o
Let Q= logizs2®+logias 2° +logizs 27 + ... + logias 27 Find the value of Q.. 0=

3. FREXEI2x—4y+(Q-305)=0-
Eox-fh s - A E B Az £ha AR R T B2 RRE o R=
Consider the line  12x—4y +(Q—305) =0 . If the area of the triangle formed by the x-

axis, the y-axis and this line is R square units, what is the value of R ?

1
4, ¥ x+-=R 2 x3+i3:S"'T‘SE"’“§-°
X X 5=

1 1
If x+==Randx’+— =S5, find the value of §.
X X
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Hong Kong Mathematics Olympiad (2011 —2012)
Final Event Sample (Group)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

GAFUER 0 FRET EF R B -

1. iz b= B E ALY T acm~2cem %2 bem ¥ gfe b EHHT a<2<

beFF gt 2 ¥z 4B EHER > fog i -

Given some triangles with side lengths a cm, 2 cm and b cm, where a and b are integers

and a <2 < b . If there are g non-congruent classes of triangles satisfying the
conditions, find the value of ¢ .

S Y I L RR YT T
' ST T R AR

3x
Given that the equation |X| _4 = ﬂ has k distinct real root(s), find the value of
X X

:ll x_y:7o

3. thrx %y AR REY ARG 12

S
=

A

FW=X+Yy - fKwiE o

Given that x and y are non-zero real numbers satisfying the equations

S

andx—y=7.1fw=x+y, find the value of w .

+4y?=1=0 & p=|x[+ | > & pniE -

1 +4y?-1=0 .

X ——
2

4, A x 3%y i P S

1
X__
2

Given that x and y are real numbers and

Let p=|x|+|y|, find the value of p .

<
S~

above

k.
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Hong Kong Mathematics Olympiad (2011 —2012)
Final Event 1 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

1. F 2011201 L i g5 o tens digit =
Calculate the tens digit of 2011201,

2. Xar~ax a3~ - FFZ8I 0 cFEZF 13 ar+rartazt - +a=2012 -
N P=a2+a4+a6+---+a100’:T'\P_'rf’ln'jio P=

Let ai, a2, a3, -+ be an arithmetic sequence with common difference 1 and

artataz+ - +ajg=2012 ,IfP=a2+a4+a6+ -« + ajoo, find the value of P .

3. %’“90!?7&;10"1&%%’%6 kAt B kb A ¥ e
If 90! isdivisible by 10%, where k is a positive integer, k=
find the greatest possible value of k.

4, “Bl-7" >AABCHE -3 £=25" AB1BC- % AB=BC>D & - g-i¢ ¥ Sapcp =
ADLBD > ® AD=5% BD =8> £ ABCD s ff i0ig o
In Figure 1, A4BC is a right-angled triangle with AB L BC. If AB = BC, D is a point
such that AD 1 BD with AD =5 and BD = 8, find the value of the area of ABCD .

A
D
B C
Bl - Figure 1
FOR OFFICIAL USE
Score for Mult. factor for
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Hong Kong Mathematics Olympiad (2011 —2012)
Final Event 2 (Group)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

K{f?h%\i‘ﬂ]%ﬂg ’ g%jﬁ%&i%g’j‘]ﬁTLiﬁﬁgo

1. J 2xtan 1°xtan 2°x tan 3°x...x tan 87°x tan 88°x tan 89°1iE o
Find the value of 2xtan 1°xtan 2°x tan 3°x...x tan 87°x tan 88°x tan 89°.

FHARN?-3x+2)-3(x*-3x)-4=07F K BF#kfz RKE-
If there are K integers that satisfy the equation (x*> — 3x +2)> - 3(x> - 3x) -4 =0,

find the value of K.

F OG5 |x—2|+|x 47|k ] B R HE o

If € is the minimum value of |x — 2| + |x — 47|, find the value of € .

4, tB- F$FELEBC R~®O0O P~B% C% 5F% g% AB=BC=CD

(tan a)(tan B) =

2 AD i - BB > a=ZAPB %2 B=ZCPD > # (tan o)(tan B) =g o
In Figure 1, P, B and C are points on a circle with centre O and diameter BC.
If AB=BC = CD and 4D is a line segment, o. = ZAPB and = ZCPD ,

find the value of (tan o)(tan B).
P

Bl - Figure 1
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Hong Kong Mathematics Olympiad (2011 —2012)
Final Event 3 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

V7+43  J7-43 .
% x= s p= 2 192z=x*+p*+ (x +y)*» Rz ehid o
1 r}ix \/7_\/5 y \/74—\/5 Z=X Yy (X y) z= 7=
V7443 J7-4B
VT3 T+

2. “®-"* »AD~DG~GB~BC~CE~EF %2 FA*‘F‘;K{E‘@‘*@*&O
% LFAD + /GBC + ZBCE + LADG + LCEF + ZAFE+ ZDGB=7r° > Ff r enig

Let x and 192z = x* + y* + (x + y)*, find the value of z .

In Figure 1, AD, DG, GB, BC, CE, EF and FA are line segments. "
If ZFAD + LGBC + ZBCE + ZADG + LCEF + ZAFE + ZDGB = r°,
find the value of .
- Figure |
y . Lo k-1 .
3. Kkiro f—fﬁiﬁ S e (k) s e & ’E!LPT: 0.kikoks...... o B (k) = klk2k3 ’
D =
. 3-1 ; N
&4 f(3) = 666 *] & 3 =0.666...... » & D = f({({(f(f(112))))) g o

Let k& be positive integer and f(k) a function that if % = 0.kikoks------ ,

. -1
then f(k) =k,k,k, , for example, f(3) = 666 because 3T =0.666----- ,

find the value of D = {(f(f({(f(112))))).
4, FFh- FiEddc 3R F(k)=Fi(Fok) n=2 Fr012(7) =

2 Fi(k)A_k enr G mdieen® 2 2 oo R Fon(7)e0iE o

If F, is an integral valued function defined recursively by Fi(k) = F1(F,-1(k)) forn > 2

where Fi(k) is the sum of squares of the digits of &, find the value of F2012(7) .
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Hong Kong Mathematics Olympiad (2011 —2012)
Final Event 4 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

1. “Bl- ¥ »ABC % EBCHA A B2 & = 47} > LBAC=Z/ZBEC=90°> AB=AC % BD
EDB 4ABC57@1».@%0.#;% E o CE
In figure 1, ABC and EBC are two right-angled triangles, /BAC = ZBEC =90° >

AB = AC and EDB is the angle bisector of ZABC. Find the value of % .

C
B B]—- Figure 1
2. #F0>0£%E|3Q-1-2Q||=2 > % QHit
If Q> 0 and satisfies |3Q—[1-2Q||=2, find the value of Q . Q=
3. . 1 1 1 1
K xyzt=1° F R= + + + ’
1+ X+xy+xyz 1+y+yz+yzt 1+z+zt+ztx 1+t+tX+txy |p=
F R g o
Letxyzt=1.1fR = L + ! + ! + !

1+ X+Xy+Xyz 1+y+yz+yzt 1+z+zt+7tx 1+t+tx+txy’
find the value of R.

4, F X1 X2 X3~ X4 B xs 5 BEET R R X+ X+ X3+ X4+ X5 = X1X0X3X4X5 max xs =
TE TR AeENT 2R F 0 Rasando o
If x1, x2, X3, x4 and x5 are positive integers that satisfy x1 + x2 + x3 + x4 + x5 = X1X2X3X4%5,
that is the sum is the product, find the maximum value of xs.

FOR OFFICIAL USE
Score for Mult. factor for
x = Team No.

accuracy speed

Bonus .

Time
score
Total score Min. Sec.

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOFina\HKMO2012final.docx Final Events (Group)



Hong Kong Mathematics Olympiad (2011 —2012)
Final Event Spare (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

K{f?h%\i‘ﬂ]%ﬂg ’ g%}ﬁ%&i%g’j.TLi&ﬁgo

1. HKoZPE3A2) —6y+5=0:HF 2 o
Em 3o+ - Bl E PR Hex b ] & o dom i o =

Let o and B be the real roots of y? — 6y + 5 = 0. Let m be the minimum value of |x — o] +

|x — B| over all real values of x. Find the value of m.

2. o Py LFETBTL a+Pry=2 % afy=4-
Ky i lal+[pl+y ] B v iDiE o v=

Let «, B,y be real numbers satisfying o+ +y=2and ofy=4.

Let v be the minimum value of |o| + |B| + |y| . Find the value of v .

3. Ey=p+t 1| -2+ x-2[2-1<x<2c %Kok ymt B R a E o

Lety=|x+1]-2J]x| +|x—2|and -1 <x < 2. Let a be the maximum value of y . o=
Find the value of o .
4, EF L3P+’ +2+wW=3x+y+tz+w)hEEfiandcp o K F g o
Let F be the number of integral solutions of x> + 1>+ 22+ w?=3(x +y +z + w). F=
Find the value of F'.
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